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awn. 
PROCESS 
EQUIPMENT 


By proper 
entrainment control 
considerable savings 
in processes 


can be obtained. 


YORKMESH DEMISTERS consist of a 
specially developed wire mesh manufactured by York. 
The geometry of the wire structure is carefully 
controlled to provide maximum performance consistent 
with maximum economy. No other separating media 
can match York performance. 


b effecting complete liquid removal from any gas 
or vapor stream YORKMESH DEMISTERS make 
possible substantial savings in these typical applications: 


by avoiding loss of product in: 
EVAPORATORS, ABSORBERS, SCRUBBERS 


by improving the quality of products and permitting 
higher thruput rates in: 
VACUUM TOWERS, DISTILLATION EQUIP- 
MENT, ABSORBERS, KNOCK-OUT DRUMS, 
STEAM DRUMS, GAS FILTERS 


by reducing maintenance costs in: 
COMPRESSOR SUCTION DRUMS, STEAM 
SEPARATORS, EVAPORATORS, REFRIG- 
ERATION SYSTEMS 


b contributing to the solution of pollution 
control problems in: 


SCRUBBERS, EVAPORATORS, ABSORBERS 


Our bulletin #20 
will be forwarded promptly on request. 


wih YORKMESH DEMISTERS 
(Mist Eliminators — | 
Entrainment Separators) 


Experience counts... 


The experience gained in 
thousands of successful 
applications of Yorkmesh 
Demisters installed in all 
types of process equipment 
operating under widely varying 
conditions will be used in 
recommending to you the most 
suitable demister for your 
particular conditions. 


If necessary a demister will 

be specially designed and 
constructed for your equipment; 
however, in practically all 
cases the desired performance 
will be obtained with one 

of the regular Yorkmesh styles 
listed here, with relative 
performance figures: 


Yorkmesh | Residual Entrainment 
Style No. | in parts per million 
931 4.2 
431 1.1 
421 0.58 
326 0.35 


These results were obtained on 
an air-water system with 4” 
thickness of Yorkmesh. 
Increasing the thickness will 
further improve the separation 
performance. 


Where complete details are 
furnished to us for our study 
and evaluation, our recom- 
mendations are unconditionally 
guaranteed to give the 
performance specified. 


OTTO H. YORK CoO., INC. 


6 Central Avenue @ West Orange, N. J. 
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CHEMICALS DIVISION, ATLAS POWDER COMPANY, WILMINGTON 99, DELAWARE e Atlas Powder Company, Canada, Ltd., Brantford, Ontario, Canada 


Simple tests in your lab determine 
dosage of DARCO activated carbon 
to solve your purification problem 


1 Measure out four equal (100-gm or 2 Add 0.5, 1.0 and 1.5 grams of 3 > Agitate all samples for one-half hour 
100-ml.) samples of liquid to be DARCO activated carbon to samples in water bath at a safe temperature 
purified . . . to establish 3 points on 1, 2 and 3 respectively. The number for your liquid. Motor-driven agitator 
adsorption curve for your liquid. 4 sample is your untreated control. assures uniform shaking. 


4 Filter out carbon from samples 1, 2 5 Measure residual color of all samples 6 Plot color adsorption vs. carbon dos- 
and 3. Collect sample only after with a colorimeter. For other purifica- age on a Darcograph. Read off the 
filtrate becomes clear. For viscous tion uses, measure desired charac- dosage of DARCO needed to get 
liquids you may need fo apply suction. teristic (% impurity, for instance). the residual color you require. 

You can make these tests easily in your own labora- _ use, and samples of Darco for your evaluation. Give 


tory, using equipment which you have on hand. By us the details of your specific problem, and we can 
varying temperatures, contact time and dosageranges, recommend the most effective Darco grade for your 
you can establish optimum treatment conditions. particular use . . . and thus save you testing grades 


Write to Atlas for a Darcograph, instructions on its _ that our experience indicates are less suitable. 
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The First Transactions 


In the celebration of the Fiftieth Anniversary of the 
American Institute of Chemical Engineers, a salute to 
the remarkable foresight of our founders is distinctly 
in order. This foresight is nowhere more evident than 
in Volume I of the Transactions, a study of which is 
very rewarding, particularly at this time. The papers 
which were presented at the first annual meeting of the 
Institute, held in Pittsburgh on December 28 and 29, 
1908, exhibit a remarkably broad conception of what 
the field of chemical engineering was to become. These 
papers dealt with topics which were to grow through 
research and scholarship into the principal subdivisions 
of our field. Some of these topics have been so fruitful 
that an entire issue of the Journal or of Chemical 
Engineering Progress could easily be devoted to current 
work in any one of them. 

That part of our work which we now eall wnit 
operations is represented by “Calculations for Dryer 
Design”’ by W. M. Grosvenor. It is strange, in a way, 
that drying should be the one unit operation found in 
this first volume, because in the intervening years the 
others have commanded more attention. Drying, 
however, is so important and rewarding that probably 
it will still be a subject of great interest when later 
anniversaries are celebrated. 

Stoichiometry is the subject of ‘“The Examination of 
I‘lue Gases in Boiler Tests’? by A. Hunicke. While this 
field has not led to so much publishable material as 
other branches of our work, it is still about the best 
introduction for beginning students to the quantitative 
treatment of chemical processes. 

The necessary concern of the chemical engineer with 
economics and costs is presaged by “Steam Power 
Plant Economics” by W. M. Booth. 

Kinetics is the subject of ‘The Ferric Iron Contact 
Process of Making Sulfuric Acid from Smelter Smoke” 
by Thorn Smith. He was concerned primarily with 
integral conversions, whereas we today turn our 
attention to instantaneous rates. Even for the relatively 
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simple reaction which Smith was studying, however, 
the past half-century has brought only improved, and 
not complete, understanding. 

The treatment of industrial wastes is the concern of 
“The Sanitary Condition of the Southern End of Lake 
Michigan” by J. H. Brewster. In his problem he 
demonstrated that the proper beginning for a waste- 
disposal-treatment system is the detailed study of the 
nature of the pollution, a lesson that is too often 
forgotten. 

That which is now called the unit process combustion 
is the subject of “The Use of Pulverized Fuel for 
Heating Metallurgical Furnaces” by R. K. Meade. 
There is evidence in this article of the classification of 
operations which may have played a part in the ultimate 
evolution of the unit-operations concept. 

Instrumentation and testing are dealt with in four 
papers: “Modern Electrical Resistance Pyrometry” by 
Kk. F. Northrup, “Purity of Commercial Liquefied 
Ammonia Gas and Apparati for Testing It” by F. W. 
Frerichs, ‘“Testing and Performance of Steam Generat- 
ing Apparatus” by A. Bement, and ‘Chemical Specifi- 
cations for Sulphite Pulp” by J. A. De Cew. Our proper 
concern with this important field has grown throughout 
the years, during which the conception of control has 
been added to that of measurement. 

The absence of any studies of thermodynamics, 
which has offered an exciting prospect to many chemical 
engineers, is a little surprising. However, it was only a 
little more than fifty years ago that the great work of 

tibbs was finally recognized, thus permitting the 
application of the powerful methods of this branch of 
science to chemical systems. 

Much honor is due to the founders of the Institute 
and to the first Meetings and Publication committees. 
It is difficult to imagine an alternate list of papers 
which could have so accurately predicted the whole 
development of chemical engineering. 

H.B. 
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What cam it do ? 


Process Simulation, applied to the problems of designing 
petroleum and chemical processes, can: 
Cut design costs 


* Provides quick and easy testing of possible designs 
prior to the actual construction of pilot plants or 
costly test models of processing components. 

* The design engineer can write more precise and 
reliable specifications from “proven” design con- 
cepts. 

* Reduces need for redesigning, building, and 
testing new components after test runs reveal 
weaknesses or inadequate capacities. 

* Largely eliminates the necessity of applying 
costly corrective experimentation to completed 
construction. 


Speeds up design 
* Permits testing many design theories in a rela- 
tively few hours. 
* Provides speedy evaluation of design alternatives. 
* Points the way for more efficient pilot plant 
utilization. 


Increase design confidence 
* Critical designs can be safely explored about the 
critical points. 
* Available operating data can be analyzed with 
greater precision. 
* Assures design on a firmer, more fundamental 
basis, with less assumption, more facts. 


To explore the economic advantages that Process Simula- 
tion can provide in your design program, we invite you 
to discuss your present problems with application en- 
gineers at Electronic Associates, Inc., Computation Cen- 
ters in Princeton, New Jersey; Los Angeles, California; 
and Brussels, Belgium. 


COMES OF AGE 


Manufacturers of [| Precision Analog Computing Equipment 
LONG BRANCH, NEW JERSEY Dept. Al-6 


Tel. CApital 9-1100 


rT. ATION 


Detailed information can be obtained by mail, wire or telephone : 
Electronic Associates, inc. 
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Heat Transfer to Water in Turbulent Flow 
in Internally Heated Annuli 


RALPH P. STEIN and WILLIAM BEGELL Columbia University, New York, New York 


Nearly 900 values of local heat transfer coefficients were correlated for water flowing 
through long annuli 1/8, 1/4, and 3/8 in. wide, electrically heated at their inner surfaces 
and containing three spacer ribs. Both cosine and uniform lengthwise heat-flux distribu- 
tions were employed. All heat transfer coefficients were computed for positions corre- 
sponding to (L/D,) ratios larger than 150. Several methods of correlation were attempted 
and compared, especially with respect to the method of evaluating physical properties. 
The proportionality of the Colburn 7 factor to the Prandtl and Reynolds numbers with 
their usual exponents was verified, and the dependence of 7 upon D2/D, was analyzed. 
There was no significant effect of cosine heat-flux distribution on the heat transfer coeffi- 
cients. Evaluating physical properties at the usual film temperature gave the best correlation. 
A simplified dimensional equation for water at moderate temperatures and pressures was 


also developed. 


During the course of an extensive 
experimental program on heat transfer 
and fluid flow characteristics of simulated 
nuclear fuel elements, large amounts of 
data have been collected that are of 
considerable general interest. Of the 
data presently available from this pro- 
gram, those related to nonboiling heat 
transfer to water in turbulent flow have 
been extracted and are presented, 
analyzed, and correlated in this paper. 
Data for water flowing in long internally 
heated annuli with nonuniform heat-flux 
generation with length and at high rates 


R. P. Stein is at present with the Nuclear Develop- 
ot Corporation of America, White Plains, New 

or. 

Tabular material has been deposited as document 
5495 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 
Washington 25, D. C., and may be obtained for 
$2.50 for photoprints or $1.75 for 35-mm. microfilm. 


of heat transfer are of special interest in 
nuclear-reactor design. Data of this type, 
especially at heat-flux densities in the 
order of 1,000,000 B.t.u./(hr.)(sq. ft.), 
are not extensively reported in the 
literature. 

The data available from these tests 
cover a wide range of heat-flux density 
and temperature difference and include 
uniform and nonuniform lengthwise heat- 
flux distribution and three different 
annulus sizes. The methods of measure- 
ment made it possible to compute true 
local heat transfer coefficients, and the 
wide range of temperature difference 
allowed consideration of the best method 
to account for physical-property tem- 
perature dependence across the fluid cross 
section. The effect of nonuniform as 
compared with uniform heat flux could 
also be examined. 
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Fig. 1. Schematic of typical test section. 
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APPARATUS 


Deionized water was pumped downward 
through the test section, then through a 
cooler and was returned to the pump. All 
associated piping and fittings were either 
304 or 316 stainless steel. The test section, 
shown schematically in Figure 1, consisted 
of two coaxially placed aluminum tubes 
forming a concentric annulus over 10 ft. 
long. 

The inner tube, which was either 2S or 
61S aluminum of approximately 1-in. O. D., 
was heated by the passage of up to 20,000 
amp. of d.c. through it and was cooled by 
water flowing in the annular space. The 
power for heat generation was supplied by 
a 5,000-h.p. motor-generator set. For 
essentially uniform heat generation, the 
heater tube used had a wall thickness of 
0.035 in., and for a lengthwise cosine 
distribution* of heat generation, the I.D. 
was appropriately tapered, having its 
thinnest wall at the center. The tubes with 
tapered I.D. were extruded in two sections 
and then welded together at their thin 
ends. During operation the heater tube 
was pressurized internally with nitrogen. 

The outer tube had a relatively thick wall 
and was manufactured from 61S aluminum. 
Three different sizes of outer tubes were 
used giving annulus widths of \%, Ya, and 
34 in. Concentric placement of the inner 
tube was obtained by the use of three 
silicone-glass laminate centering ribs held 
snugly and accurately in lengthwise 
broached slots in the wall of the outer tube. 
The ribs occupied about 5% of the cross- 
sectional area to flow in the annulus and, 
as shown in Figure 2, were of triangular 
cross section making nearly point contact 
with the heater surface. In most tests the 
ribs used were continuous along the entire 
annulus length, creating three distinct 
subchannels between them. In later tests 
the ribs were vented to allow for flow com- 
munication among subchannels. Other than 
the small effect on the circumferential 
heater-surface temperature discussed below, 
venting of the ribs was not important to 
the experimental results reported here. 

Twelve combination voltage and thermo- 
couple probes were placed inside the heater 
tube. These were attached to a long tube 
consisting of short alternate sections of mild 
steel and melamine or silicon-glass laminate, 
which extended into the heater tube through 
an 0-ring seal at the top end. The thermo- 
couple junctions were held against the 
inner wall of the heater tube by spring 
tension and measured both the inner wall 
temperature and the voltage drop along 
the tube. The thermocouple tube could be 
rotated to allow the measurement of the 
circumferential temperature distribution. 


*The term cosine distribution denotes non- 
uniform heat generation, with the maximum occurring 
at the center of the hes ating tube and then decreasing 
according to a cosine law on both sides of the center. 
This kind of distribution is frequently encountered 
in nuclear reactors. 
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Water flow rates were measured by 
sharp-edged orifices during the early part 
of the program and later by a Potter 
turbine type of flow-sensing element. Inlet 
and outlet stream temperatures were 
measured by resistance thermometers. All 
voltages, including thermocouple outputs 
and voltage drop along the heater tube, 
were measured by a self-balancing potenti- 
ometer with a voltage-dividing circuit and 
selector switches. Electrical current was 
measured with a large shunt and recording 
potentiometer. 


EXPERIMENTAL DATA 


The data recorded during a typical 
heat transfer run were as follows: 


1. Voltage drop over the entire heated 
section and at twelve equidistant points 
along the inside of the heater tube. 

2. Electrical current. 

3. Flow rate. 

4. Inlet and outlet temperatures. 

5. Heater inner surface temperature at 
six equiangular positions, starting at a 
random position, around the circumfer- 
ence for each of the twelve equidistant 
points along the length at which the 
voltages were measured. 

6. Pressure at various positions along 
the annulus length. 


The accuracy of these measurements was 
sufficient to ensure a precision of heat 
transfer coefficients of better than 10%. 


CALCULATION OF HEAT 
TRANSFER COEFFICIENTS 


The local heat-flux density at any 
point along the heater was given by 


dL 
For runs with essentially uniform heat 


generation, the voltage gradient along 
the heater was nearly constant and there- 


(q/A) = (1) 


fore could be calculated with sufficient 
accuracy at any position by use of the 
incremental voltage change over adjacent 
measurements. For runs with cosine heat 
generation, the voltage gradient was not 
constant, and use of the above method 
would not be so accurate; however, the 
voltage distribution was nearly linear 
with sin az, where x is the distance 
measured from the center of the heater 
(i.e., at maximum flux) and a is a constant 
determined by the design value of heat 
flux at the ends of the heater. Hence, for 
cosine distributions the measured voltages 
were related to sin ax rather than to the 
heated length directly, and the voltage 
gradients were computed as follows: 


dL d(sin az) (2) 
AE 


a COs ax 
The bulk water temperatures ¢, were 
computed by adding the voltage-drop 
proportion of the over-all temperature 
rise to the measured inlet temperature. 
The presence of the three centering ribs 
resulted in a circumferential nonuni- 
formity of heater-wall temperature and 
introduced the question of what was the 
proper value of temperature difference 
for use in calculating a heat transfer 
coefficient. Since the temperature rises 
under the ribs were not very great, the 
problem was not a serious one but 
certainly deserved consideration. Several 
detailed circumferential temperature tra- 
verses were made, the results of a typical 
one being shown in Figure 3. This figure 
shows that wall temperatures were never 
actually uniform over any portion of the 
circumference. In addition to the cir- 
cumferential variation of wall tempera- 
ture, the presence of the ribs resulted in 
both a circumferential variation of local 
water temperature and of fluid velocity. 


Fig. 2. Cross section of annular flow channel. 
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The most reasonable value of water 
temperature to be used in computing the 
temperature difference would be the usual 
mixing cup or bulk temperature, and the 
most practical value of velocity to be 
associated with this temperature differ- 
ence would be the average value calcu- 
lated from the actual cross-sectional area 
and flow rate. Since the circumferential 
variation of wall temperature consisted 
of gradual changes extending nearly 
completely around the circumference, it 
was assumed that the best value of wall 
temperature would be the circumferential 
mean value. This value was determined 
by averaging the six measured inside- 
heater-wall temperatures and then cor- 
recting for wall drop. The wall-drop 
correction was calculated as a simple heat- 
conduction problem with longitudinal and 
circumferential conduction neglected, the 
latter being due to the nonuniformity of 
wall temperature. The circumferential 
variation in surface temperature averaged 
about 8°F. and was never more than 
30% of t, — t,, as shown in Figure 3, 
which is one of the more severe cases. 
The wall-temperature drop averaged 
about 7°F. and was never more than 
15% of t, — t,. The heat transfer co- 
efficient was computed from 


A 
(3) 


When computed in this manner, heat 
transfer coefficients obtained from data 
taken with annuli having many small 
sections of the ribs cut out agreed with 
those obtained from annuli having 
continuous ribs. This observation sup- 
ports the validity of the method. 

Values of heat transfer coefficients were 
not computed for positions corresponding 
to an (L/D,) less than 150 at the inlet 
end of the annulus and for positions closer 
than 11% ft. from the outlet. This was 
done to avoid using inaccurate data in 
those regions of the tube where, with a 
cosine distribution, the heat generation 
was small. Entrance effects are damped 
out at considerably smaller (L/D,) 
ratios. In addition, data points with 
heater-surface temperatures 10°F. higher 
than the local saturation temperature 
were excluded to eliminate the possibility 
of including local boiling values. 

Ranges of calculated heat transfer 
coefficients, heat-flux density, bulk tem- 
perature, average heater-surface tempera- 
tures, mass flow rate, and velocity are 
given in Table 1. 


CORRELATION OF EXPERIMENTAL DATA 


The Stanton, Prandtl, and Reynolds 
numbers were computed for each experi- 
mental point. Physical properties were 
initially evaluated at the arithmetic mean 
of the average surface and bulk tem- 
peratures, i.e., the usual film temperature 
t;. For computing Reynolds numbers, 
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the hydraulic equivalent diameter D, 
was used. 
4S 

D, (4) 
The influence of the centering ribs on 
both the cross-sectional area and the 
wetted perimeter was included in the 
calculation of D,. 

The usual dependence on the Prandtl 
number was verified by selecting data 
points at constant values of Reynolds 
numbers and observing that the Colburn 
j factor (St)(Pr),?/* was independent of 
Pr at constant Re. The logarithm of the 
j factor was plotted vs. the logarithm of 
the Reynolds number for representative 
samples of the data. This preliminary 
examination verified the well-established 
proportionality of j to Re? and also 
indicated that the effects of the non- 
uniform heat-flux distribution on the heat 
transfer coefficient, as compared with the 
results with essentially uniform heat 
generation, were not significant. These 
results are illustrated in Figure 4, where 
a representative sample of the data for 
one annulus size is plotted. The ranges of 
the correlated data for each annulus 
size are summarized in Table 2. 

Although deionized water of relatively 
high purity was used, operation with high 
values of heater-wall temperature over 
extended periods of time made possible 
the formation of a film of corrosion 
products. At the high rates of heat 
transfer investigated a very small amount 
of such film formation would have a 
significant effect on calculated heat 
transfer coefficients; therefore, it was 
desirable to check this possibility care- 
fully, by plotting the quantity jRe° vs. 
run number for each series of runs made 
with the same heater tube. Except for a 
few runs made after the tube had been 
operating with considerable local and 
bulk boiling, no significant effect of 
corrosion-product film formation could 
be detected. 

The preliminary examination of the 
data indicated that equations of the type 


= constant (5) 


would be suitable for correlation. Least 
square values of the constant were 
determined from all the data evaluating 
physical properties in several ways. 

With physical properties evaluated at 
the film temperature, the constant was 
found to have a slight dependence on 
annulus width, and the average of the 
standard deviations* for each annulus 
size was 8% with a maximum of 10% 
for the 14-in. annulus. These deviations 
are probably very close to the precision 


*By standard deviation is meant the statistical 
quantity defined as the square root of the variance. 
he variance is defined as the sum of the squares of 
the deviations from the mean divided by one less 
than the number of observations. For a fairly large 
number of observations (say > 50), the standard 
deviation defines the region containing approximately 
two-thirds of all observations. 
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Fig. 3. Typical circumferential wall-temperature traverse. 


of the measurements. With physical 
properties evaluated at the bulk tem- 
perature, the constant showed a similar 
dependence on annulus width, with an 
average standard deviation of 11% and 
a maximum of 12% for the 14-in. annulus. 
Hence a slightly better correlation is 
obtained when physical properties are 
evaluated at the film temperature. 

Another method for taking into account 
variations of physical properties was 
suggested by Sieder and Tate (4). The 
ratio of the viscosity at the surface tem- 
perature to that at the bulk temperature 
is included as an additional dimensionless 
term in Equation (5), all other physical 
properties being evaluated at the bulk 
temperature. 

The data were also correlated by use of 
the Sieder and Tate recommendation, by 
determining the least square values of 
the constant for each annulus size in the 
equation 


0.14 
= constant 
b 
(6) 


As with the bulk and film temperature 
correlations, the constant was found to 
have a slight dependence on annulus 
width. The average of the standard 
deviations for each annulus size was 9% 
with a maximum of 11% for the in. 
annulus. A correlation was also attempted 
on the assumption that the exponent on 
the viscosity ratio was unknown and 
on the calculation of both the exponent 
and the constant by least squares. This 
correlation resulted in inconsistent values 
of both the constant and the exponent and 
was therefore discarded. Thus it appears 
that the use of the viscosity ratio does 
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not give so good a correlation as the use 
of the film temperature but gives a 
slightly Letter correlation than that where 
the physical properties are evaluated at 
bulk temperature. 

The results of the three methods of 
correlation are summarized in Table 3. 

The small but consistent increase of 
(St)(Pr)?/3(Re)*? with annulus width is 
in agreement with the findings of other 
investigators. In general, the heat transfer 
coefficient is found to increase as the 
ratio of the outer to the inner diameter 
of the annulus increases. The range of this 
ratio for the experimental data correlated 
here is not large enough to justify the 
establishing of a definite mathematical 
dependence on D:/D,. (For the 
annulus, D./D, = 1.232; for the 3-in. 
annulus, D:/D; = 1.694). Therefore, the 
form of equation chosen to correlate the 
data with annulus size was obtained by 
examining the results of other investiga- 
tors whose range was much larger. In 
particular, the results of Monrad and 
Pelton (3) and of Wiegand (5) indicate 
that the heat transfer coefficient could 
be assumed proportional to the square 
root of the ratio of the diameters for a 
range of the ratio from 1 to 10. With this 
assumption the following correlating 
equations were obtained: 


1/2 
Be) 
= 0.0244 415% (7) 
0.14 dD, 1/2 
(2:) 
= 0.0222 + 13% (8) 
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TABLE 1 


RANGES oF EXPERIMENTAL Data 


Annulus size, in. 


M4 
Bulk temperature ¢,, °F. 74-261 68-182 77-191 
Average heater-surface 106-315 101-290 119-279 
temperature é,, °F. 
Heat-flux density g/A X 1073, 40-1,125 61-1,055 115-1 ,090 

B.t.u./(hr.)(sq. ft.) 

Mass flow rate, lb./sec. 0.7-9.0 2.8-10.0 4.6-16.5 
Inlet velocity V, ft./see. 4-45 .0 6-24 7-24 
Heat transfer coefficient h, 1, 200-12 , 700 1 ,500-—6 , 700 2 ,000-7 ,300 
B.t.u./(hr.)(sq. ft.) (°F.) 

At =i, —4%,, 13-169 16-198 32-153 
Number of experimental values 486 238 146 
Number of different test of 7 2 
assemblies 

“WO 
lex 
fot fot 


Fig. 4. 7 vs. Re; for 1/8-in. annulus. 


1/2 
(St)(Pr) pa( Bs) 
D, 


= 0.0200 + 10% (9) 


Equation (7) evaluates physical prop- 
erties at the bulk temperature, Equation 
(9) at the film temperature, and Equation 
(8) employs the Sieder and Tate viscosity 
correction. The indicated percentage of 
deviations were conservatively estimated 
by adding the average of the percentage 
of standard deviations for each annulus 
size to the average of the deviations 
introduced by use of the diameter ratio. 


DISCUSSION 


When physical properties are evaluated 
at the bulk temperature alone, no allow- 
ance is being made for the variation of 
these properties across the fluid cross 
section. These variations influence both 
momentum and heat exchange within the 
fluid. The Sieder and Tate viscosity 
correction attempts to take into account 
variations of viscosity but ignores other 
properties. The evaluation of physical 
properties at the film temperature approx- 
imately allows for changes across the 
fluid cross section because an average 
temperature is assumed to apply. Since 
the use of a film temperature allows for 
variations of all physical properties, it 
might be expected to result in the best 
correlation. In support of this expectation, 
the constants of the correlating equations 
and their standard deviations decrease 
in value as more of the physical-property 
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variations across the fluid cross section 
are taken into account. An examination 
of Table 3 shows that the differences 
among the constants and the differences 
among the standard deviations are 
significant. Larger differences among the 
constants cannot be expected since with 
water at moderate pressures the tem- 
perature variation of the combination of 
physical properties involved is small. The 
differences among standard deviations 
are considered significant, as the same 
experimental data were used for the 
three methods of correlation. 

It may be argued that the inaccuracies 
introduced by evaluating physical prop- 
erties at the bulk temperature alone are 
not large enough to justify the more 
difficult methods of calculation. This is 
especially true with the usual industrial 
applications, where, for example, signifi- 
cant resistance to heat transfer due to 
fouling must be allowed for by little 
better than guesswork. This is clearly not 
the case with a device such as a nuclear 
reactor, where heat-flux densities are at 
least an order of magnitude larger than 
was previously usual and surface tem- 
peratures must be known as accurately 
as possible. In addition, a correlation of 
experimental data as obtained here based 
on bulk temperature alone can be expected 
to introduce further inaccuracies when 
used with both heating and cooling and 
with fluids considerably different from 
water at moderate temperatures and 
pressures. Thus, a correlation which 
includes the effect of variation of physical 
properties across the laminar layer and 
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into the turbulent core is desirable not 
only for improved accuracy, but also 
for more general applicability. 

Although the Sieder and Tate viscosity 
correction appears to be widely used, to 
our knowledge it has never been shown 
to be preferable to evaluation of physical 
properties at the film temperature. The 
two methods are certainly not equivalent, 
although in some ranges and with some 
fluids they may be nearly so. Valid 
applications of a Sieder and Tate type of 
correlating equation are limited to regions 
where, of the physical properties involved, 
only the viscosity changes significantly 
with temperature. A correlation based 
on the film temperature offers more gen- 
erality and for this reason is preferred by 
the authors. 

A bulk temperature correlation is 
sometimes preferred by the engineer 
because it does not require the iterative 
calculations usually necessary with both 
the film-temperature and viscosity-ratio 
correlations. A viscosity-ratio correlation 
is sometimes preferred to a film-tempera- 
ture correlation because the repetitive 
calculations with the former involve 
only a simple ratio. The authors suggest 
that this is false economy. Proper use of 
a film-temperature correlation can offer 
the same convenience as the others while 
still retaining its advantage of wider 
generality. For example, for those cases 
where Af is small or where knowledge 
of the heat transfer coefficient to better 
than 15% is not necessary, an average 
At can be assumed over the entire range 
of application and used to evaluate an 
approximate film temperature; that is, 


t; = & (10) 


where the choice of sign depends upon 
whether the fluid is being heated or cooled. 
In this way a film-temperature correlation 
can be easily converted into what is 
essentially the equivalent of a bulk- 
temperature correlation applicable in 
the particular range of interest. 

The dependence of the heat transfer 
coefficient on annulus width and radius 
has been accounted for by evaluating 
Reynolds number by use of the usual 
hydraulic definition of equivalent diam- 
eter and assuming the heat transfer 
coefficient proportional to the square root 


TABLE 2 
RANGES OF CORRELATED DaTA 


Annulus size, in. 


St 0.7-1.7 0.7-1.7. 0.8-1.7 
(Pry 1.4-6.6 2.2-7.2 2.1-6.1 
(Pr); (Cpu/k)s 1.4-5.2 1.7-5.7  1.6-5.0 
(Re), 

x 10-3 27-269 38-164 36-233 
(Re), (D.G/u), 

x 10-3 30-303 40-207 48-390 
1.1-2.7 1.2-3.8 1.5-3.2 
ty, °F. 90-271 82-225 93-235 
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REsuLTs oF Various METHODS OF CORRELATION 


Physical Properties at 
Bulk Temperature 


TABLE 3 


Physical Properties at 
Film Temperature 


Annulus Standard Standard 
size, in. (St)(Pr),?/3(Re),° 2 deviation (St)(Pr) Re) deviation 
0.02530 +0 .00260 0.02159 +0 .00220 
Yy 0.03013 +0.00374 0.02380 +0.00153 
3% 0.03344 +0.00300 0.02657 +0.00170 


of the diameter ratio (D:/D;). This 
method of correlation is justified by the 
work of Monrad and Pelton (3) and of 
Wiegand (6). Although the latter pro- 
posed that this method be used for a 
range of the diameter ratio from 1 to 10, 
the present authors are of the opinion 
that there has not been sufficient experi- 
mental evidence to justify the method 
for values of the ratio larger than 3. The 
reason for this—which is also a reason 
why it is not a serious limitation—is that 
there is very little practical interest in 
annuli with larger diameter ratios; 
therefore, Equation (9), which evaluates 
physical properties at the film tempera- 
ture and accounts for annulus radius by 
use of the square root of the diameter 
ratio, is the recommended correlation for 
heat transfer from the inner surface of 
annuli to turbulent flowing fluids. 

In an attempt to correlate data over a 
larger range of the diameter ratios, 
Davis (1) recommends computing the 
Reynolds number by use of the inside 
diameter of the annulus in place of the 
equivalent diameter and inclusion of the 
diameter-ratio term with an exponent of 
0.15. This method of correlating with 
annulus dimensions was not used by the 
authors because there does not appear 
to be sufficient evidence for its validity. 

For the limiting case of D./D;, = 1, 
Equation (9) should also apply to heat 
transfer from infinitely wide parallel 
plates. Correlations applicable to such 
systems have not been found in the 
literature, and therefore no comparisons 
could be made. For the case of tubes, 
the Colburn equation as recommended 
by McAdams (2) has a constant equal 
to 0.023, or about 15% higher than the 
constant of Equation (9). This difference 
is probably a result of only one of the 
flow boundaries of the annular channel 
being heated, whereas the constant 0.023 
was determined mainly from experiments 
in tubes where the entire flow boundary 
is heated. 

Computations by Stein (6) comparing 
the heat transfer coefficient for heat flow 
only from one side of the channel to that 
for equal heat flow from both sides 
predicts the 15% difference obtained 
experimentally in the same range of 
Prandtl and Reynolds numbers. 


SIMPLIFIED CORRELATION FOR WATER 


If the combined physical properties in 
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Equation (9) are considered to be a linear 
function of temperature, then a simplified 
correlating equation can be obtained for 
a particular fluid. A correlation of this 
form was obtained for water as follows: 


70.8 D 1/2 
h = 97.7(1 + 0.0066t,) —s-s (2s) 
(11) 


The velocity V is based on a density of 
62.3 lb./cu. ft. For the temperature range 
of 90° to 270°F. this equation differs from 
Equation (9) by a maximum of only 3%. 
It is applicable, of course, at only moder- 
ate pressures. 


SUMMARY 


Heat transfer coefficients for the 
turbulent flow of water in internally 
heated annuli with spacer ribs at high 
rates of heat transfer with both uniform 
and nonuniform heat-flux distribution 
were successfully correlated by the usual 
dimensionless equations. The following 
equation gave the best correlation: 


(St)(Pr) Pt) 0.0200 


Evaluation of physical properties at the 
bulk temperature alone or use of the 
Sieder and Tate viscosity correction did 
not result in as good a correlation, 
although the differences were small. It is 
suggested that the equation above is also 
valid for heat transfer in annuli without 
spacer ribs and from infinitely wide 
plates (D:/D. = 1) with only one side 
being heated. 
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NOTATION 

a = constant, defined in text 

C, = specific heat at constant pressure, 
B.t.u./[Ib. (mass) ](°F.) 

D, = hydraulic equivalent diameter, ft. 
D, = 4S/L, 

D, = inner diameter of annulus, ft. 

D, = outer diameter of annulus, ft. 

E = voltage along heated length of 


tube, volts 
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Sieder and Tate Viscosity Ratio 


Standard 
(St)(Pr)s2/( Re)" deviation 
0.02350 +0.00259 
0.02704 +0 .00254 
0.03009 +0 .00222 
G = mass velocity, lb.(mass)/(hr.) (sq. 
ft.) 
h = local heat transfer coefficient, 


B.t.u./(hr.)(sq. ft.) (°F.) 
I = electrical current, amp. 
j = (St)(Pr)?’3, dimensionless 
k = thermal conductivity, B.t.u./(hr.) 
L 


(ft.) (°F.) 
= heated length measured from 

inlet, ft. 

L, = wetted perimeter, ft. 

Pr = Prandtl number (C,u/k), dimen- 
sionless 

q/A = heat flux density, B.t.u./(hr.) 
(sq. ft.) 

Re = Reynolds number (D,G@/u), di- 
mensionless 

S = cross-sectional area to flow, sq. ft. 

St = Stanton number (h/C,G@), dimen- 
sionless 

i, = mixing-cup mean or bulk temper- 
ature, °F. 

t; = film temperature, 14(t, 4+- 7,), °F. 

t, = heat transfer surface temperature, 

#, = average heat transfer surface tem- 
perature, °F. 

V = Inlet velocity, ft./sec. 

At = temperature difference, 7, — t,, 

=-_ viscosity, lb. (mass) /(ft.) (hr.) 

x = heated length measured from 
position of maximum heat flux, ft. 

Subscripts 

b = fluid properties evaluated at bulk 
temperature, 

f = fluid properties evaluated at film 
temperature, t; 

s = fluid properties evaluated at sur- 


face temperature, 
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Velocity Profile for Fully Developed 
Turbulent Flow in a Pipe 


THOMAS J. HANRATTY and DUANE L. FLINT 


An equivalent Poiseuille’s Law is derived for a homogeneous isotropic turbulent field. 
The derivation is based on an analogy between momentum transfer and heat and mass 
transfer, three coefficierits being used to characterize the exchange process: (1) the molec- 
ular viscosity yu, (2) an intensity parameter to characterize the magnitude of the turbulent 
velocity fluctuations v’, and (3) a scale parameter to characterize the scale of the turbu- 


lence 7. 


Poiseulle’s Law describes the velocity 
profile or the pressure gradient of a fluid 
in laminar flow in a pipe far from the 
entry. The law relates the velocity field 
to the pressure gradient through. a 
transfer coefficient, the molecular vis- 
cosity. For a Newtonian fluid the viscosity 
is a property of the fluid alone and not 
of the flow. 

In a pipe flow the fluid exerts a drag 
or shear stress at the wall; since force is 
the time rate of change of momentum, 
this shear stress constitutes a flux of 
momentum to the wall with units of 
momentum per unit time per unit area. 
The velocity gradient in the fluid con- 
stitutes a gradient of momentum pU, 
with units of momentum per unit 
volume. Fully developed laminar flow 
in a pipe may be viewed as a transfer 
process in which momentum flows to the 
wall as a result of the momentum gradient 
in the fluid. The kinetic theory of gases 
pictures the transfer process as occurring 
from the mixing of fluid elements of 
different velocities through the random 
motion of the molecules. 

Fully developed turbulent flow in a 
pipe can also be looked upon as a transfer 
process in the manner described above. 
However, the mixing of fluid elements 
occurs by the random convective motions 
of the turbulence as well as by the 
molecular movements; the transfer proc- 
ess should be related to the properties 
of the turbulence as well as molecular 
properties. A theoretical description of 
turbulent transport will depend on the 
definition of the parameters which 
characterize the turbulence, just as the 
molecular velocity and molecular mean- 
free-path characterize molecular trans- 
port. In recent years considerable progress 
has been made in the description of 
turbulence. However, only limited success 
has been experienced in applying these 
descriptions to the problem of turbulent 
transport. Velocity-profile and pressure- 
drop data for fully developed turbulent 
flow in a pipe have not been predicted in 
terms of parameters describing the 
turbulence. Instead the data have been 
correlated empirically. 
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Three notable contributions which 
attempt to relate turbulent transport to 
properties of the turbulence are the 
concept of the Reynolds stress; the 
mixing-length theories of Prandtl, Kar- 
man, and Taylor; and the statistical 
description of point source diffusion by 
Taylor. 

Reynolds showed that the shear stress 
in turbulent pipe flow may be described 
by the following equation: 


S = —puw (1) 


The difficulty in applying this to a descrip- 
tion of the velocity profile is that one 
cannot predict how wy varies throughout 
the flow field. 

The mixing-length theories depend on 
the definition of a mixing length / and 
a turbulent intensity v”, analogous to the 
mean-free-path and molecular velocity 
defined for molecular motion. The appli- 
cation of these theories depends upon the 
relation of the mixing length to the 
velocity gradient. 

Taylor described the turbulent mixing 
from a point source of material in terms 
of the turbulent intensity »” and a time 
scale rT: 


dt (2) 


Taylor’s theory is the most successful 
attempt at a description of the turbulent 
mixing process. It suffers from the 
limitation that it was derived for a 
turbulence which is homogeneous, while 
most actual turbulent fields are not 
homogeneous. Nevertheless, it supplies 
a basis for looking at actual situations 
where turbulent transport is occurring 
and for examining the effect of the non- 
homogeneities on the transport process. 
One of the authors (5) has applied the 
Taylor description of turbulent mixing 
to the case of heat transfer from a hot 
plane wall to a cold plane wall through a 
turbulent air stream. The calculated 
temperature profiles approximated ex- 
perimental measurements. It was shown 
that the increase in the resistance to 
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heat transfer in the vicinity of the wall 
could be explained to a large degree, by 
the time dependency of the diffusion 
process rather than by a change in the 
flow characteristics. This time depend- 
ency arises since the distance scale of the 
turbulence is of the same magnitude as 
the size of the container. An increased 
resistance to heat transfer in this case 
arises since molecules in the vicinity of 
the wall that have exchanged heat with 
the wall are in the field a shorter length 
of time than those in the center of the 
channel. 

If it is assumed that momentum 
diffuses in the same manner as heat and 
mass in a turbulent field, then Taylor’s 
theory of point-source diffusion can be 
applied to the description of the velocity 
field for fully developed pipe flow. The 
velocity field will be calculated as a 
function of the shear stress at the wall 
or the pressure gradient. The parameters 
entering into the calculation are the 
molecular viscosity the turbulence 
intensity v”, and the time scale r. 

Since the turbulence in pipe flow is non- 
homogeneous the description presented 
in this paper might be considered a first 
approximation to a Poiseuille’s Law for 
turbulent flow. 


CONTRIBUTION OF TURBULENCE 
TO THE TRANSPORT PROCESS 

Taylor (7) in 1935 described the 
spread of material from a point source in 
terms of the variation of mean_square 


displacement of the particles X° with 
time. He showed that for a homogeneous 
isotropic field 


Experiments have indicated that the 
Lagrangian correlation coefficient, 
can be approximated by 


= exp (4) 
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where 


(5) 


Equation (3) becomes 


dx? = 


dt 


For n molecular diffusion the rate of change 
of X° with time is constant, 


dx? 
dt 


= 2D (7) 


Turbulent diffusion however is time 
dependent in that dX*/dt is a function 
of time. The parameters » and +r may 
be obtained from measurements of the 
concentration profiles at different dis- 
tances downstream from a point source 
of material in a flow stream (4), which 
may consist of a small tube from which 
a foreign substance is injected into the 
stream. From these data the variation of 
X° with time is obtained, and »” and 7 
can be calculated from Equation (6). 

Measurements have shown that the 
distribution function describing X” may 
be approximated by the Gaussian error 
curve. For such a case it can be shown 
(5, 1) that diffusion from an infinitesimal 
source can be described by the differential 
equation: 


C (8) 
where 
1 dX? 
oa (9) 


The use vf Equation (8) allows statistical 
information on the variation of X° with 
time to be translated into information 
on the concentration distribution. It is 
also more convenient than a purely 
statistical approach for treating problems 
where the infinitesimal source or sink 
is not a point. In this paper a sink will 
be considered which consists of an 
infinitesimal ring around the _ inside 
diameter of a pipe. 

Equation (8) is valid only for the 
description of the behavior of an infini- 
tesimal source or sink. However, an 
actual case involving turbulent transport 
can be described in terms of a distribution 
of sources or sinks. Thus heat transfer 
from a hot to a cold wall through a 
turbulent fluid can be viewed as consisting 
of a series of heat sources along the hot 
wall and a series of heat sinks along the 
cold wall. The temperature field can 
be calculated as the sum of the contri- 
butions from all these sources and sinks 


(5). 
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CONTRIBUTION OF MOLECULAR TRANSPORT 


The derivation of Taylor applied only 
to turbulent diffusion and did not con- 
sider the role of molecular diffusion in 
the over-all transport process. Molecular 
diffusion can contribute to the transport 
process in two ways: (1) It can act as a 
mechanism for diffusion in addition to 
the turbulent transport. This will increase 
the total transport rate. (2) It can 
decrease the effective scale 7 for turbulent 
diffusion. This arises since material 
which is moving in an eddy will tend to 
escape from the eddy because of molecular 
diffusion. No experimental data are 
available to indicate the magnitude of 
this effect. For the case considered in 
this paper it is probably not too great. 
It will be assumed that the effect of 
molecular diffusion upon turbulent trans- 
port can be approximated by altering the 
value of 7 appearing in Equation (6). 
The total transport due to molecular and 
turbulent diffusion can then be repre- 
sented by the following equation: 


dX? 
dt 


= 2D + Q's, 


[1 ex {- (10) 


T, = time scale corrected for the effect 
of molecular diffusion. 


MODEL FOR DESCRIBING FULLY 
DEVELOPED PIPE FLOW 


A description of the velocity field 
occurring in fully developed pipe flow 
will be carried out by assuming that 
momentum diffuses in a manner anal- 
ogous to the diffusion of mass and heat. 
The statement of the analogy is the 
assumption that the behavior of an 
infinitesimal source or sink of momentum 
can be described by the following equa- 
tion: 


at 

where 

B 2 di +07. 


os 


In order to apply this analogy to the 
calculation of the velocity field for fully 
developed turbulent flow the model 
outlined in the introduction to this paper 
will be used to describe the momentum 
transfer process. The validity of the 
model is independent of the mechanism 
assumed for the transfer process. Its 
accuracy will depend on the accuracy 
with which the transfer process can be 


FULLY DEVELOPED 
FLOW FIELD 


MOMENTUM 
PRODUCED= 


UNIFORM VELOCITY 


FIELD 


Fig. 1. Model to express analogy for fully developed pipe flow. 
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S =dz 


Fig. 2. Differential volume in flow field. 


described. Therefore, for laminar flow 
the model should result in a derivation 
of Poiseuille’s Law. 

Figure 1 depicts the phenomenon that 
is occurring. Since the final flow field is 
independent of the entry conditions, any 
convenient entry flow profile may be 
assumed as long as momentum is con- 
served. The fluid is assumed to have a 
uniform flow at the pipe entry. The 
pressure gradient is assumed constant. 
The exchange of momentum with the 
wall may be calculated by writing force 
balance over an increment of pipe length. 
It is a constant and is given by the 
equation 


a 
Az (13) 


Owing to this exchange of momentum 
with the wall with the wall momentum 
(pU) gradients are set up in the fluid. 
The initial velocity changes after the 
fluid enters the pipe. Experiments show 
that far enough along the pipe the shape 
of the velocity profile ceases to change. 
A steady state is reached in which there 
is no further change in the flow field and 
yet there is a constant exchange of 
momentum with the wall. In order for 
this to be possible there must be a 
creation of momentum in the fluid equal 
to that transferred to the wall. By 
writing a momentum balance around an 
element of fluid (Figure 2) one can show 
that, if the shear stress is constant at 
the wall, the momentum produced per 
unit volume is constant. 


momentum 


Momentum created = 
transferred 


2rrS dz 


momentum created _ 2arS S dz 


ar? dz 


unit volume 


For fully developed pipe flow, 


S 
= — = constant 
a 
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EQNS. (20) (41) 


m 
° 
fv 


Re = 30,000 


- 7 =0.0033 SEC. 
We=264 


Fig. 3. Time-dependent turbulent diffusion. 


In this development, therefore, it is 


assumed that 


momentum created (14) 


unit volume 


The model then consists of fluid 
flowing into a pipe with a uniform 
velocity. Upon flowing past the wall it 
exchanges momentum with the wall and 
velocity gradients are set up in the fluid. 
The wall constitutes a sink of momentum 
or velocity; a negative amount of 
momentum —pU may be visualized as 
diffusing away from the wall. There is a 
production of momentum within the fluid 
equal to that transferred to the wall. A 
small element of fluid within the field 
may be considered as a region in which 
momentum is created and into which 
‘negative’ amounts of momentum are 
diffusing from sinks along the wall. 
Eventually a steady state is realized and 
the velocity profile undergoes no further 
change. A fully developed flow is attained. 
The model as presented contains no 
assumptions regarding the mode of 
transfer. Four examples will be explored: 
(1) molecular transfer (2) molecular 
transfer + turbulent transfer with no 
time dependency (8) turbulent transfer 
with time dependency, (4) molecular 
transfer + turbulent transfer with time 
dependency. 

In the consideration of these different 
modes of transfer the problem will be 
reduced to one of considering a two- 
dimensional flow field of circular cross 
section. There will be a sink of momentum 
around the periphery and a continuous 
production within the fluid. The distri- 
bution of momentum within the field 
will be calculated as a function of time. 

The behavior of an instantaneous 
infinitesimal source of negative momen- 
tum at the periphery is described as a 
solution to Equation (11) for the bound- 
ary conditions: 
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at ¢=0 pU=0 
at t= instantaneous sink of 


momentum = dt’ 


at t>t’ a(pU) 


= 0 


The solution is similar to that given by 
Carslaw and Jaeger (2) for a constant 
diffusivity: 


2S, dt’ 
U single 
(OU) a 
as?K(t—t’) 
15 
Soleo) 


dt (16) 


The quantity a, is the root of Jo’(a,a) = 0. 
Equation (15) describes the following 
situation. At time ¢’ a finite amount of 
negative momentum is emitted into the 
field at r = a. At all other times there is 
no transfer of momentum at r = a. 
Momentum diffuses about the field 
without escaping from it. 

Since there is a continuous diffusion of 
momentum from the wall, the contribu- 
tion of all sinks from time = 0 to time = 1 
would be the integral of the foregoing 
expression. 


pU = 2So 


—as?K(t—t') Jo(a.r) 


The momentum created between r and 
r + dr during this interval is 


t 
oU 280 ay (18) 
0 
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Fig. 4. Molecular diffusion by time-dependent turbulent diffusion. 


The velocity field may be represented by 
the sum of Equations (17) and (18) 
except for an additive constant. 


f 


“0 


© 


For the condition of fully developed flow 
the integral is evaluated for t = ~. 
Since for s = 0, a, = 0, 


Jo pa 


Le dt (20) 


Since at r = a, U = 0, 


pa Jo 


The function A(t — t’) will depend on 
the description of the transfer process. 
The four possibilities that have been 
outlined will now be considered. 


CASE !: MOLECULAR EXCHANGE . 


If the transfer of momentum occurs 
only by molecular exchange, the quantity 
8 is constant and equal to the kinematic 
viscosity, 


K(t ¢’) = —?#) (22) 


If this is substituted into Equation (20) 
and if the integration is carried out, the 


following expression results for the 
velocity field: 

U+¢,= _ > _1 Jola.r) (23) 


a s=1 J 


co 


= 


a s=1 MQ, 


“quation (23) describes a parabola. This 
can be demonstrated as follows: 
Since 


Equation (23) can be expressed in dimen- 
sionless form as 


a,” E J (aa) 


The equation for a parabola is 


To show that these two expressions are 
equal one may expand Equation (27) asa 
series of Bessel functions as described in 
Wylie (8). 


r\? 


() A, Soler) (28) 


As defined previously, a, is a root of the 
equation 


Jo'(aa) = —J(aa)=0 (29) 


The constants A, can be evaluated from 
the orthogonality property 


rd (ar) J o(a,r) dr 


I 


2 
J o°(a,a) n=8 


= 0 n#¥s (30) 


Both sides of Equation (28) are multiplied 
by rJo(@,r) dr and integrated. Since 
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/ rJ (ar) dr = 0 (31) 


0 
a 
J,(a,r) dr = —3 Ji(a,a) (82) 
as 


the constant A, becomes 


A, = 
a, J o(a,a) 


(33) 


and the series representation of 1 — (r/a)? 


Atr=a 
a 
= (36 
Ao (36) 
Atr=0 
4 
1= A, (37) 


s=1 a, J 


If Equation (37) is divided into Equation 
(34) and if Equation (36) is substituted 
for Ao, 


> > AT 
a=! a, a s=1 a, J o(a,a) 
s=1 a, a s=1 a, a J o(a,a) 


= 25 | 


38 
s=1 a,” J o(a,a) 


The right-hand side of Equation (88) is 
identical with the right-hand side of 
Equation (26). The expression derived 
on the basis of the model used to describe 
fully developed pipe flow yields the same 
result as the integration of the Navier 
Stokes equation for the case where 
momentum is transported only by molec- 
ular exchange. The model is a valid one. 
Other modes of momentum transport 
may now be investigated with it. 


CASE II: MOLECULAR EXCHANGE + TIME- 
INDEPENDENT TURBULENT EXCHANGE 


Quite often the participation of tur- 
bulence in the transfer process is taken 
into account by the assumption that the 
transfer coefficient is described as the 
sum of a molecular diffusivity and eddy 
diffusivity, 
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(39) 


This is not an accurate representation of 
turbulent diffusion since it does not 
account for the length of time the diffus- 
ing material has been in the field. It is an 
empirical approach to the problem; the 
eddy diffusivity, in general, will vary in 
an unknown manner throughout the 
field. The effect of the presence of tur- 
bulence is to increase 8 markedly over 
that for molecular exchange only. If ¢ 
were constant, the velocity field is 
described by Equation (23) with u + pe 
substituted for u. The profile again would 
be a parabola. However, for a given 
pressure gradient or S,/a the magnitude 
of the velocities would be much smaller. 


CASE III: TIME-DEPENDENT TURBULENT 
EXCHANGE 


The method used by Taylor to describe 
the time dependency of turbulent diffu- 
sion has been outlined in the beginning 
of the article. If the turbulent-exchange 
process is described in this manner and 
if the contribution of molecular diffusion 
is neglected, 


+ exp (i= (41) 


This may be substituted into Equation 
(20) to evaluate U + C2. The resulting 
expression is plotted in Figure (3) by 
use of values of 7 and y” that were ob- 
tained from point-source diffusion meas- 
urements. It goes to minus infinity at 
r = a, therefore it is not possible to 
evaluate the constant of integration. In 
the immediate vicinity of the wall the 
resistance to the transport of material 
away from the wall by turbulent diffusion 
is very large. Right at the wall the rate 
of transfer is zero. This can be seen by 
examining Equation (40). For (¢— t’) = 0, 
8 = 0. In the vicinity of the wall molec- 
ular exchange becomes important. It 
cannot be neglected. 


CASE IV: TIME-DEPENDENT TURBULENT 
EXCHANGE + MOLECULAR EXCHANGE 


If the contribution of molecular ex- 
change is considered along with a time- 
dependent turbulent diffusion, 8 and 
K¢é — t’) are given by the following two 
equations: 


B= 
p 
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K(t — t’) = — — 


~*) 


(43) 


It is seen that at the wall 6 does not 
vanish. The incorporation of the contri- 
bution of molecular exchange gets around 
the difficulty of a velocity of minus 
infinity at the wall. Equation (20) is 
plotted in Figure 4 by use of the fore- 
going expression for K(t — 2’). Values 
of »” and 7, used in the calculations were 
taken from measurements of turbulent 
diffusion of hydrogen in air at a Reynolds 
number of 30,000. The measurements 
were not too accurate; no attempt was 
made to correct them for molecular 
exchange. Recent measurements in this 
laboratory have indicated values of 7 
and y” of 0.0044 sec. and 200 sq. in./sec.? 
Velocity measurements of Nikuradse (6) 
are plotted on the same graph. The 
agreement is within the errors involved 
in the selection of v” and 7,. 

On the same graph a calculated velocity 
profile using a value of u/p tenfold 
greater than that of air is presented. 
It can be seen that Equation (20) is 
sensitive to the value of u/p used. How- 
ever, as pointed out in an earlier part of 
this paper, the curve for u/p = 0.24 
sq. in./sec. may not represent the effect of 
a change of the molecular viscosity upon 
the velocity profile. This arises from the 
fact that the scale represented the 
turbulent exchange will decrease with an 
increase in the molecular transport 
properties and from the fact that the 
Reynolds number will change. 


CONCLUSIONS 


The model used to establish an analogy 
between momentum transfer and heat 
and mass transfer is valid. This was 
shown by the fact that the velocity 
profile calculated for laminar flow agreed 
with Poiseuille’s Law. The mathematical 
formulation of the model for a turbulent 
field depends on the assumptions: 


1. Diffusion from an_ infinitesimal 
source can be described by Equation (11). 

2. There is an analogy between mo- 
mentum transfer and heat and mass 
transfer in that 6 for momentum transfer 
can be obtained from _ point-source 
diffusion measurements. 

3. The role of turbulence in effecting 
the transport of momentum may be 
described by employing a homogenous 
field. 


The expression for the velocity profile 
depends upon the description of transfer 
process. A transport of momentum by 
means of time-dependent turbulent diffu- 
sion and molecular diffusion describes the 
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velocity field within the approximations 
employed in the derivation of Equation 
(42) to represent the transport process 
and within the accuracy of the experi- 
mental parameters used in the calculation. 


NOTATION 

a = radius of the pipe 

C., C2 = constants 

C = concentration 

D = molecular diffusion coefficient 

Jo(z) = Bessel function of first kind of 
order zero 

= pressure 

R = Lagrangian correlation coeffi- 
cient = /v" 

r = radial distance 

Re = Reynolds number 

S = shear stress at r 

So = shear stress at the wall 

t = time 

U = time at which diffusible material 


entered the turbulent field 
uv = time average of the product of 
the turbulent velocity com- 
ponent in the z direction and 
the z direction 
time-average velocity in the z 


direction 

U. = center velocity 

v, = instantaneous velocity at time 
t of a particle in the x direction 

v,’ = instantaneous velocity at time 
t’ of a particle in the x direction 

VY, = average of v,, v,’ for a large 

al number of particles 

v = mean-square turbulent velocity 
in the x direction 

AV = increment of volume 

2 = direction of average flow 

as = root of Jo'(a,a) = 0 

B = 

€ = eddy-diffusion coefficient 

m = fluid viscosity 

p = fluid density 

T = Lagrangian time scale = 
fo” R dt’ 

To = Lagrangian time scale corrected 


for effects of molecular transport 
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Calculation of the Diffusion Coefficient 
of Dilute Gases and of the Self-diffusion 


Coefficient of Dense Gases 


JOHN C. SLATTERY and R. BYRON BIRD 


University of Wisconsin, Madison, Wisconsin 


A corresponding-states correlation of low-density binary- and self-diffusion coefficients 
is presented. The equations are simple to use, are sufficiently accurate for most calculations, 
and correlate those data used in their derivation somewhat better than calculations based 
on the Lennard-Jones potential if potential parameters have to be estimated from the 
critical properties. The Enskog kinetic theory of dense gases is used in modified form to 
obtain an expression for the high-density diffusion coefficient for isotopic mixtures in 
terms of the viscosity and compressibility of the gas. Generalized viscosity and compressi- 
bility charts are then used to construct a graph for predicting a reduced self-diffusion 
coefficient as a function of reduced temperature T, = T/T, and reduced pressure p, = 
p/p.. The effect of the pressure on the Schmidt number, Sc = p/p, is also discussed. 
Finally the extension of this chart to nonisotopic mixtures is considered. 


In the design and operation of gas- 
phase processes, one must have methods 
available for estimating various physical 
propertics when experimental data are 
unavailable. The equation of state and 
thermodynamic properties of dilute and 
moderately dense gases can be calculated 
satisfactorily from intermolecular forces 
by means of statistical mechanies (24, 3). 
At higher densities the generalized charts 
of Hougen and Watson (25) and the 
revised tables of Lyderson, Greenkorn, 
and Hougen (35, 18) are more useful, The 
viscosity, thermal cciuductivity, and 
diffusion coefficients for dilute gases can 
be estimated from intermulecular forces 
by kinetic theory calculations (24, 3). 
Several charts have been prepared from 
experimental data for the prediction of 
the viscosity coefficient of dense gases 
(8, 12, 13, 48, 25), the most recent being 
that of Carr, Parent, and Peck (9). The 
thermal conductivity coefficient of dense 
gases can be estimated from the chart of 
Lenoir, Junk, and Comings (33, 13), 
which is a generalized representation of 
experimental data for several gases. The 
earlier charts of Comings and Nathan 
(11) and of Gamson (16) for the predic- 
tion of the thermal conductivity coeffi- 
cient of dense gases were constructed 
from experimental viscosity and equation- 
of-state data by means of the Enskog 
dense-gas kinetic theory (15), inasmuch 
as there were not enough high-density 
thermal conductivity data available for 
the preparation of a dimensionless 
graphical representation. This paper pre- 
sents an empirical method for the calcula- 
tion of the diffusion coefficients of dilute 
gases; it also describes the construction 
of a chart for the prediction of the self- 
diffusion coefficient of dense gases anal- 
ogous to those prepared for thermal 
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conductivity by Comings and Nathan 
(11) and by Gamson (16). 

In a system composed of two sub- 
stances, A and B, the binary diffusion 
coefficient, D4z, is defined by either of 
two equivalent relations (in the absence 
of thermal diffusion, pressure diffusion, 
and forced diffusion effects (4): 


ju = 


In a4/d In (1) 


= In In x4), rV 
(2) 


in which p is the mass density (g. em.~), 
c is the molar density (moles em.~’), a4 
is the activity of substance A, x4 is the 
mole fraction of A, and My and M, 
are the molecular weights of A and B. 
The quantity j4 is the mass flux of A 
g. cm.-?/sec.-!) with respect to the 
local mass average velocity of the fluid 
system; @, is the molar flux of A (moles 
cm.~? see.-!) with respect to the molar 
average velocity of the system. These 
definitions of D4, are exactly the same 
as those used in standard references on 
the kinetic theory of dilute gases (24, 10). 
However, due to the difficulty of obtain- 
ing reliable values of a4, experimentalists 
generally use a diffusion coefficient D4 
defined by 


Da = D4 3(0 In aa In La)v. T (3) 


For dilute gas mixtures and for ideal 
solutions D4,’ is equal to Daz. 

The self-diffusion coefficient D is 
defined as the limiting form of the binary 
diffusion coefficient 4,3, when the two 
interdiffusing species A and B have the 
same mass (V4 = Mz,) and when the 
intermolecular potential energy function 
g(r) is the same for the interaction of 
two molecules of A and for two molecules 
of B @4a(r) = In practice there 
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are three types of binary diffusion systems 
in which the above conditions are nearly 
fulfilled: (a) interdiffusion of ortho and 
para forms of molecules, (b) interdiffusion 
of heavy isotopes, and (c) interdiffusion 
of some pairs of molecules, such as CO; 
and N.O, which have nearly the same 
molecular weights and almost the same 
Lennard-Jones (6-12) potential param- 
eters (24, 3). Experimentally the coeffi- 
cient of self-diffusion is usually deter- 
mined by means of the interdiffusion of 
isotopes, one of which is radioactive. 
Self-diffusion coefficients have been meas- 
ured at 1 atm. for eleven gases: Ne (54, 
20), A (54, 27, 26), Kr (19), Xe (19, 49), 
Hz (21, 22, 50, 51), Nz (54, 55), O» (54, 55), 
CH, (54), COz (54, 55, 1), HCl (7), and 
HBr (7). For dense gases, however, only 
two systems have been studied, CH; — 
CH:T (28) (14 < T. < 17, 04 < 
p, < 6.5) and CO. — CO, (40, 45, 46, 
39) G00 < To < 13, O01 <n 


EMPIRICAL EXPRESSIONS FOR THE BINARY- 
AND SELF-DIFFUSION COEFFICIENTS 
OF DILUTE GASES 


The calculation of diffusion coefficients 
at low densities by means of the Chap- 
man-Enskog theory has been described 
in the monograph of Chapman and 
Cowling (10). The result is written in 
terms of “collision integrals,” which have 
been evaluated for the Lennard-Jones 
(6-12) potential (23, 29) and for the 
Buckingham (6-exp) potential (36). The 
method of calculating the diffusion co- 
efficient from the Lennard-Jones (6-12) 
potential parameters has been discussed 
elsewhere (24, 3); a comparison with 
experimental data is given in Table 1. 
The calculated values (based on potential 
parameters determined from experimen- 
tal viscosity data) are generally lower 
than the measured values; this discrep- 
ancy is probably due to the inadequacy of 
the Lennard-Jones (6-12) potential. The 
Buckingham (6-exp) potential seems to 
offer only a slight improvement over the 
Lennard-Jones (6-12) potential (37). 

Since the number of gases for which 
the Lennard-Jones parameters are known 
is relatively small and since the Lennard- 
Jones potential is inadequate for polar 
molecules and many of the large, complex 
molecules, one must rely on semiempirical 
and empirical methods for calculation of 
diffusion coefficients in many instances. 
Hirschfelder, Curtiss, and Bird (24, 3) 
have suggested empirical relationships to 
estimate the Lennard-Jones parameters 
in terms of the properties of the substance 
at its critical point, at its melting point, 
at its boiling point, at its Boyle point, 
or at absolute zero. Wilke and Lee (53) 
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have made an extensive comparison of TABLE 1 
these relations with experimental data; RESULTS OF A COMPARISON WITH EXPERIMENTAL Data or Metuops USEp FOR THE | 
they have suggested a relation in terms CALCULATION OF DirFUSION COEFFICIENTS IN DiLuTE GASES ) 
of molal volumes estimated from Kopp’s ‘ 
law and the rules of Le Bas. Wilke and : ow Literature 
Lee also show by a comparison with Gan or pot Percent deviation Cited 
experimental data that better results Equation (4) Lennard-Jones potential | 
may be obtained from Chapman-Enskog calculations with parameters | 
calculations in which the Lennard-Jones determined from viscosity | 
potential is employed, if the numerical Ne + 9.3% ~ 3.1% 54 | 
constant is considered an empirical 4 +69 +41 27, 54 | 
function of the molecular weights of the xe 4+ 6.2 19 
interdiffusing substances. Kr 19 + 0.3 19 | 
In addition to these empirical ex- O, — 9.9 — 7.0 54 
tensions of the Lennard-Jones potential Ne — 5.1 — 7.6 5, 54 
calculations, numerous semiempirical re- | HCl + 0.8 + 1.8 ? 
lations have been suggested for the C0: + 3.0 — 6.2 5, 1, 54 
calculation of diffusion coefficients in CH — 9.4 —19.2 54 . 
dilute gases. Wilke and Lee (53) discuss 31 
the relations proposed by Gilliland (17 > 493 2 4.22 3 31 
42) and by Arnold (2) and give compari- 5 
sons with experimental data; they found N,-Ethane 40) = 6 
the Arnold relation to be superior to that N.-Ethylene — 3.0 — 4.3 6 ; 
of Gilliland and to give results only Nz-n-butane + 5.1 + 2.6 6 , 
slightly worse than the Lennard-Jones N2~isobutane +11.7 + 5.6 6 ; 
potential calculations with parameters lene 
from experimental viscosity CO,_N, 8.8 5, 6 
: : CO.-CO — 3.6 — 5.5 31 
In an attempt to find a simple correla- CO.-N;O - ie 12.0 31, 5, 1, 62 
tion which would be easier to use than (¢0,-Cs, eG _ 72 31 
the Gilliland and Arnold formulas, the (CO,-CH, 31 
principle of corresponding states (3, 25) CO.—Propane + 1.0 — 8.0 52 ( 
was applied to all available data for self- | CO.-Benzene + 4.8 — 5.9 31 
diffusion and binary-diffusion of dilute CO:-Methyl alcohol — 5.0 + 0.5 31 ( 
gases (excluding mixtures containing CO,-Ethy 1 aleohol + 2.6 = 1.5 31 
airs) (43). When plotted on log-log paper, N:O-Propane — 0.1 — 8.3 52 
mixtures containing hydrogen, helium, Avg. deviation for 28 pairs 7.3% 8.1% 
and water do not follow the general 
trend established by the majority of i 
substances*; therefore these substances 
are not included in the correlation. The 
method of least squares was used to Lennard-Jones potential ( 
obtain the following equation for low- calculations with parameters ( 
density binary-diffusion coefficients in determined empirically from 
nonpolar systems.» critical data (24, 3) 
CO2-Acetic Acid —17.6 —29.4 31 
(pDaz)x = (3.882 X 10 ‘) CO,-Propionic Acid — 7.4 —21.3 31 
CO,-Butyric Acid +23.9 +12.9 31 
(T/T. an) (4) (O,-i-Butyrie Acid 31 ( 
where CO2-n-propy] alcohol 31 
CO.-n-butyl alcohol +18.6 + 1.9 31 1 
1/2 CO.-Ethy! formate —11.8 31 t 
(PDav)e = Mas) CO: formate 5.1 —10.8 31 
\—-5/6 acetate + 3.2 —12.4 
‘(Pe,aw) an) (5) CO,-Ethyl acetate + 5.9 —10.7 31 
CO,.-Isobutyl acetate + 8.2 — 2.2 31 i 
Mas = 2M,M,/(M, + Mz) (6) CO:-Methyl propionate — 2.5 —17.2 31 
CO;-Ethy] propionate + 3.2 —13.2 31 
= (7) CO,.-Ethyl butyrate + 6.6 —11.6 31 
CO.-Methy] isobutyrate + 5.2 -11.7 31 
/ 1/2 CO:-Ethyl isobutyrate + 6.5 —11.2 31 
Pe.aB = (De, (8) CO,-Ethyl ether + 0.6 —15.1 31 ( 
The quantity (pD4,)r is not dimension- CO:-Ethylene oxide + 0.6 — 9.6 52 | I 
less; it would be so if 7',,4 were replaced N,O-Ethylene oxide — 0.4 — 9.6 52 I 
Freon-12—benzene — 4.4 —17.1 32 I 
Freon-12-ethy] alcohol — 2.9 32 I 
*Mixtures containing air were excluded from the ape 
temperatures and pressures. That hydrogen, helium, Avg. deviation for 50 pairs 6.9% 
and water mixtures did not follow the general trend I 
when plotted as described above indicates the need _ I 
for additional parameters to account for quantum ; 
effects (hydrogen and helium) and the effects of *The notation + indicates that, in a determining of the average deviation for this gas pair over a range in E 
polar molecules (water) (3). temperature, approximately half of the calculated values were found to be greater (+) than the experimental 
’Complete summaries of values of the critical values and half of the calculated values were less (—) than the experimental values. A 
constants have been compiled by Lydersen (34) and bThis average deviation is the arithmetic average of the absolute values of the average deviations for = 
by Kobe and Lynn (30). individual gas pairs. 
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by RT.,4z8 in Equation (5). The results of 
comparison of Equation (4) with experi- 
mental data are given in Table 1. This 
table also contains a comparison of the 
Lennard-Jones potential calculations with 
experimental data using a) parameters 
determined from experimental viscosity 
data for those substances for which they 
are available, and b) parameters deter- 
mined from the critical properties accord- 
ing to the relations suggested by Hirsch- 
felder, Curtiss, and Bird (3; 24, p. 245). 
The results of the comparison show that 
Equation (4) gives better results than 
the Lennard-Jones potential calculations 
when the potential parameters must be 
estimated from the critical properties. 
However it should be noted that this 
correlation is heavily weighted in favor 
of CO. mixtures and that this may not 
be generally true. Perhaps more im- 
portant, the power-law temperature de- 
pendence expressed by Equation (4) is 
simple to use, and it is sufficiently 
accurate for most engineering calculations. 

Although the data for water vapor mix- 
tures did not follow Equation (4), they 
did exhibit a definite trend; they were 
analyzed by the same procedure. For 
low-density binary systems containing 
water as one component the equation 
obtained is 


(pDas)r (5.148 x 10°*) 


The results of a comparison of Equation 
(9) with experimental data are presented 
in Table 2. 


EXPRESSIONS FOR THE TRANSPORT 
COEFFICIENTS OF DENSE GASES 
OF RIGID SPHERES 


The theory which forms the basis for 
discussions of the transport phenomena 
in dense gases is Enskog’s kinetic theory 
for a pure gas made up of rigid spheres 
24, 15, also chap. 16 of 10). To date 
this theory in one of several modifications 
is the best theory available for calculating 
the temperature and density dependence 
of the transport coefficients. Enskog’s 
kinetic theory for dense gases differs 
from his theory for dilute gases in that 
it takes into account the fact that the 
diameter of the molecules is not small 


with respect to the mean free path. His 
theory was developed for rigid spheres 
only; since more than two rigid spheres 
can not collide simultaneously, 
theory does not take into account the 
effects of multiple collisions. Although 
the theoretical development is quite 
lengthy, the results may be expressed in 
a simple form by giving the ratio of the 
transport coefficients to that dilute gas 
values (indicated by a superscript °) 


= + 0.8 + 0.761y) 
(10) 
= + 1.2 + 0.755y) 
(11) 

D 
= (2)rno'(y_) (12) 


The quantity y is related to the equation 
of state for rigid spheres: 


y = pV/RT — 1 

+ 

+ 

+ + (13) 


Equation (13) is obtained from the virial 
expansion of the equation of state for 
rigid spheres. When Equation (13) is 
substituted in Equations (10), (11), (12), 
one then obtains the rigorous expressions 
for the coefficients of viscosity, thermal 
conductivity, and self-diffusion of a 
dense gas composed of rigid spheres. 


PROPOSED EMPIRICAL MODIFICATIONS 
OF RIGID SPHERE THEORIES 


Several suggestions have been made 
for extending Enskog’s theory for appli- 
cations to real gases: 


(1) Enskog himself suggested a modifica- 
tion in the interpretation of the quantities 
y and o. Enskog recommended that y be 
obtained from experimental p-V-7' data 
according to the relation: 


y = (V/R)(p/oT)y — 1 (14) 


and that o then be fixed by making the 
experimental and calculated values of the 


TABLE 2 


RESULTS OF A COMPARISON OF EQUATION (9) WITH EXPERIMENTAL Data 


Gas pair 

H.O-N, 

H.0-CO, 
H.O-Methane 
H,O-Ethylene 
H.O-Methy] formate 
H,0-Methy] acetate 
propionate 
H,0—Freon-12 

Avg. deviation® 


®bSee footnotes to Table 1, page 138. 
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Percent Deviations Equation (9) 


Literature Cited 


+ 8.8% 41 
+ 3.4 
+ 5.4 31, 41 
— 6.4 41 
41 
31 
+ 9.6 31 
+10.6 31 
— 4.5 2 


6.7% for 9 gas pairs 
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viscosity agree at the minimum in the 
curve of (u/p) vs. p. In this way Equation 
(10) has been used successfully to predict 
the viscosity of the following substances: 


CO, T = 40.3°C 


45 — 155 atm. 


Pp 
max.dev. = 6% (14) 
N, T= 
15 — 960 atm. 


<3 
I 


max.dev. = 6% (10) 


A T=0- 
1 — 2000 atm. 
max. dev. = 10% (38) 


(2) Drickamer and his collaborators have 
calculated y according to the rigid sphere 
expression, Equation (13), using the o from 
the Lennard-Jones (6-12) potential. Jeffries 
and Drickamer (28) have reported satis- 
factory agreement between the self-diffusion 
coefficients calculated according to this 
method and their own self-diffusion data 
for CHy; on the other hand Robb and 
Drickamer (40) and Timmerhaus and 
Drickamer (45, 46) have reported consider- 
able discrepancy between their self-diffusion 
data for CO, and this method of calculation, 
the disagreements being worse at higher 
densities. O’Hern and Martin (39) also 
found wide deviations between results cal- 
culated in this manner and their own data 
for self-diffusion of CO2. In addition, it has 
been found by the authors that this method, 
when applied to the calculation of the vis- 
cosity coefficient, gives poor agreement with 
experimental data. 


s 


PREPARATION OF HIGH DENSITY 
SELF-DIFFUSION COEFFICIENT CHART 


Comings and Nathan (1/1) used En- 
skog’s own modification to prepare a 
generalized chart for thermal conductiv- 
ity. They divided Equation (11) by 
Nquation (10); thereby they eliminated 
o and obtained an expression for & in 
terms of k°, u/u°, and y; the quantity y 
was determined from Equation (14). 
Recently a few high-density measure- 
ments of thermal conductivity have been 
made for several simple gases (47); these 
data were found to be in agreement with 
the chart of Comings and Nathan by 
about 15%. However, the utility of this 
chart for the prediction of the thermal 
conductivity of polyatomic molecules is 
open to question; the Enskog theory is 
derived for monatomic molecules, whereas 


eIn the paper of Jeffries and Drickamer the 
formula for » is incorrect: (k7'/ry)!/2 should be 
replaced by (k7/2xu)'/?. However the calculated 
values of » given in their Table 1 are too low by 
about a factor of V2 (i.e., an error in the opposite 
direction from the error in the formula). Corre- 
spondence with one of the authors (1/4) has indicated 
that they got their measured coefficients (i.e., the 
numerical values listed under by forcing 
agreement between their (incorrect) theoretical 
values and the measured values at low pressures; it 
is their feeling that the agreement with the dense 
gas theory is as indicated in their original publication. 
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Fig. 1. Generalized chart for the coefficient of self-diffusion of gases at high densities. 


it is known that the vibrational and 
rotational motions of molecules have to 
be taken into account in calculations 
involving energy transfer. 

A chart for the prediction of self- 
diffusion coefficients in dense gases may 
be prepared in a similar way. Equation 
(12) may be written in a more convenient 
form?: 


pD/(pD)° = (3)rno*(Z/y) (15) 


Division of Equation (15) by Equation 
(10) then gives: 


pD/(p2)” = + 0.8y 
+ 0.761y")™ (16) 


_ pNo/ZRT _ 
(pp)? 
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Equation (14) may be expressed in terms 
of the reduced equation of state Z = 
Z(p,, T,) thus: 


y= “T—(alnZ/aln Dr) Te 


Hence to prepare a chart of pD/(pD)?° as 
a function of reduced temperature 
(T, = T/T.) and reduced pressure 
(p, = p/p-.), one needs Z, the temperature 
and pressure derivatives of Z, and the 
ratio u/u°. Figure 1 was prepared in this 
manner. The compressibility factor Z 
was taken from the tables of Lyderson, 
Greenkorn, and Hougen (35, 18) for 
Z, = 0.27. For most substances Z, lies 
in the range from 0.25 to 0.29.) Large- 
scale plots of these Z data were made, 
and the temperature and pressure deriva- 
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tives of Z were determined graphically. 
The ratios of u/u® were determined from 
the charts of Carr, Parent, and Peck (9) 
and from the chart of Comings, Mayland, 
and Egly (12). 

In the use of Figure 1 for the estimation 
of the diffusion coefficients of dense gases, 
(pD)° may be found from the Lennard- 
Jones (6-12) calculations (24, 3). For 
larger molecules and for polar molecules 
Equations (4) and (9) can be used. 

The experimental data of O’Hern and 
Martin (39) for the system CO, — C0: 
(1.0 < T, < 1.3, 0.1 < p, < 3.0) were 
compared with values calculated from 
Figure 1 and Equation (4); the average 
error in the calculated values was 11%. 
For the data of Robb and Drickamer 
(40) and of Timmerhaus and Drickamer 
(46) for the system CO, — CO, (1.003 < 
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Fig. 2, Generalized chart for the Schmidt number of isotopic mixtures of gases at high densities. 


T, < 1.05, 0.1 < p, < 8) the average 
error was 44%, . For the data of Jeffries 
and Petia (28) for the system 
CH, — CH,T (1.4 < T, < 1.7, 04 < 
p, < 6.5) the average error was 99% 
Possible errors in the work of Drickamer 
and his co-workers are discussed by 
O’Hern and Martin (39).e 

O’Hern and Martin (39) also compared 
their data with Enskog’s theory, using 
Equation (14) to calculate y as suggested 
by Enskog. They used experimental 
p-V-T data rather than generalized tables 
as were used above; however, they con- 
cluded that the calculated results were 
in error by about 33%, rather than the 
11% as found here. 

A chart of reduced Schmidt number, 
Se/(Sc)°, can be prepared from Figure 1, 
since 

Figure 2 was prepared in this manner. 

It is possible to prepare a chart similar 


Se/(Se)° (18) 


eThe average errors are the averages of the 
absolute errors in each case. 

Table 3, giving a detailed comparison of caleu- 
lated and experimental self-diffusion coefficients in 
dense gases has been deposited as document 5570 
with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 
Washington 25, c.. and may be obtained for 
$1.25 for photoprints or $1.25 for 35-mm. microfilm. 
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to Figure 1 with experimental viscosity 
and equation-of-state data in Equations 
(14) and (16). Such a chart was prepared 
by one of the authors (43); the same 
viscosity and equation of state data were 
used as were employed by Comings and 
Nathan (1/1) in preparing their chart of 
thermal conductivity. However, the au- 
thors do not feel the chart which resulted 
is as accurate as Figure 1. 

Self-diffusion is a limiting case of 
binary-diffusion; binary-diffusion is more 
interesting from a practical standpoint. 
There are three possibilities which should 
be investigated with regards to the pre- 
diction of binary-diffusion coefficients in 
dense gases. 


1) When more binary-diffusion data in 
dense gases become available, the possibility 
of using ‘“‘pseudocritical’’ constants (25) 
should be investigated. Pseudocritical con- 
stants have been applied with reasonable 
success to the prediction of the viscosity of 
dense-gas mixtures (9). Comings (13) warns 
however, that this method leads ‘“‘to serious 
inaccuracies for mixtures which are dis- 
similar chemically or when there is a large 
difference in the critical temperatures of the 
components.’ Further, Comings states that 
the pseudocritical rule can not be applied to 
the prediction of thermal conductivity in 
dense gases. 
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2) Thorne (44)£ has extended Enskog’s 
kinetic theory of dense gases to cover the 
case of binary-diffusion; to the authors’ 
knowledge this work has never been 
verified experimentally. It may be possible 
to use Thorne’s work as the basis for a 
generalized scheme for the prediction of 
binary-diffusion coefficients, similar to 
Figure 1. 

3) In future high density experimental 
work, the relative merits in using diffusion 
coefficients defined for a) concentration 
“driving-forces’”’ (D4z’) and b) activity 
“driving-forees’”’ should be explored. 
It is possible that diffusion coefficients de- 
fined for activity ‘‘driving-forces’’ may be 
better correlated. 


CONCLUSIONS 


1. Equations (4) and (9) are easy to use; 
the power-law temperature dependence 
is sufficiently accurate for many engi- 
neering calculations. 

2. Figure 1 is at the present time the best 
available means to predict the tem- 
perature and pressure dependence of 
the self-diffusion coefficient of dense 
gases. 
fThorne’s (44) definition of the binary diffusion 

coefficient does not agree with that defined in Equa- 

tions (1) and (2), although for the limiting case of 


self-diffusion in dense gases both Thorne’s expression 
and Equation (1) simplify to: 


ja = (19) 
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3. There is a question concerning the 
dotted region above p, = 4 in Figure 1; 
it is impossible to say whether the 
bumps in these curves are real or 
whether they are the result of errors 
in the viscosity chart, in the compressi- 
bility chart, or in the derivatives of the 
compressibility obtained graphically. 
Experimental data are needed to 
define the true shape of these curves. 
This chart may be useful to experi- 
mentalists in defining the most inter- 
esting ranges of temperature and 
pressure to study. Existing data cover 
only a small portion of this chart. 

4, There are not at present enough high 
density binary-diffusion coefficient data 
to test the use of pseudocritical con- 
stants with Figure 1. 
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NOTATION 

a4 = activity of substance A 

c = molar density, moles 

= self-diffusion coefficient, em.? 

sec.? 

Daz = binary-diffusion coefficient, 
sec. * 

ja = mass flux of A, g. em.~? sec.~}, 


with respect to the local mass 
average velocity of the fluid 


system 

k = thermal conductivity, cal. em.- 
sec.-1°K-1 

m = mass of a molecule 

M = molecular weight 

n = number of molecules per unit 
volume 

N = Avogadro number 

p = pressure, atm. 

R = gas law constant 

= temperature, °K 

V = molar volume, ecm* mole7 

LA = mole fraction of A : 

Z = compressibility factor = 
pV/RT 

Se = Schmidt number = p/pD 

K = Boltzmann constant = R/N 

a = viscosity, dyne sec. em.~? 

p = density, g. em.~3 

o = diameter of rigid sphere mole- 
cule 

D, = mass flux of A, moles cm.~? 


sec.—!, with respect to the molar 
average velocity of the system 
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¢aa(r) = intermolecular potential energy 


function 

Subscripts 

c = critical value of property 

R = reduced quantity (not dimen- 
sionless) 

r = property divided by its critical 
value (dimensionless) 

Superscrip? 

0 = low pressure value of property 
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Kinetic Studies of Carbonation 
Using Radioactive Tracers 


In this study a radioactive tracer technique was used to determine the kinetic reaction 
rate constants in the CO.-NaHCO;-Na,CO;-H:0 system at temperatures of 32, 50, and 
68°F., and at various values of pH ranging from 5.6 to 7.6. By operating with this system 
at chemical equilibrium but at isotopic disequilibrium, it was possible to divorce the influ- 
ence of the diffusion of CO, into and out of the aqueous solution from the kinetic effects of 
the chemical reaction. Radioactive carbon-14 in the form of CO, was analyzed by means of 
the Bernstein-Ballentine technique in order to measure the rates of reaction. 

By this treatment, without using intricate equipment, reaction rate constants were com- 
puted from simple, integrated first-order equations. Results showed that values for the 
forward rate constant of the reaction CO. + HO = HCO; + H* agreed well with the 
values published by previous investigators. On the other hand, the forward rate constants 
of the reaction CO. + OH~- — HCO; were about 100 times as large as previously reported 
values. This difference is believed due to the complete elimination of any mass transfer 
effects in this study. In addition, values for the rate constants of the reverse reactions 
were measured for the first time, and the calculated values of the equilibrium constants 
for the two reactions agreed within 6% on the average with those given by Harned and 
Owen. The technique used, with its variations, is expected to have numerous applications 


in the study of the kinetics of heterogeneous systems. 


This study is part of a program of 
investigation into the equilibrium, kinet- 
ics, and mass transfer aspects of the 
system 
CO, — H.S — Na. 


Na.sS — Na.CO, 
—wN 


aHCO,; — H,O. 
The reaction of ultimate interest is 
NaHS + Co, + H,O 

= HS + NaHCo, (1) 


which is a heterogeneous reaction of 
gaseous carbon dioxide in a solution of 
sodium hydrogen sulfide. The over-all 
process from a chemical engineering 
viewpoint can be classified as a process of 
absorption accompanied by chemical 
reaction. The vapor-liquid equilibrium 
properties of this system have been 
presented by Mai and Babb (1) together 
with a discussion of the commercial 
importance of processes for the absorption 
of carbon dioxide and the carbonation of 
sodium sulfide solution. 

From a fundamental viewpoint, this 
system provided an opportunity to 
inquire into a heterogeneous system of 
simultaneous absorption and chemical 
reaction whose features have not yet been 
investigated, a system where basic 
information concerning the character 
and mechanism of the reaction under 
different environmental conditions could 
prove of considerable import to kinetic 
and ionic theory. In addition, the tech- 


D. M. Himmelblau is at present with the depart- 
ment of chemical engineering, University of Texas, 
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nique utilized, with its variations, was 
expected to have wide applications in the 
field of chemical kinetics of heterogeneous 
reactions. 

As a means of studying the kinetics 
of this carbonation reaction it was con- 
venient to investigate both of the follow- 
ing two-phase reversible reactions, the 
net result of which is reaction (1): 


Co, + H.0O = H* + HCO,” (2) 


H’ + HS (3) 


Whichever of these reactions had the 
slowest rate could be considered to be 
the controlling reaction. This paper deals 
with the work accomplished with respect 
to reaction (2). Results of a study of 
reaction (8) will appear in a later paper. 

The major problem in determining the 
true thermodynamic reaction rate con- 
stant* as opposed to the over-all mass 
trausfer coefficient, is the elimination or 
separation of diffusion effects from 
kinetic effects. For years work has been 
conducted on the reaction of carbon 
dioxide with water and bicarbonate salts, 
particularly by Saal (7), Faurholt (8), 
Brinkman (9), Roughton (10-14, 31), 
Mills and Urey (15), Kiese and Hastings 
(16) and Matsuyama (32). Their research, 
in general, has followed two main trends: 
one approach is to determine the over-all 
mass transfer effect in a flow or batch 
process, and to proceed then to correct 
this value for the effect of diffusion, 


*The true thermodynamic reaction rate constant 
is defined in terms of activities so that it is inde- 
pendent of concentration and pressure, and for a 
given solvent, depends only on temperature. 


A.1.Ch.E. Journal 


Reactions 


D. M. HIMMELBLAU and A. L. BABB 


University of Washington, Seattle, Washington 


arriving at a rate constant presumed to 
represent solely the kinetic influence; 
the second approach is to design the 
experiment so that the diffusion influence 
is negligible, and by this means to obtain 
a true kinetic rate constant. 


As a description of the first approach, the 
technique utilized by Pinsent and Roughton 
(14) is among the best. They determined 
the forward rate constant for the reaction 
of carbon dioxide and water in the tempera- 
ture range 0 to 38°C. by measuring mano- 
metrically the rate of uptake of carbon 
dioxide by phosphate buffer solutions, and 
correcting for the effect of diffusion in each 
phase. The magnitude of the correction was 
reported to be 10% or less. 

The second approach, that of attempting 
to eliminate the effects of diffusion, was used 
by Roughton in his rapid thermal method 
(31) but is more ‘clearly demonstrated by 
the method of Mills and Urey (15) using 
isotopic oxygen. Carbon dioxide with an 
O88 fraction different from that of natural 
carbon dioxide was dissolved rapidly in 
water. Samples of carbon dioxide which were 
extracted from the solution at periodic 
intervals had different O' contents due to 
the exchange among the isotopes of oxygen 
in the solution of CO., HCO;-, and CO;7. 
As the study was limited to a study of the 
reaction in the liquid phase, the chemical 
reactions were at effective equilibrium, and 
uncertainties due to rates of diffusion 
and solution were eliminated. The measure- 
ment of the O fraction of each sample was 
carried out in a mass spectrumeter. 

Results of Roughton’s most recent work 
agreed fairly well with those of Mills and 
Urey below 25°C. as shown in Table 3, and 
consequently provided a fine basis for 
testing the results obtained with the 
apparatus and procedure actually used in 
this work. Roughton’s technique is quite 
complicated, and involves the collection 
of a vast amount of data in order to caleu- 
late a single value of the reaction rate 
constant. The method of Mills and Urey 
is simpler, and a modification of this tech- 
nique is the basis of the procedure used in 
this work. 


THEORY 


The experimental problem, as_pre- 
viously stated, was to eliminate diffusion 
or mass transfer effects from the kinetic 
effects in the reaction of carbon dioxide 
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with water or bicarbonate solutions so 
that only the latter would be measured. 
Now that radioactive tracers such as 
carbon-14 and sulfur-35 have become 
relatively inexpensive, and in view of the 
substantial progress which has been made 
in electronic methods of measuring radio- 
activity, a modification of the Mills and 
Urey technique provided a practical and 
effective method of determining the 
thermodynamic reaction rate constants 
for the system of interest. The essence 
of the procedure is to operate with the 
system at chemical equilibrium but 
isotopic disequilibrium. With samples 
taken from a closed reaction vessel at 
periodic intervals after initially injecting 
tracer in the form of NaHC*4O; (under 
controlled conditions of temperature and 
pH), it is possible to follow the rate of 
reaction (2) by analysis of the percentage 
of tracer in the solution in the form of 
C¥O.. Mathematical analysis of the 
problem as outlined below permits the 
use of a simple first-order integrated rate 
equation in calculating the reaction rate 
constant in the forward or reverse 
direction. 


al Ve 
P 


t for Determining For- 
ward Reaction Rate Constants by the Isotopic 
Exchange Method 


In the system of interest the reaction 


relationships can best be expressed as 
follows: 


one for which the forward and reverse 
reaction rate constants are to be deter- 
mined. Reactions (5d) and (5e) are ionic 
reactions, the rates of which are pre- 
sumed to be of some high order of mag- 
nitude (17, 18, 33) so that they instantly 
come to equilibrium. Reaction (5c) is more 
rapid than (5b) but not of ionic speed, 
and thus the controlling reactions for 
the system illustrated by reaction (4) 
above reduce to two reversible, simul- 
taneous reactions (5b) and (5c). Roughton 
(14, 19, 31) has indicated that reaction 
(5c) becomes influential only if the pH is 
greater than 8, and this point will be 
considered in greater detail below. 


(1) Reaction: 
Co, + H,O = H* + HCO, 
Reaction (5b) is in reality composed of 


two steps 


Co, + H,0 = H,CO; (5f) 


and 


H.CO, = H* + HCO; 


Previous work has been concentrated on 
the first reaction, and has assumed that 
the second is of an ionic type and is thus 
rapid. Moreover, by comparing the 
results obtained on the basis of this work 
with those of previous investigators, it 


CO,(g) = CO,(1) + H,0(l) = H,CO, = H* + HCO,” (4) 
+ 
OH + Co,” 
HCO, H,O 
Listing the separate reactions: 
C0,(g) = CO,(2) (5a) was shown that the over-all rate constant 


Co,(l) + H,O(l) = 


Co, + OH” = HCO,” (5c) 


HCO, = H* + Co,7 (5d) 
H* + OH’ = H.0 (5e) 
Other mechanisms for the reactions 


involved have been proposed but none as 
yet verified, so the above series must 
serve the purpose at hand. In addition, 
carbonate ion is reported to react directly 
with CO:, but so slowly that the reaction 
half-time is of the order of days (15) so 
this reaction is not included in the 
discussion. 

Reaction (5a), a diffusion process, is at 
equilibrium when liquid samples are 
taken during an experimental run, and 
remains so during the remainder of the 
run, so that this reaction has no net effect 
on any of the others. Reaction (5b) is 
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for reaction (5b) was identical to that for 
(5f). Consequently the mathematical 
formulation of the rate equation (6a) 
below is based on the initial reactants 
and final products of reaction (5b) since 
it is quite difficult to measure the activity 
of carbonic acid in solution. The rate 
equations for reactions (5b), (5f), and 
(5g), together with their corresponding 
equilibrium constants, are as follows: 


(5b): 
1 = 
— (6a) 


equilibrium constant: 


ke -) 
kp 


(5f): 


equilibrium constant: 


ky 
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(5g): 


13 = ks(du.co,) — (6e) 


equilibrium constant: 


ks 


ky (du.co.) 


(6f) 


These various equilibrium constants are 


related in the following way: 
K, = apparent equilibrium constant = 


(y+) (Auco,-) 


+ 


(69) 


K, = true equilibrium (dissociation) 
constant = 
(dy+)(Quco -) 
3 6 
( 
K. = 1 1 


From Equation (6a), it is now possible 
to develop an expression from which ky 
and kp may be determined for reaction 
(5b) from experimental data. Consider 
the system, consisting of CO., H.O, Nat, 
H+, OH-, HCO; and a small amount 
of CO, brought to equilibrium, and 
then a minute amount of tracer in the 
form of sodium bicarbonate labeled with 
carbon-14 injected into the reaction 
vessel. The change of C!O, concentration 
in the solution with time is measured. 

Parallel equations may be written for 
this change of activity* of the CO, and 
the CO, in the solution with time: 


d(de:20.) 


dt dt 
= 
— (7a) 
= 


— (7b) 


When tracer is injected into the solution, 
reaction (7a) is at equilibrium, so Equa- 


*The rate of reaction was defined in terms of the 
change of activity per unit time so that the true ther- 
modynamic rate constants could be measured experi- 
mentally. Precise calculation of a rate of reaction in 
moles /liter /second using these constants would re- 
quire knowledge of the activity coefficients of all 
species present in the solution. These may be approxi- 
mated with sufficient accuracy for engineering 
purposes from the data of Harned (3, 6, 20) and 
Kielland (34). 
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tion (6b) may be used to eliminate kz 
from Equation (7b) giving 


dt kr(au,0) 


Dividing by (de::0,) Equation (8) 
becomes 


(de 140.) 
) 
dt 
| 
(a, :20,) 
Since this technique is based upon the 
measurement of the radioactive tracer 
as a gas which is flashed out of solution 
and assumed to be representative of the 
ratio in the solution, 
it is convenient to eliminate the 
ratio from Equation 
(9). This is done by considering the 
properties of a system not at isotopic 
equilibrium. 

The exchange reactions of molecules or 
ions containing carbon-14 in the system 
of interest are known to occur by normal 
chemical and ionic reactions among the 
species present. Since the entire system 
is at chemical equilibrium, but not at 
isotopic equilibrium, no chemical change 
takes place. Isotopic equilibrium comes 
about when the distribution of the C-12 
and C-14 isotopes reaches the same ratio 
among the various molecules and ions 
which contain the carbon atom in the 
system. This isotopic equilibrium results 
in a uniform distribution of the C-12 and 
C-14 (within one percent) (27, 22). It can 
be appreciated that the time for the 
establishment of isotopic equilibrium is 
much greater than that for chemical 
equilibrium since the chemical and ionic 
interchange, forward and reverse, must 
take place many times before effective 
isotopic equilibrium is achieved. This 
isotopic equilibrium may be expressed in 
the following way: 


= kp (du o) 


| (9) 


(dyc:+0,-) © 


(10) 


Where (@yc120,-)o @Nd are 
the activities of the HC™“O;~ and the 


HC“O;— respectively. at isotopic equi- 
librium, and similarly (@¢:.0,)0 and 
(ag::0,)2 represent the activities of 


CO, and CO, in solution at isotopic 
equilibrium. These ratios are constants 
for any given experimental run. The 
activities of the tracer in the solution, 
whether as carbon dioxide or bicarbonate 
ion, change with time after the injection 
of the tracer, and it is only after a 
relatively long period of time that they 
reach the value at isotopic equilibrium. 
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Fig. 1. Schematic in eta of reaction vessel and sampling tubes. 


On the other hand, the activities of the 
CO, and the HC"O;- do not change 
at any time during the experimental 
run, and so the initial values are the 
same as the final values. Thus Equa- 
tion (10) can be rewritten as 


= 


(10a) 


Equations (9) and (10) may be ex- 
pressed in terms of concentrations since 
the activity terms in these relations 
consist of ratios permitting cancellation 
of the activity coefficients: 


[C04] 
dt 2| = 
[C'*o,] _ [HC™0,7] 
and 
{HC™0;"] _ [C'*O.] 
Noting that the C-14 content of the 


solution is constant and equal to the 
initial amount of tracer injected into the 
reaction vessel, one observes that a 
material balance for the tracer gives 


[C*O.], + ], 
= [C“O,] + [HC™0, ] 


= [C0,]. + [HC“O, ]. (11) 


where the subscript o signifies initial 
concentration. 

Now, by eliminating [HC™“O;-). be- 
tween Equations (10b) and (11) one 
obtains 


Finally, by substituting Equation (12) 
into Equation (9a), one obtains the de- 
rived rate equation for this reaction. 


[C04] 


= = 


dt 


Equation (13) may be simplified to 


dR 
= 


(13) 


dt 


C70, 

(1 (13a) 
where R = and = 

(2) Reaction: 
Co. + OH- = HCO; 


= 


The rate equation for reaction (5c) is 


rs = k;(aco.)(@on-) — k,(Auco,-) (14a) 


which has the equilibrium constant 


ky (duco,-) 
K,=7; = (14b 
k, (Aco.)(@ou-) 140) 
Again parallel equations may be 


written for the change of activity of the 
CO, and the CO, in the solution with 
time: 


= — 
ry = 22) (158) 


= 


+ 


(C0, ] 
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Since Equation (15a) is at chemical equi- (R,, — R) 
librium, k, can be eliminated from Equa- 
tion (15b) by the use of Equation (146) = (kr(du.0) + k(don-)) 70,000- Run 
to give Equation (16) after division by C0 No. 
(dos+0,) (1 + +o 60,0004" 7 
9 
Normally the constant 50,0004 10 
is measured by chemical analysis but it / 
[ge | (16) is possible, by making use of Equations / H 
(Qyc120,-) (10a) and (11) and by measuring the 30,0004 15 
initial amount of tracer injected into the ° f 16 
Making the same transformation on _ solution, to determine this ratio in 20,000 i 17 
Equation (16) as previously accomplished another way. The added amount of tracer : 8} 19 
from Equations (9) through (13), includ- is so small in terms of the added C-12, Ss & 
ing the introduction of concentration that its influence on any relations involv- 10,000- "9 Rate BY, 20 
units, one obtains ing C-12 may be ignored. From Equa- 0 ee ad 
3800 4000 4200 4400 4600 4800 ve: 
(1 ] ) (1 ) VOLTAGE 
+ ] Fig. 3. Counting curves in the plateau 
region. 
[C“O.].. ) 
=(1+ [HO"0,"]. + [C"0,], — int 
The final integrated equation is now reve 
If the [C0.], = 0, i.e., no substantial Equ 
dR ; amount of C-14 is present as CO. in the —In (R, — R) Equ 
r,’ = —— = k,(don-)(R — R.W) injected tracer, then a simple relationship Equ 
dt develops from Equation (20). Moreover, = ((kr)(Qu.0) + 
Co the fact that the tracer solution contains R* 
(1 (17) some as C-14 is unimportant since +C @ 
on reaching the reaction solution the 
(3) Rate Equation for the Simul- by reaction (5d), and conse- 
taneous Reactions quently the net result is the same as if ve. 
Since reactions (5b) and (5c) are simul- alone had been added to the n — ) pe 
taneous reactions, the over-all rate rs’ yeaction vessel. Thus Equation (20) be- we 
given by the sum of the rates represented —eomes r (41,0) + s(aon-)] rom the slope 0 that 
by Equations (13) and (17) the line so obtained. In order to deter- tion 
ee ar mine kp or k; separately, the data from 
dR (1 + K 2] ) (HC 0s Je several runs at various values of pH can 
+r, = "| [HCO; be plotted vs. the aon-, and the slope 
dt ne ‘ of the line so developed represents ky 
= (kr(@y.c) + x ree) = (21) while the intercept of the line is kp(ay,0). 
20. y 910 oo 
Reaction Rate Constants 
(R-R (1 Cl) (18) where for the Reverse Reactions (2 
Reaction rate constants for the reverse Py 
R* = Ys reactions may be computed by combining ky fr 
Equation (18) may be integrated to give [HC"O; | the forward reaction rate data with the 
proper equilibrium constant. For example, ; 
for reaction (5b): say 
vacuum 
PUMP kp 
kp = K. (23) 
c'402 SAMPLE COLLECTION BULB 
and for reaction (5c): (3 
ous 
METHANE k. = (2 4) 
FILLER er K, (26) 
These reactions may be used to check me 
PRESSUNE the reverse reaction-rate constants com- 
yer METHANE puted from data obtained for the com- ..* 
WATER TRAP-"Y = (-——=) CYLINDER putation of the forward rate constants. 
aw 
CO, TRAP (1) Reaction: 
Mc LEOD GAGE COUNTING CO, + H,O = H,CO,; 
--> 
\ = H* + HCO,” Su 
Fig. 2. Schematic diagram of Bernstein-Ballentine transfer apparatus. In a manner similar to that outlined tions 
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Run [CO.] E 
No. Temp. pH [NaHCoO;] [HCO;-] 
7 0°C.(32°F.) 5.53 0.01 9.73 
6.59 0.10 0.605 
10 6.55 0.10 0.631 
11 7.23 0.50 0.094 
12 6.93 0.20 0.227 
13 0.144 
14 7.48 0.50 0.053 
15 10°C.(59°F.) 6.70 0.10 0.357 
16 7.04 0.20 0.14 
17 6.43 0.041 0.788 
19 6.92 0.10 0.200 
20 20°C.(68°F.) 6.78 0.10 0.237 
6.13 0.0285 1.39 
22 6.80 0.10 0.208 


Note: All concentrations in moles/liter. Activity co 
*From Kielland (34). 
**From Harned (3, 6, 20). 


in the previous section, a relation for the 
reverse reaction rate constant kp in 
Equation (5b) may be developed. Using 


Equation (6b) to eliminate ky from 
Equation (7b) one obtains 
_ A(Acr+0,) 
dt 
= 
— (25) 


Following a development similar to 
that for Equations (9a) and (13), Equa- 
tion (25) becomes 
dR 
= (kr)(K,)(an.0) 

R + [HC”0, 7] (26) 


(2) Reaction: CO. + OH- = HCO;- 


Proceeding as before, by eliminating 
k,; from Equation (156) one can show that 


(R + (27) 


(3) Rate Equation for the Simultane- 
ous Reactions 

Adding the rates given by Equations 
(26) and (27), one obtains the over-all 
rate r 


= + k(K «)(@on-) 


Substituting for A, and K, from Equa- 
tions (6b) and (146), respectively, and 
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TABLE 1. EXPERIMENTAL RESULTS 


Slope 

qs. (32a) [OH7] (aOH_ ) [kr(au,0)+ 
& (32b) X 108 yOH-* X 108 k;(aox-)] 
0.0218 0.047 0.90 0.042 0.00203 
0.00408 0.687 0.76 0.522 0.00254 
0.00403 0.429 0.76 0.326 0.00247 
0.00610 3.76 0.67 2.50 0.00557 
0.00432 1.74 O.71 1.23 0.00353 
0.00533 2.75 0.71 1.95 0.00465 
0.00866 6.60 0.67 4.39 0.00823 
0.01388 2.29 0.76 1.74 0.00995 
0.018 5.55 0.71 3.94 0.0158 
0.0146 1.09 0.82 0.090 0.00818 
0.0151 3.63 0.76 3.10 0.0126 
0.0338 6.64 0.76 5.04 0.0274 
0.0411 1.21 0.85 1.02 0.0172 
0.0338 5.19 0.76 3.94 0.0280 


YH+YHCOS | 


10 7% | Fell 


Yco,%H,0_| x 

0.881 29.3 0.91 0.0224 

0.598 2.58 0.83 0.00257 
0.598 2.80 0.83 0.00261 
0.425 0.586 0.79 0.00123 
0.519 1.16 0.81 0.00154 
0.519 0.736 0.81 0.00129 
0.425 0.333 0.79 0.00104 
0.595 2.00 0.83 0.00598 
0.516 0.906 0.81 0.00382 
0.705 3.74 0.85 0.00913 
0.555 1.20 0.83 0.00454 
0.592 1.66 0.83 0.0111 

0.789 7.39 0.88 0.0306 

0.592 1.59 0.83 0.00982 


efficients from Kielland expressed on molar basis; those of Harned on molal basis. 


integrating this differential equation gives 
an equation similar to Equation (19). 


—In (R.. — R) 
= (kp[H*] + 


Yco.(@n.0) 


[HC'*O, 
+ 


In conformity with Equation (21), 
which transforms the quantity 


[HC"O, 
into combinations of tracer ratios, it can 
be shown that: 


+ 


fHC"0,]~R. 99 
so that 
] 
(30) 
| — Re 


The final integrated equation is now 


—In (R,. — R) 


R* 


Os: 
Yco.4n.0 


o) +C’ (1) 


where all the terms are the same as in 
the previous discussion. 

In the same way that kp(aq,o) and 
ke could be computed by plotting 


—In (R. — R) vs. t for a given experi- 
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mental run, so may keg and k,/yq+ be 
determined if 


) 
Yco.%n,0 


is known. 


Evaluation of Activity Coefficients 


In order to determine the individual 
values of kp, k,, ke, and k, from Equa- 
tions (19) and (33), or (22) and (35), it 
is apparent that the values: 


(Yu +You-/@n,0) 


must be evaluated at the conditions of 
each experimental run so that true 
thermodynamic rate constants may be 
computed. Other investigators have either 
worked in dilute solutions, hoping to 
avoid activity effects (15), or have carried 
out their experiments in successively less 
concentrated solutions, and extrapolated 
their results to infinite dilution (37), to 
eliminate activity effects. This latter pro- 
cedure was not found to be feasible in 
this study. Consequently, the activity 
factors of Kielland (34) for y+ and 
You-, Which have an error of about 5% 
when translated into mean ionic activity 
coefficients, were utilized. The aoq- could 
then be computed from 


K 
In general, the ay,o was considered to 
be 1, which is not strictly true, but no 

better approximation was available. 

There are no data directly available 
from the literature for the activity coef- 
ficient products 


) 


[OH ](you-) 


adou- = 
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Fig. 4. Experimen- 


tal rate data at 


32°F. and 0.0300, 
| pH = 6.55. 
1.00 — 
| 0.0250 J 
S 
0.0200 
< 
| + 
| ~ 00150 
0.10 | 
& 
~n 
CO,-H,O-NaHCO, SYSTEM 0.0050. 
RUN 10 Fig. 5. Correlation 
| | of forward reaction 
| | | rate data with hyd- 
roxyl ion activity. 
O 120 240 360 480 600 
TIME, SEC. 
and (29) involved: (1) the equilibration of a 


However, Harned and his co-workers 
(3-6, 20) have collected data which 
permit a calculation of these values in 
various concentrations of NaCl solution. 
Harned also has carried out some work 
in solutions of NaCl with NaHCO; con- 
centrations up to .05 molar which showed 
that the HCO; ion and the Cl ion 
could be considered to have identical 
activity effects (35, 36). A review of the 
activity coefficients calculated by Kiel- 
land indicated that the yuoo,- and the 
Yc: are quite similar up to .10 molar 
solutions. It seemed sound, therefore, to 
say that the HCO; ion and the Cl- are 
approximately equivalent in ionic effects 
up to .50 molar, without introducing too 
great an error into the calculation of the 
ionic activity products required in the 
rate equations. Based on this assumption, 
it was possible to use the values tabulated 
by Harned and his co-workers to evaluate 


the quantity 
Yco.4n.0 


in Equation (29). Although the data of 
Harned are reported on a molal basis, 
the error involved in not converting the 
activity coefficient products to a molar 
basis was negligible compared to the 
errors inherent in extending Harned’s 
data to this system. 


EXPERIMENTAL METHOD 


The experimental method used to 
determine the forward-and-reverse re- 
action constants from Equations (19) and 
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solution of known ionic strength at a 
given pH and temperature in a stainless 
steel reaction vessel; (2) the injection of 
a sodium bicarbonate solution labelled 
with carbon-14 into the reaction vessel; 
(3) the withdrawal of liquid samples from 
the reaction vessel at various times after 
the injection of the tracer; (4) the release 
of carbon dioxide gas from the samples 
by flashing into evacuated sample bulbs; 
and (5) the transfer of the gas sample to 
a proportional counting tube for the 
determination of the C40./C”QO, ratio. 
A brief description of the apparatus used 
in the above steps will be given in the 
following sections, but complete details 
are available in the original thesis (2). 


Reaction Tank and Sampling Apparatus 


A schematic diagram of the reaction 
vessel and sampling tubes is shown in 
Figure 1. The reaction tank was made of 
316 stainless steel and had a solution 
capacity of 4 gal. The eight sample collectors 
shown in Figure 1 were connected to outlets 
at the top of the reaction tank through 3¢ in. 
toggle valves which were connected together 
so that they might be opened and closed 
simultaneously. At the bottom of the 
reaction tank the sample collectors were 
connected to outlets through 14 in. solenoid 
valves which could also be opened and 
closed simultaneously. 

The lid for the reaction vessel was 
machined to accommodate pH and con- 
ductivity electrodes, a stirrer, a thermometer 
well, and a connection to an 80-cm. Hg 
manometer. This lid was bolted to the 
vessel and a pressure seal obtained with a 
634 in. “0” ring. 

At the beginning of the experiment, after 
decontamination of the reaction vessel and 
allied apparatus from the previous run, 
sodium bicarbonate of proper normality was 
poured into the reaction tank until only 
about 14 in. of free space remained over 
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the liquid. The reaction vessel lid was 
attached, and CO, was introduced at the 
desired pressure into the system. After the 
gas and liquid phases had reached equilib- 
rium, the gas collection tubes and liquid 
traps (Figure 1) were evacuated, and then 
1 to 2 g. of tracer solution (0.1 to 1.0 mce./g.) 
were injected into the reaction vessel 
through a gate valve and rubber diaphragm 
with a hypodermic syringe. After a mixing 
time of 20 sec., the upper and lower valves 
leading to the sample collection tubes were 
opened, allowing the mercury in them to be 
replaced with solution from the reaction 
vessel. After 30 sec. both sets of valves 
were closed. This technique permitted col- 
lection of a liquid-phase sample only, and 
eliminated the problems involved in flashing 
CO, out of a liquid-gas system. 

At the proper time interval for each 
sample: (a) the valve to the gas collection 
receiver was opened, (b) the air pressure 
inlet was opened at the same time to drive 
the liquid sample out of the collection bulb, 
and (c) the liquid ran into the first trap 
where the CO, flashed out into the gas tube 
receiver, which was then shut off from the 
trap. The gas samples thus obtained were 
then transferred to the counting tubes as 
described below. Two or three liquid 
samples were saved for titration to deter- 
mine the amount of and in 
the solution as required by Equations (19) 
or (29). 


Transfer of Carbon Dioxide 
Samples to Counting Tubes 


The radioactive carbon dioxide gas col- 
lected in the collection tubes was transferred 
to a proportional counting tube by means 
of the Bernstein-Ballentine transfer appa- 
ratus shown schematically in Figure 2. 
Details of the construction and use of this 
apparatus may be found in the literature 
(2, 24, 25). In order to measure accurately 
without a cathotometer the low pressures of 
carbon dioxide encountered, both a McLeod 
gauge and a butyl phthalate manometer 
were employed. 
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Proportional Counting Technique 


Techniques of gas-phase analysis of 
C-14 are briefly described by Glastock 
(25). Among the various possible methods 
which might be utilized, proportional 
counting was selected because it is 
generally conceded to be more reliable 
and accurate than Geiger or ionization 
chamber counting (25). Among the 
methods of proportional counting avail- 
able were those of Bernstein-Ballentine 
(24), Freedman and Anderson (26), 
Bradley, Holloway, and McFarlane (27), 
and Arrol and Glastock (28). The method 
of Bernstein and Ballentine was selected 
because of its simplicity and reliability, 
and also because the counting tubes and 
shield could be purchased commercially 
at a reasonable cost. 

Bernstein and Ballentine found that 
for a given activity of radioactive C-14 
the observed counting rate did not vary 
significantly with gas composition as long 
as the partial pressure of the carbon 
dioxide in the gas mixture used was under 
100 mm. Hg. The lower the pressure of 
the carbon dioxide, the more extended 
the counting plateau became, and so a 
partial pressure of about 20 mm. CO, 
was chosen as being most desirable. In 
this work, various combinations of vol- 
tages and amplification factors were tried 
out to determine under what conditions 
the best counting plateau could be 
obtained with the equipment used. 
Sample curves are shown in Figure 3. A 
counting voltage of 4,350 v. was fixed as 
the operating voltage. Under these 
conditions the slope of the counting 
plateau was 0.8%/100 v. for a range of 
400 v. (beginning at about 4,200 v.) at 
counting rates of 6,000 counts/min., and 
1.2%/100 v. for rates 10 times as great. 

The electronic equipment used in all 
analyses of radioactive samples is fully 
described elsewhere (2). 

(1) Calibration of Counting Tubes. 
Calibration of the absolute counting rate 
was not required in this work since ratios 
of tracer quantities were used in the 
calculations, but was carried out as a 
check on the accuracy and reliability of 
the electronic equipment. This calibration 
also permitted the use of counting tubes 
of slightly different characteristics for 
counting gas samples from the same 
experimental run. A calibration curve 
was prepared for each tube by plotting 
the counts per minute vs. the millimoles 
of C“O,.. The tubes had quite similar 
characteristics, and the slopes of the 
calibration curves agreed within 3%. The 
maximum deviation of any of the points 
from the least square slope was 3% for 
one tube and 2% for the other. No 
significant changes in the tube calibra- 
tions were noted over an eighteen-month 
period. 

From calculations based on the mass 
spectrometer analysis of the C-14: C-12 
ratio in the standard (N.B.S.) used for 
the calibrations, it was concluded that 
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Fig. 6. Correlation of reverse reaction rate data with hydrogen ion concentration. 


the counting tubes were counting at least 
98% of all the disintegrations present, 
the same as reported by Bernstein- 
Ballentine in their work (24). 

(2) Procedure Used in Counting. The 
counting tube, filled with the sample last 
counted, was again counted before refill- 
ing to determine if there was any varia- 
tion in the counting rate from the rate 
formerly observed. No change was ever 
found, even over a period of six months, 
except in one instance when air leaked 
into the proportional tube. If no change 


was found, the counter was pumped out 
for 10 min. in the Bernstein-Ballentine 
apparatus, filled with 99% methane, and 
then a background count was taken. No 
difference in background was found to 
exist between a tube filled solely with 
methane and one filled with 20 mm. of 
CQ, plus methane at one atmosphere. 
Finally, the methane was pumped out, 
and the tube was filled with a sample 
containing and from a new 
experimental run (plus methane). The 
filled tube was then transferred to the 
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Fig. 8. Temperature dependence of the forward rate constant for 


kp for CO. + H.O = H* + HCO;- 


the reaction: CO. + OH~ — HCO;- 


tube shield where it was connected to the 
counting apparatus. 

Enough counts were taken to insure 
that the statistical error was below 
one half of one percent. This meant that 
200,000-300,000 counts were required, 
amounting to 10 min. to 2 hr. counting 
time at the counting rates normally 
employed. Net counting rates ranged 
from 50,000 to 1,000 counts/min. The 
background, which averaged about 145 
counts/min., was the same as noted by 
Bernstein and Ballentine (24). Counting 
was not continuous for any one sample, 
but broken up into 10, 20, or 30-min. 
periods so that any nonreproducibility of 
the counting rate could be readily 
detected. 


RESULTS AND DISCUSSION 


Sufficient data were obtained for each 
run to determine the values in the inte- 
grated forward-and-reverse reaction rate 
equations, and also to provide for verifica- 
tion of pH and ionic concentrations. The 
results of one run and the approximate 
error involved for each value of (R. — R) 
are shown in Figure 4. The slope of this 
line is determined from Equation (19) by 


In (R.. — — In (R.. — 


slope = 
= (kr(dy.0) + k;s(@on-)) 
(14 ©) 


TABLE 2. ForWARD AND REVERSE REACTION Rate CONSTANTS 


Reactions: CO. + H»O = HCO,- + Ht 


O° 10° 20°C. 


kp (sec.—) (X 103) 1.89 + 7% 5.82 + 10% 14.9 + 10% 
kp (see.) CX 10=*) 0.74 + 1% 1.85 + 5% 3.32 + 5% 
k 
K, (xX 107) 2.56 3.15 4.49 
kp 

Ky, (X 107) = (data of Harned) 2.65 3.43 4.14 
Reaction: CO. + OH- = HCO; 
ky (sec.—) (x0) 1.44 + 5% 2.41 + 10% 2.77 + 20% 
k, (see.—) (X 103) 0.591 + 5% 1.938 + 5% 4.35 + 5% 
k 
K,= = (x 1077) 24.4 12.5 6.37 
K, (X 107) (data of Harned) 23.3 11.4 6.09 
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k, for CO, + OH- = HCO;- 


and from Equation (29) by 


slope = + (32b) 
Ht 


(1 + [CO,] Yco.4n.0 (dy,0) 


The actual determination of slope was 
accomplished by a least-square method 
using variable weighting factors based on 
the concepts outlined by Bennett and 
Franklin (30). The weighting factors 
chosen were inversely proportional to 
the error involved in the measurement of 
(R.. — R), ie., the greater the error of 
(R. — R), the less the assigned weight. 
This determination was originally carried 
out with a desk calculator, but was later 
programmed for the IBM 650 computer 
with a great saving in time over the 
initial hand computer calculations. 

Once the slope shown by Equation (32) 
had been calculated by the least-square 
method, the constant 


0+ 


was determined in three ways: 


(a) from pH readings on the pH meter 

(b) from R*/R., [see Equations (21) 
and (30)] 

(c) from titration data on samples 
taken from the reaction vessel 


The value determined by method (c) 
was actually used; the others served as 
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TABLE 3. COMPARISON OF VALUES OF kp AND ky wiTH THOSE OF OTHER INVESTIGATORS 


kp(sec.~!) 


Reaction: HO + CO, = H* + HCO;- 


Lit. 
Investigator Cited 0°C. 
Faurholt (1924) (8) .0030* 
Roughton & (10) .0021 
Booth (1938) .0027* 
Mills & Urey (15) .00205 + 3% .0059T 
(1940). 0027* 
Pinsent & 
Roughton (14) .00205 + 2% 
1950). 
Pinsent, Pear- 
son & Rough- (317) .00205 .00657 


ton (1956). 
This work 


*In buffered solution 
tInterpolated value 


checks. Then the expressions [k;(dz,0) + 
ks(aon-)] and + k,/yq+] were 
calculated. These results are shown in 
Table 1. 

In computing these expressions, the 
(ay,0) = 1, and the activity coefficient 
product were se- 
cured from the data of Harned (6). 
Plotting these two expressions vs. (dox-) 
and [H+] respectively as shown in Figures 
5 and 6 obtained linear functions as 
expected from Equations (19) and (29), 
and the individual values kr, k;, ke, and 
k,/Yy+ could be found from the slopes 
and the intercepts of the least-square lines 
at each temperature. Using an average 
value of yy+ for each temperature intro- 
duced an error of less than 3%, and 
permitted the easy calculation of k,. The 
values obtained for the forward and 
reverse reaction rate constants at 0, 10, 
and 20°C. are shown in Table 2. The 
reverse reaction rate constants in Table 2 
and Figure 9 are reported for the first 
time. 


Accuracy of Data and Results 

The statistical error and coincidence 
losses in the gas-phase counting were less 
than 0.5%. The reproducibility of sample 
counting was governed primarily by the 
reliability of the high voltage supply 
which was +1% of the output voltage. 
An over-all estimate of the error involved 
in the value of R for each sample must 
also include the cumulative experimental 
error in handling the gas samples in 
the Bernstein-Ballentine apparatus, and 
amounts to about 3%. The value of the 
constant 


[C02] 


as determined by titration methods was 
usually known within 4% which per- 
mitted the values of the constants 


(1 + 
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10°C. 


00189 + 7% .00582 + 10% .0149 + 10% 


k,(see.—!) 


Reaction: CO. + OH- = HCO;- 


20°C. 25°C. 38°C. 0°C. 10°C. 20°C. 
840* 
.0160 + 6% .0275 .10 
0337 .11 1050 + 5% 2300 + 15% 
.0164 .0257 .0620 1095 + 7% 2250 + 5% 5900 + 8% 


and 


to be still more reliable. The activity 
coefficients of Kielland introduced an 
error of approximately 5% into the 
calculation of the rate constants, while 
the activity coefficient products secured 
from the data of Harned were good to 
at least 1%. The error limits shown in 
Table 2 were computed by the standard 
technique for determining confidence 
limits (for 9 chances out of 10) as de- 
scribed in Bennett and Franklin (29). 
The higher errors at 10 and 20°C. are 
primarily due to the lesser number of 
runs carried out at these temperatures 
as compared with 0°C. 


Comparison of Results with 
Those of Other Investigators 


The calculated values of the forward rate 
constants are compared with those reported 
by previous investigators in Table 3 and 
in Figures 7 and 8. It will be noted that 
the values of kp are slightly lower than those 
reported by Roughton, and Mills and Urey. 
Although the range of error involved might 
explain this deviation, it is believed that 
previous investigators’ values for kp are 
slightly high for the reasons to be discussed 
shortly. The values of k; appear to be of 
a different order of magnitude from the 
previously reported values of Faurholt and 
Roughton. These workers noted no effect 
of reaction (5c) (CO. + OH-~ = HCO;-) 
below a pH of 8 while in this study the 
influence of this reaction was recorded as 
low as a pH of 6. At a pH of 7.5, it was 
found to provide a greater effect on the 
value of [kp(ay,0) + k;(aoxn-)] than reaction 
(5b) (CO. + = HCO;- + H?*). 

Dividing the forward reaction rate con- 
stant by the reverse reaction rate constant 
as shown in Table 2 made possible the com- 
puting of the equilibrium constants for 
reactions (5b) and (5c). These values agreed 
well with the generally accepted equilibrium 
constants for this system determined by 
Harned and his co-workers. 

Mills and Urey set up three simultaneous 
differential equations for the exchange of 


A.1.Ch.E. Journal 


1.44 X 10° + 5% 2.41 X 10° + 10% 2.77 X 10° + 20% 


O'8 as a function rate of the hydration of 
CO: which were valid in the pH range 
where only hydration occurred (they 
assumed the dissociation of H:CO; was 
rapid). Based on the work of Faurholt, 
which was the only investigation completed 
at that time on the reaction of CO: and 
OH_, they assumed that the hydration of 
CO, was the sole reaction in their system 
below a pH of 8. After a number of simpli- 
fying assumptions were made, it was 
possible to solve their differential equations 
in terms of rate constants and other con- 
stants which could be determined experi- 
mentally. A review of the published results 
at 0°C. (15) shows a linear decrease of 
kr(ay,0) from .0021 to .00093 with increasing 


[HCO,7] 


ratio for values of this ratio from 0 to 11.2. 
In effect, this is the same as a pH range of 
about 4 to 8, or an OH™ range of about 
.001 X 10-8 to 10 X 10-8 in the solutions 
actually used. They felt this deviation from 
the value of kp in acid solution was due to 
experimental error, but it seems more 
probable, in view of the value of k, dis- 
covered in this work, that their assumption 
that only the hydration reaction was func- 
tioning was slightly in error. As the pH or 
(OH-] increased, a correction should have 
been made for the effect of the CO. + 
OH- = HCO; reaction. The values of 
Mills and Urey for kp in acid solutions 
(pH less than 5) would be valid if activity 
corrections had been applied. Since the 
ionic strengths of their acid solutions 
varied from .01 to .36, not enough data are 
published in their paper to re-evaluate kp 
with proper corrections for activity coeffi- 
cients. 

Roughton and his co-workers have pub- 
lished several articles with values for kp 
showing close agreement with those of Mills 
and Urey (below 25°C.). A careful perusal 
of their “boat’’ technique (1/4) indicates 
that .04M to .15M — KH.PO, 
solutions (pH of about 7 to 8) were used to 
establish the values of kp. The value of 
kp was actually determined by extrapolating 
to zero concentration of buffer and correct- 
ing for reaction (5c) by a small amount, 
about —4% at 15°C. Utilizing the results 
of the present work convinces one that this 
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correction was not large enough, although 
the magnitude of the proper correction is 
not quite certain in view of the lack of 
information about the theoretical pH in 
infinitely dilute buffer solutions containing 
CO. and HCO;-. Furthermore, the tech- 
nique of measuring the change of kp with 
change of concentration of buffer introduces 
an additional variable since the pH of the 
solution is varying as this extrapolation is 
carried out. 

An examination of the values of ky; in 
Table 3 discloses such large differences 
between the reported results in this study 
and those of Roughton that the question 
arises immediately whether the same 
phenomena are being measured. A possible 
explanation of this difference lies in un- 
suspected mass transfer effects entering into 
both the rapid thermal and “boat’’ tech- 
niques. In any system in which a chemical 
reaction takes place, unless the constituents 
are intimately mixed at the start of the 
‘reaction, the reactants must move into 
the points of reaction, and the products 
move away from these points. Consequently, 
as the rate constant increases for a given 
reaction under a given set of experimental 
conditions, a point will be reached where 
the actual rate of reaction is more rapid 
than the speed of movement of the reactants 
together and/or the speed of movement of 
the products away. Then the controlling 
process for the over-all reaction (which is 
what is actually measured) becomes a 
function of the mass transfer aspects of the 
system. Matsuyama (32), for example, 
indicates that for contact times of less than 
5/1000 of a second, complete uniform dis- 
tribution of reactants may not take place, 
although a reproducible degree of mixing 
may be achieved. 


SUMMARY 


Values for the forward and reverse 
reaction rate constants for the reactions 
co. + H.O = Ht + HCO; and 
CO. + OH- = HCO; have been deter- 
mined at 32, 50, and 68°F. and in a pH 
range of 5.6 to 7.6 by use of a radioactive 
tracer technique. Since measurements 
were taken at physical and chemical 
equilibrium, the problem of segregating 
kinetic from mass transfer effects has 
been eliminated. Results for the forward 
rate constants for the reaction CO. + 
H.O= H++ HCO; were 8% lower than 
those of previous investigators, which 
is believed due to improper correction 
for the reaction CO. + OH- = HCO;-. 
The forward rate constants for this 
reaction were found to be about 100 
times greater than the previously pub- 
lished values. Calculated values for the 
equilibrium constants for these two 
reactions agreed within 6% on the average 
with those given by Harned and Owen. 


ACKNOWLEDGMENT 


The authors are grateful to the National 
Science Foundation for financial support of 
this work. The valuable assistance of D. R. 
Stephens and M. M. Paton with the 
experimental work, and B. W. Mar with 
the calculations is also acknowledged. 


Page 152 


NOTATION 


a = activity of component indicated 
by subscript 
C, C’ = constants of integration 
ky = forward reaction rate constant 
for the reaction 
CO, + H.0 = H.CO;, sec.7} 
ke = reverse reaction rate constant for 
the reaction 
CO. + H:O = H:COs, see 
ks = forward reaction rate constant 
for the reaction 
H.CO; = Ht +- HCO;, sec.} 
ka = reverse reaction rate constant for 
the reaction 
H.CO; = H+-+ HCO;-, see 
k, = forward reaction rate constant 
for the reaction 
CO. + OH-= HCO>s sees 
ky = forward reaction rate constant 
for the reaction 
CO. + H.O = HCO; + Ht, 
sec. 
k, = reverse reaction rate constant for 
the reaction 
CO. + OH- = HCO;,, see 
kp = reverse reaction rate constant 
for the reaction 
CO. + HCO; + Ht, 
sec. 
K, = apparent equilibrium constant 
for reaction 


CO. + H.O= H+-+ HCO;- 


K, = equilibrium constant for reaction 
CO. + H.0 = H+ + HCO;- 

K, = equilibrium constant for reaction 
CO: + H.O = H:CO; 

K, = true equilibrium constant for re- 

action H.CO, = H+ + HCO,- 

K,, = equilibrium constant for reaction 
CO: + OH- = HCO;- 

K, = ionization constant for water 
(H+ + OH- = 

r = reaction rate, change of activity 


per unit time 
= ratio of C-14 to C-12 in counting 
gas at any time ¢ 
R. = ratio of C-14 to C-12 in counting 


gas at isotopic equilibrium 
(¢ = ~) 

Ry) = ratio of C-14 to C-12 in counting 
gas att = 0 

k* = ratio of concentration of tracer 


injected as bicarbonate C-14 at 
t = 0 to concentration of bicar- 
bonate in form of C-12 


t = time, sec. 
Subscripts 

0 = initial 

© = at infinite time 


Greek Letters 


Y = activity coefficient of component 
indicated by subscript 
be = total ionic strength 
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Wall Effect for the Fall of Single Drops 


J. R. STROM and R. C. KINTNER, Illinois Institute of Technology, Chicago, Illinois 


Measurements were made of the rate of fall of drops of five organic liquids through an 
aqueous phase contained in eight vertical cylinders of various diameters. Newton’s equation 
for the wall proximity effect for rigid spheres or cylinders predicts values somewhat in 
excess of the observed. A correction factor equation with the more convenient equivalent 
spherical diameter is presented. Its use is limited to d/D ratios less than one half. The 
ultimate velocity of a drop of specific size in an infinite medium can be calculated from 
that measured in a small tube by multiplying the latter by the ratio of the tube cross- 
sectional area to the area of the annular space between tube wall and drop. 


The importance in chemical engineering 
science of phenomena connected with the 
motion of single liquid drops in a liquid 
field has been stated by many recent 
authors. Much of the published data on 
the rise or fall of such drops through 
liquid media have been taken in vertical 
cylindrical tubes of small diameter. The 
relation of such velocities to those in an 
infinite medium or in tubes of other sizes 
is an uncertain matter. If the field liquid 
be other than water, the expense of filling 
large tanks is excessive. If the liquid be 
also flammable, the safety hazard may 
be great. In order that ultimate velocities 
measured in tubes of small diameter may 
be interpreted in terms of those in an 
infinite medium and to serve as a guide 
in the design of experiments, the effect 
of wall proximity on the fall of liquid 
drops through water was determined. 
Very small drops have not been included 
in this work since they can be investi- 
gated in reasonably small tubes without 
incurring an excessive wall effect. The 
interconnected factors of oscillation, 
deformation, internal circulation, skin 
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Fig. 1. Terminal velocity vs. tube diameter 
for a constant drop size (d = 0.749 cm.). 
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friction, pressure drag, and high inertia 
forces were present in nearly all runs. 

Several recent papers (2-5) have in- 
cluded reviews of the effects of the above 
variables and no discussion of them seems 
necessary here. 

In a previous investigation (7) a 
summary was given of the work of various 
authors on the reduction of the terminal 
velocity of rigid spheres due to a near-by 
cylindrical boundary. Only the equation 
of Newton (6) 


was derived for conditions approaching 
those of the current work. The empirical 
equation of Uno and Kintner (7) for the 
calculation of the wall effect for the 
rate of rise of single air bubbles through 
liquids seems to be less useful for liquid- 
liquid systems. Gas bubbles exhibit no 
appreciable wall effect for d/D values less 


than about 0.1 and liquid-liquid systems 
do not show a variation in wall effect 
with variation in tube diameter and 
interfacial tension as reported for gas 
bubbles. 

The projected area of the deformed 
and oscillating drops is close to circular 
and the diameter of the sphere or cylinder 
in Newton’s equation should be the 
diameter of this projected frontal area. 
The eccentricity of drops moving in a 
liquid medium was measured by Keith 
and Hixson (3) and by Klee and Treybal 
(4). The latter presented a correlation 
which has been used here to convert the 
easily determined equivalent spherical 
diameter (d) to the more correct frontal 
diameter (d;). 


EXPERIMENTS 


The terminal velocity measurements were 
made in cylindrical glass tubes of 1.04, 
1.49, 2.09, 3.64, 4.91, 6.90, 9.50, and 15.25 
em. average I.D. Each was 4 ft. long and 
mounted on a metal base plate for conven- 
ience. Terminal velocities of the drops were 
measured by timing, with a hand-actuated 
electric stopwatch, the distance of fall 
between two marks on the tubes. The 
distance of fall was from 60.25 to 66.25 cm., 
according to the tube used. The marks were 
placed about 30 cm. from the top and 
bottom to allow for end effects (2). The 
electric stopwatch, graduated to 0.01 sec., 
permitted readings of elapsed time resulting 
in a maximum variation of +2.48% and 
an average variation of +1.03% from the 
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Fig. 2. Terminal velocity of ethylene bromide drop in water. 
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arithmetic average velocity. Each of the 
points in Figures 1 to 4 represents the 
average of twenty observations, except 
for a few which represent only ten such 
values. Drop volumes were measured by 
small, calibrated pipettes and the drops 
delivered into small glass pouring vessels 
as described by Hu and Kintner (2). The 
vessels were then carefully placed into 
the tubes and the drops delivered by the 
pour technique. Tests were made showing 
that the terminal velocities of drops de- 
livered by pouring and by nozzles are 
identical. 

The five organic liquids used (ethylene 
bromide, chlorobenzene, benzyl alcohol, 
o-nitrotoluene and bromobenzene) were of 
reagent grade. The phases were mutually 
saturated in all cases. Liquid viscosities 
were measured with Ostwaid-Cannon- 
Fenske tubes, densities with a pycnometer, 
and interfacial tensions with a Cenco- 
Du Nuoy Ring Tensiometer. The physical 
properties are summarized in Table 1. 


DATA 


If terminal velocity be plotted as 
ordinate and tube I.D. as abscissa for a 
constant drop size, curves like those 
shown in Figure 1 should be obtained.* 
Each curve approached U, asymp- 
totically. It also approaches a value of 
tube diameter that is about equal to the 
drop frontal diameter as estimated from 
the correlation of Klee and Treybal (4). 
Consideration of these curves and a 
comparison with the data of previous 
authors (1, 2, 4a, 5) shows that the 
terminal velocities in the 15.25 cm. 
(6-in.) tube may be treated as if it were 
of infinite extent. For chlorobenzene 
drops, Licht and Narasimhamurty (5) 
obtained velocities about 10% higher 
than those reported here. 

Curves of terminal velocity vs. drop 
equivalent diameter with tube L.D. as 
the third variable are shown in Figures 
2, 3, and 4. The o-nitrotoluene-water and 
bromobenzene-water systems were used 
for checking purposes and only a few 
points taken. The curve of U., (15.25 cm. 
tube) shows the normal shape for drops. 
Velocity increases with d for small drops. 
The curve continues to rise until a peak 
is reached after which an increase in 
drop size results in a small decrease in 
velocity. Terminal velocity is nearly 
constant and independent of drop size in 
the highest ranges of the latter. 

For both the chlorobenzene-water and 
benzyl alcohol-water systems, the wall 
effect in the larger tube sizes results in an 
increased velocity reduction as drop size 
is increased. The velocity curves have 
the same general shape as the U.. curve. 
In small tubes, a point is reached at 
which an increase in drop size results in 
a much larger decrease in velocity and 


*Tables of the original data giving values of D, 
d, U, d/D, {1 — (d/D)?], may be obtained as 
document 5597 from the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., for $1.25 for 35 mm. 
microfilm or photoprints. 
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Fig. 3. Terminal velocity of chlorobenzene drop in water. 
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Fig. 4. Terminal velocity of benzyl alcohol drop in water. 


the curve is bent sharply downward. 
Since the drop is not spherical in shape, 
the eccentricity of the drop causes the 
effective frontal diameter (dr) to be 
larger than the equivalent spherical 


is lowered before reaching a value of d 
equal to D, as shown in Figures 3 and 4. 
This point was never reached in the 
ethylene bromide-water system as it was 
found to be impossible to deliver drops 


diameter (d) and the curve of U vs. d larger than 0.75 cm. diam. without 
TaBLe 1. PuystcaL PROPERTIES 
(in C.G.S. units) 
No. System po p wo X 10? X 102 

1 Ethylene bromide 2.1611 0.9972 1.570 0.858 30.4 26.8 

2 Chlorobenzene 1.0981 0.9965 0.748 0.864 31.1 26.3 

3 Benzyl alcohol 1.0398 0.9990 3.620 0.912 5.8 26.8 

4 o-Nitrotoluene 1.1576 0.9970 2.036 0.900 26.5 24.7 

5 Bromobenzene 1.4881 0.9971 1.072 0.896 37.9 25.0 
A.1.Ch.E. Journal June, 1958 
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breaking them. The curves for this 


system are shown in Figure 2. 


CORRELATION 


Since the reduction in velocity is 
caused by a reduction in the area avail- 
able for fluid to flow around the drop, 
the method of correlation of results is 
based on the area of the annular space 
with reference to the drop diameter and 
tube diameter. This is particularly con- 
venient because a plot of Equation (1) 
on the suggested coordinates (U/U. = 
1/K as ordinate vs. (D2? — d,?)/D? = 
1 — (d,/D)? as abscissa) is a straight 
line for values of (dp/D)? less than three 
tenths. As indicated below, drops of such 
a size that (d/D) is greater than one half 
(equivalent to (d/D)? greater than one 
fourth) are affected by such shear forces 
that they are subject to division. The 
chlorobenzene-water system, with a high 
interfacial tension and low density 
difference, did not exhibit such a tendency 
and was used as the basis for locating the 
line in Figure 5. Only in such a system 
could the terminal velocities of large 
single drops in small tubes be measured 
without involving such a large ratio of 
inertial forces to surface forces as to 
preclude the attainment of verifiable 
results. The line of Figure 5 was located 
by the method of selected points. If d/D 
be zero, U = U. and K is unity. A 
straight line passing through this point 
was visually located so that the algebraic 
sum of the deviations was nearly zero. 
The average deviation of the points from 
this line was 2.57%. 
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Fig. 6. Correlation based on equivalent diameter. 


The experimental data for all systems, 
plotted in Figure 6, resulted in a band of 
points which can be represented by the 
same line as the chlorobenzene-water 
data. The equation of the line was found 
to be 


D 
The average deviation of the seventy- 
eight points in Figure 6 from this equa- 
tion was 1.91%. 

If the ratio (d/D) be replaced by (dg/D) 
and the exponent be changed from 1.43 
to 1.24, the resulting equation can be 
used to calculate values of K which agree 
with those of Newton’s equation for 
values of (d/D) less than one half. This 
limit corresponds to values of [1 — (d/D)?| 
of 0.75, below which the drops should not 
be considered as falling freely. 

If frontal diameters of the generally 
ellipsoidal drops be estimated by the 
correlation of Klee and Treybal (4) and 
used in Equation (1), a better evaluation 
of the applicability of Newton’s equation 
may be had. This is shown in Figure 7, 
from which it is evident that the velocity 
reduction is less than one might expect 
for a rigid sphere of the same frontal 
diameter. The average deviation of the 
points from Newton’s equation was 


The points in Figure 7 can also be 
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represented quite well by the equation 
(3) 


although not as well as by Equation (2) 
which is based on equivalent spherical 
diameter. The right member of Equation 
(3) is the ratio of the area of the annular 
space between drop and wall to the tube 
cross-section. Thus the velocity of a drop 
of specific size in an infinite medium can 
be calculated by multiplying the velocity 
measured in a small tube by the ratio 
tube cross-sectional area to the area of 
the annulus. Equation (3) also serves to 
relate the drop velocity in tubes of 
various sizes. The average variation of 
the points from this equation was 2.14%. 

Unpublished data obtained by previous 
experimenters in these laboratories also 
fall within the band of points of Figures 
6 and 7. Braida (1) has reported measure- 
ments of terminal velocities of drops of 
“Mixture I’’ (carbon tetrachloride and 
tetrabromoethane), o-nitrotoluene, and 
carbon tetrachloride falling through water 
in tubes of 2.4, 4.1, 5.9, and 7.6 em. I.D. 
The highest ratio of d/D for drops of 
Mixture I was 0.0963 and the wall effect 
was less than 1%. The data for carbon 
tetrachloride drops fell closely along the 
line of Figure 6. The points for o-ni tro- 
toluene drops were widely scattered and 
no conclusion could be drawn from them, 
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DISCUSSION 


The motion of a large liquid drop through 
a field liquid inside a cylindrical boundary 
calls into play all the factors of deformation, 
oscillation, internal circulation, acceleration 
and deceleration of the field fluid, pressure 
drag, skin friction, and the physical prop- 
erties of the liquids under study. As the 
drop moves in the cylinder, the continuous 
phase must flow around the drop in the 
annular space. The field fluid has zero 
initial velocity and, as the drop passes, it 
is accelerated to a maximum velocity and 
then decelerated to zero. As the drop passes 
a point in the tube, a volume of the con- 
tinuous phase equal to the volume of the 
drop will be elevated a distance equal to 
the drop volume divided by the cross- 
sectional area of the tube. If the drop be 
large enough or the cylinder small enough, 
turbulences may be of sufficient magnitude 
to cause the drop to break up. Such an 
effect was noted in the course of the 
experiments. The turbulence due to the 
rush of field fluid around the drop was 
sufficient to overcome surface forces and 
shearing of the drop occurred. This situation 
prevails in small cylinders for relatively 
large drops with high densities or low 
interfacial tensions. 

The terminal velocity of a liquid drop 
in a vertical tube is also a function of the 
mode of descent of the drop. A drop of 
specified size may not have the same type 
of motion in cylinders of differing diameters. 
If the drop be small enough, it will be 
spherical in shape and its velocity in the 
absence of a wall effect will be that of an 
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equivalent rigid sphere, as may be shown 
by a plot of drag coefficient vs. Reynolds 
number. If the drop be somewhat larger, 
deformation takes place and the drop is 
no longer spherical but resembles an oblate 
ellipsoid with the minor axis oriented in 
a generally vertical direction. A small drop 
of low density shows little effect in mode 
of descent as the boundary is brought 
nearer. But if the annular space between 
drop and cylinder wall is small enough, the 
drop will start to oscillate. A drop of higher 
density (or Ap) will undergo this occurrence 
before the d/D ratio is as large as in systems 
of low Ap. Systems of low interfacial 
tension also exhibit this effect at low d/D 
values. The larger drops also show a 
marked difference in mode of descent in 
that the drop pitches and rolls as it falls. 
Such random motions are believed to be 
the cause of some of the scatter in the data. 


SUMMARY 


Careful measurements were made of 
ultimate velocities of large drops of three 
organic liquids falling through a con- 
tinuous aqueous phase contained in 
vertical cylinders of several diameters. 
Limited data on drops of two other 
liquids are reported for checking purposes. 
Newton’s equation (6) for the effect of 
wall proximity on the velocity of a rigid 
sphere or cylinder gave velocity reduc- 
tions in excess of the experimental 
values. Only frontal diameters (or pro- 
jected frontal areas) may be properly 
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used in Newton’s equation which was 
derived for conditions of negligible 
viscous effects. 

With the use of the much more con- 
venient equivalent spherical diameter, 
the wall effect may be more closely 
expressed by Equation (2) for values of 
(d/D) less than one half. If values of 
(d/D) be greater than 0.5, excessive 
deformation of a type not present in 
large containers causes any correlation 
to be of doubtful value. 

According to Equation (3), the ultimate 
velocity in an infinite tank is equal to 
that in a tube of small size multiplied 
by the ratio of the tube cross-sectional 


, area to the area of the annular space 


between drop and tube wall. The use of a 
calculated drop frontal diameter intro- 
duces additional scattering of the points, 
however, and the use of Equation (2) or 
of Figure 6 is recommended in all cases, 
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NOTATION 


d = drop equivalent diameter, i.e., 
diameter of a sphere equal in vol- 
ume to the volume of the drop (cm.) 

dy = frontal diameter (major axis) of 
the ellipsoidal drop (cm.) 

D = tube I.D. (em.) 


K = wall correction factor = U./U 
U = gross terminal velocity of drop 
(cm./sec.) 


«© = gross terminal velocity of drop in 
a medium of infinite extent. 
(em./sec.) 

T = temperature, °C. 

Ap = difference in density between drop 

and aqueous field phase (g./cc.) 

p = density 

viscosity 

o; = interfacial tension 

0 = organic phase 

0 = water phase 


LITERATURE CITED 


1. Braida, Leno, M.S. thesis, Univ. Toronto 
(1956). 
2. Hu, Shengen, and R. C. Kintner, 
A.I.Ch.E. Journal, 1, 42 (1955). 
3. Keith, F. W., and A. N. Hixson, Jnd. 
Eng. Chem., 47, 258 (1955). 

4. Klee, A. J., and R. E. Treybal, A.I.Ch.E. 
Journal, 2, 444 (1956). 

4a. Korchinski, I.J.O., Ph.D. thesis, Univ. 
Toronto (1955). 

5. Licht, William, and G. S R. 
Narasimhamurty, A.J.Ch.E. Journal, 1, 
366 (1955). 

6. Newton, Isaac, “Mathematica Principia,” 

Univ. Calif. Press, p. 348 (1934). 
7. Uno, Seiji, and R. C. Kintner, A.7.Ch.E. 
Journal, 2, 420 (1956). 


Manuscript received July 8, 1957; revision received 
Dec. 20, 1957; paper accepted Feb. 6, 1958. 


June, 1958 


desc 
tubt 
avel 


cone 
tubt 
thro 
obje 
pria 
the 
the 
as 
the 
thec 
the 
vent 
is d 
diar 
bare 
foot 
diar 
tub 
in s 
be « 
in t 
is ] 
atta 
tub 
1 
bar 
deri 
on 
con 
deri 
con 
tub 
fror 
den 
of 1 
tub 


1 
the 
con 


LO 
al An 
|_| 
Ea 
tube 
the < 
time 
d sugg 
loadi 
O8 
gene 
A 
Ky oy | 
ploy 
amy 
cont 
erite 
dll 
O 
0g 
|_| LO 
2 
|. 
Vo 


op 


Mathematical Development of Tube 
Loading in Horizontal Condensers 


Equations were derived by Nusselt for condensation on a vertical bank of horizontal 
tubes employing several questionable assumptions. His theoretical results indicate that 
the average condensing coefficient for a tube in an n-tube vertical bank should be n-/* 
times the single-tube coefficient. An empirical modification for turbulence previously 
suggested by the present author changed the factor to n~!/*, To facilitate further experi- 
mental studies and design calculations, precise equations are developed for condensate 
loading for the different common tube layouts bounded by a circle. These equations use a 
generalized factor n~!/* where a value of s/4 > 1.0 becomes an index of turbulence. 


The comparison of performance be- 
tween large horizontal condensers em- 
ploying bare and low-finned tubing has 
amplified several deficiencies in current 
condenser theory. First, there is no 
criterion for determining the deviation 
of the condensate from viscous flow as it 
descends outside the tubes of a circular 
tubular condenser. Second, the theoretical 
average tube loading or disposition of the 
condensate in viscous flow in a circular 
tubular condenser has not been described 
through suitable equations. It is the 
object of this paper to set up the appro- 
priate viscous-flow equations to enable 
the measurement of deviations through 
the correlation of experimental data. 

The availability of low-finned tubing 
as shown in Figure 1 greatly facilitates 
the further development of condenser 
theory. Low-finned tubes generally have 
the same fin outside diameters as con- 
ventional condenser tubes. The fin surface 
is developed by depressing the outside 
diameter of the bare tube to form inter- 
stices and leaving fins 1/16 in. high. For 
bare tubes the outside surface per linear 
foot is proportional only to the outside 
diameter of the tube. With low-finned 
tubes on the same layout a wide variation 
in surface and condensate drainage can 
be obtained without a significant change 
in the vapor flow distribution. The latter 
is presumed to be the basis for the 
attainment of unusually high condensing 
coefficients on commercial low-finned 
tubes. 

The common method for correlating 
bare-tube data employs the equation 
derived by Nusselt (1) for condensation 
on a single horizontal tube with the 
condensate in viscous flow. Nusselt, 
employing the same assumptions, also 
derived an equation for computing the 
condensing coefficient for any horizontal 
tube in a vertical bank. For the pth tube 
from the top the equation for the con- 
densing coefficient is h, = h,[p3/* — 
(p — 1)3/4] where h; refers to the value 
of the coefficient computed for a single 
tube. Nusselt assumed that 


1. The resistance to condensation is 
the resistance of the condensate film to 
conduction. 

2. The temperature difference between 
the vapor and tube wall is constant. 
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3. The condensate moves about the 
tube in viscous flow. 

4. The condensate descends from one 
tube to the tube below as a continuous 
sheet without disturbing the condensate 
on the tube below. 


Observations on vertical banks of tubes 
have been made by Young and Wohlen- 
berg (2), Katz and Geist (3), and Short 
and Brown (4) with banks which were 
respectively two to five, six and twenty 
tubes high. It appears from the data of 
Short and Brown that the first two Nus- 
selt assumptions hold within the range of 
general condenser operation. The third 
and fourth assumptions lead to significant 
deviations when applied to tubes in 
vertical banks. The condensate does not 
drain as a continuous sheet. Instead it 
drains as droplets or, at high loadings, 
as continuous stream points. Either effect 
has a disrupting influence on the viscous 
film concept. 

When drainage occurs as droplets, 
ripples are formed on the bottom of the 
tube owing to the intermittent dripping 
action. Ripples are also formed on the 
tubes on which the droplets impinge. 
Where there are continuous stream points 
falling on a lower tube, the condensate 
does not redistribute to attain a uniform 
film thickness over the length of the tube 
but descends about the tube in a veinlike 
manner. The fluid in the veins attains a 
degree of turbulence which may locally 
exceed that associated with viscous flow. 

In the comparison between low-finned 
and bare tubes in vertical banks there are 
other factors which suggest the need for 
a refinement in the calculation of average 
tube loading as well as the correction for 
the transition from viscous to turbulent 
flow. The low-finned tubes have natural 
drainage points at the bottom edges of 
the fins which are dispersed over the 
entire length of the tube. Visually there 
are more droplets of smaller size formed 
per unit length on low-finned tubes; 
however, the significance of the drainage 
can be evaluated only through the corre- 
lation of performance data, as the surface 
per linear foot for tubes of the same 
nominal diameter differs for both. 

At higher loadings and continuous 
stream points the opportunity for a 
reduction in the thickness of the vein by 
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a lateral distribution of the condensate 
on the tube appears to be lessened by the 
fins. While commercial fins are usually 
only 0.0625 in. high, the average thickness 
of the condensate film for an organic 
liquid with a viscous condensing coeffi- 
cient of 200 would be about 0.006 in., or 
only about one tenth as high. 

In their analysis of a bank twenty 
tubes high Short and Brown found that 
the upper and lower few tubes exceeded 
the value computed from Nusselt for the 
top tube alone, where the coefficient 
should have been highest. They  con- 
cluded that the performance of the bank 
as a whole is closely approximated by the 
top-tube equation rather than the equa- 
tion for a bank. Katz and Geist employ- 
ing Freon-12, n-butane, acetone, and 
water, conducted their experiments on a 
bank of six low-finned tubes and con- 
sistently obtained average coefficients 
exceeding the Nusselt values for the bank 
by 121% for steam to 153% for acetone. 
The bottom tubes of their bank produced 
condensing coefficients which ranged from 
86 to 100% of the top-tube coefficient 
although the theoretical bottom-tube 
coefficient should have been only 64% 
of the top-tube coefficient. 


ARRAYS BOUNDED BY CIRCLES 


The foregoing has referred to horizontal 
tubes in single vertical banks for which 
experimental comparisons are available. 
A search of the literature does not reveal 
a comparable mathematical or experi- 
mental analysis for the average conden- 
sate loading on the tubes of a bundle 
having vertical tube banks arrayed within 
a circle. 

A representative commercial condenser 
will consist of a number of vertical banks 
of tubes of different heights symmetric- 
ally disposed about the vertical center 
line of the shell cross section. In addition, 
the mechanical design will require the 
presence of transverse baffles or support 
plates to damp the harmonics of the 
tubes. Because of the orientation of the 
baffles there will be vapor flow across 
the bundle at right angles to the con- 
densate drainage. All of these, as well as 
the general decrease in performance of a 
vertical tube bank below that of the top 
tube, affect the value of the average 
condensing coefficient for the bundle. 

Kern (5) proposed a correction for 
circular tube bundles for deviations from 
pure viscous flow which adjusted the 
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condensate loading from its average 
viscous value. The average loading per 
tube for a single horizontal row of tubes 
is given by G’ = W/Ln, where W is 
the hourly condensation rate, ZL the 
tube length, and m, the total number of 
tubes. The suggested loading for the 
condenser with circular cross section was 
defined by G” = W/Ln,?!%. Certain tests 
(6) on refrigerants have confirmed the 
order of magnitude of the exponent. 


Derivations 
Nusselt’s value for the heat transfer 
coefficient of a single horizontal tube is 


pr 1/4 
h, = 0. 725| Du, — (1) 


He gives for the effectiveness of the pth 
tube down in a vertical row 


hy = (2) 


From this it follows that the average 
coefficient for a bank n tubes high is 


(3a) 


The correction proposed by Kern would 
change this dependence for the average 
coefficient to 


h, = hn“ (3b) 


Generalized, the relation for the average 
coefficient may be written 


h, = hn (3c) 


where s has the value of 4 in subsequent 
references in this paper to the Nusselt 
theory and 6 for the Kern modification. 
The value of s/4 established by experi- 
ments thus becomes an index of the 
extent by which the condenser deviates 
from pure viscous flow and assumes 
partial turbulence. 

1. Square Pitch. The circular shell of 
Figure 2 is considered as having an outer 
tube limit* of radius R containing an 
array of tubes on square layout with a 
spacing equal to the tube pitch P;. The 
principal axis will be the vertical diameter. 
If it is assumed that the number of banks 
along the horizontal diameter is odd and 
-agemagege from the center to the right, 
0, 1, 2, ete., 2; will be the length of the 
sherd through the ith bank. 


= — (4) 


Then the number of tubes n; 
bank is 


= = 


in the ith 


Qa(1 — 


*The outer tube limit (O.T.L.) is defined as the 
diameter of the circle which may not be intercepted 
by tubes when they are laid out on a tube sheet. In 
a 12-in. I.D. shell designed for inside-floating-head 
construction the O.T.L. will be 10-34 in. and in a 
42-in. I.D. sheil it will be 40-14 in. 
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where a = R/P,r. The total number of 
tubes in the entire array is expressed by 


a-l 
— Nn; — No 
© 
= 4a (1 — — 2a 
i=0 
The sum which appears in Equation (6) 


is evaluated with the aid of the Euler- 
Maclaurin expansion (7) as follows: 


= [ sa) de + 510) 
(7a) 


+ 5 


+ £0) + 


On evaluation, 


Fig. 1. Low fins extruded from a bare tube 
provide 2-1/2 times as much condensing 
surface (Courtesy of Wolverine Tube). 


It will be noted that 
f(x) = (1 — 2°/a’)'” (7b) 


n=a-—l1 (7d) 


[ ; f(x) dx 
(Ze) 


[ (1 — a°/a’)'”” dx 


Il 


/2(1/a) 
Introducing the gamma function (8) to 
evaluate afij(1/a) and inserting into 
Equation (6) gives for the number of tubes 
n, = ma’ [1 — 0.3745a°*”” 

+ 
The average heat transfer coefficient for 


a single tube in the entire array is 


h nih, — | 


0 
i=0 


since Equation (3) gives h,,. Using the 
value of n; in Equation (5) gives 


(8) 


(9) 
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1)/s 
(10) 


On evaluation, 


a= 


where m = a , Equation (7a) can 
be used with 
=a - a” (11a) 
= (1 (11D) 
/ f(x) dx 
0 
(1 — a°/a’)” dx (11e) 
0 


of n(1/a) 


Substituting into Equation (7a) and 
evaluating af,,(1/a) as before gives for 
the average heat transfer coefficient of 
the entire array 


2m+1_ 2m+1 hy 
(12a) 


-la m + Dn + c mQ 
where 


Va T(m + 1) 
+ 3/2) 


m—1 m™ 
Kew 


1 m— 9d 
= 2” 12d 
‘<= +2 24 | (138) 
Using for n, the value found in Equation 
(8) gives 


Am 2m-1 


a, = (126) 


= 


—m-1 ‘ 
+ 
For s = 4 and m = % 
h = 0.885a°'*h, 
-[1 — 0.40607" (13) 


+ 0.37450 
For s = 6 and m = 5/12 
h = 0.92207 
-[1 — (18¢) 
+ 0.3745a 


June, 1958 


show 
verti 
and 1 
is P 
throt 


where 
meth 


= 


This 

(8) b 
neglig 
deg. 
tubes 
betwwe 
horiz¢ 
trans! 


Again 
yields 


Vol. 


— 
The 
The1 
a-l 1) 
> — 
i=0 
n n p ty “if ! 
n 
h= 


0) 


an 


3a) 


3b) 


58 


2. Square Pitch Rotated by 45 Deg. As 
shown in Figure 3, the spacing between 
vertical banks of tubes is now P7/ “/ 2 
and the spacing between tubes in a bank 
is PrV 2. The length of the chord 
through the ith bank from the center is 


2 


(14) 


2( 


The number of tubes in the 7th bank is 
n; = /2 = (15) 


The number of tubes in the entire array is 


Fig. 2. Square pitch. 


aV2-1 
— 2 N; — No 
(16) 
9 9 9 


where B = a V2. Evaluated by the 
methods used in section 1, 


nm = ma’ [1 — 0.2238a *” 
+ 


(17) 


This value differs from that of Equation 
(8) by a leading term of 0.15la~3?, a 
negligible discrepancy. (Rotation by 45 
deg. should not change the number of 
tubes in an array, only the relationship 
between the number of vertical and 
horizontal rows.) The average heat 
transfer coefficient for this array is 


aV2-1 


h 
1 (s—1)/s (s-1)/s 


i=0 


(18) 


Again employing the methods of section 1 
yields 


h = 26 [a,,8 + b,,8 (19) 
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and inserting the values for 8 and n, gives 


$ 2s (200) 
+ 0.2280" 

For s = 4 and m = 

h = 0.972a°"*h, 


— 0.251a7"”* 
+ 0.223a7*”?] 


(22) 
- 


The total number of tubes in the array is 


2a 
='2 N; — 
i=0 


da | 2\1/2 
V3 


2 


-3|- 


There are thus 2/V3 = 1.152 times as 
many tubes in a given triangular pitch 


Fig. 3. Square pitch rotated 45 deg. 


For s = 6 and m = 5/12 


h = 
-[1 — 
+ 0.223a°*”"] 


Comparison of Equations (13a) and (20a) 
shows that for large arrays on square 
pitch, rotation from the vertical by 45 
deg. should increase the theoretical 
average heat transfer coefficient by 
2 m+1/2, 

For s = 4 this factor is 2/8, or 1.091, 
and for s = 6 it is 2"/2, or 1.075. 

3. Equilateral Triangular Pitch, Vertex 
Up. As shown in Figure 4, the spacing 
between vertical rows of tubes is P,/2 
and between tubes in a vertical row 
PrV3. The length of the chord through 
the ith bank is 


(21) 


(200) 


The number. of tubes in the ith bank is 
l; 


P, V3 
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Fig. 4. Triangular pitch, vertex up. 


as in the same square pitch for shells of 
identical radii. The average heat transfer 
coefficient for the array is 


A= i E — | 


ne 


(24) 
] 2a 
E 
ny 
Solving as in sections 1 and 2 gives 
4 2 2m-1 
h=- ) (25a) 
V3 
For s = 4, this gives 
h = 1.0700 '*h, (25b) 
and for s = 6, 
h = 1.01007 


U-TUBE ARRAYS BOUNDED BY CIRCLES 


Use of U-bend tubes requires that the 
two horizontal rows of tubes which 
straddle the horizontal diameter be 
spaced apart by a minimum of two 
pitches, rather than one pitch as formerly, 
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because deformation of the tube cross 
section is reduced during bending when 
the minimum bend has a diameter not 
less than 2.5 times the tube outside 
diameter. Since it is fairly common 
practice (9) to employ a pitch 1.25 times 
the tube outside diameter, it follows that 
two tube pitches will fill this requirement. 

1. Square Pitch. For this array, 2a — 1 
tubes are subtracted, and 


= — 2a — 1.1780" + 1 (26) 


is left. 

2. Square Pitch Rotated. Every second 
bank loses one tube, and the intermediate 
banks lose 1.5 tubes closely on the 


average. Since there are 2av/2 — 1 banks, 


this deducts about 1.25 (QavV/2 — 1), 
or 3.5a — 1, tubes, leaving 


n, = ta’ — 3.5a 


— + 1 


(27) 


3. Triangular Pitch. The same reason- 
ing holds, although the loss of the 
intermediate banks will be less, 1.385 
tubes approximately, and the factor is 
(1.85 + 1)/2 = 1.18. There are 4a — 1 


banks; hence the deduction is 1.18 
(4a — 1), or 4.7a — 1, leaving 
n= — 4.7a + 1 (28) 
V3 
CONCLUSIONS 


The number of tubes within a given 
outer tube limit is defined by Equations 
(8), (17), and (28) and will obviously 
be greater than that contained in manu- 
facturers’ tube counts. No allowance has 
been made for the reduction in the total 
number of tubes owing to tube-pass 
orientation, pass partitions, or the usual 
provision for entry and exit space 
adjoining the inlet and outlet nozzles. 
The derivations also consider the center 
vertical tubes to be located on the vertical 
center line and not straddling it; how- 
ever, it can be used with considerable 
reliability on large condensers for obtain- 
ing the approximate tube count for any 
new equilateral layout. 

Equations for the heat transfer coeffi- 
cient, Equations (13), (20), and (25), 
lead to certain theoretical conclusions. 
From the standpoint of viscous flow the 
optimum use of a horizontal condenser 
will be derived when it contains a larger 
number of vertical rows than there are 
tubes in the largest vertical row. This 
in turn would discourage the use of 
equilateral pitch and would favor such 
arrangements as diamond pitch with a 
vertical major diagonal. 

The solution for triangular pitch 
having a horizontal altitude has not been 
undertaken, as this layout would produce 
a markedly lower theoretical condensing 
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coefficient than that of a triangle having 
the vertex up and centered. Should a 
condenser be installed with a horizontal 
altitude, its performance can be improved 
at light loading if a minor rotation of the 
bundle is feasible. 

As an illustration of the use of these 
equations, a circular horizontal condenser 
with an outer tube limit 30 in. in diameter 
and tubes on 1-in. square pitch will be 
considered. The number of tubes com- 
puted for the bundle by Equation (8) will 
be 702, and the average coefficient by 
Equation (130) will be 45% of the single- 
tube value computed by Equation (1) 
and would be 59% according to Equation 
(13c). With the pitch rotated 45 deg. 
there will be the same number of tubes 
but the coefficient by Equation (20d) 
will be 49% of the single-tube value; by 
Equation (20c) the average coefficient 
will be 62% of that value. For 1-in. 
triangular pitch the computed count by 
Equation (23) will be 808 tubes, and the 
average coefficient is 54% of the single- 
tube value by Equation (25b) and 64% 
by Equation (25c). 

In the correlation of experimental data 
it is now possible to determine the value 
of s by using the appropriate equation 
for a given layout. Then values of 
s/4 > 1 will serve as an index of turbu- 
lence for the condensate. It is doubtful 
that s will remain constant with increasing 
condenser diameter, because of the 
inherent geometry of a circular array, 
or over a very wide range of tube loadings, 
as at lighter loading the condensate may 
approach viscous flow. 


NOTATION 


= outside diameter of tube, ft. 

G’ = average tube loading for condensa- 

tion on a horizontal bank, Ib./ 

hr./ft. 

G’”’ = tube loading for condensation in a 
circular condenser, lb./hr./ft. 

hy = condensing coefficient computed 
for a single tube, B.t.u./(hr./ 
sq. ft./°F.) 

h = average condensing coefficient for 
an array of tubes, B.t.u./(hr./ 
sq. ft./°F.) 

= average condensing coefficient for 
the 7 bank in a circular condenser, 
B.t.u./(hr./sq. ft./°F.) 

h,, = average condensing coefficient for 
the center vertical bank of a circu- 
lar condenser, B.t.u./(hr./sq. ft./ 
°F.) 

h, = condensing coefficient for the p 
tube from the top in a vertical 
bank, B.t.u./(hr./sq. ft./°F.) 

~ = number of a row to left or right of 
the center vertical row in a circular 
condenser 

k = thermal conductivity, B.t.u./(hr./ 
sq. ft./°F.)/ft. 

L = tube length in a horizontal con- 

denser, ft. 
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l; = length of chord through the ¢ 
vertical row of a condenser, ft. 

n = total number of tubes in a vertical 
row 

n; = number of tubes in the 7 vertical 
row in a circular condenser 

mo = number of tubes in the center ver- 
tical row of a circular condenser 

nm, = total number of tubes in a circle 
(O.T.L.) 

p =.number of a tube in a vertical tube 
bank counting from the top, or 
number of tubes in the bank 


Py, = tube pitch, ft. 

R = radius of a circle which is the outer 
tube limit for laying out tubes in 
a shell, ft. 

s = exponent, 4 in the Nusselt theory, 
6 in the Kern modification 

t, = film temperature, (¢, + 1,,)/2, °F. 

t, = saturation temperature of vapor, 
°F. 

t,, = tube-wall temperature, °F. 

W = condensation rate, lb./hr. 

x = variable 


Greek Letters 
ratio of radius of outer tube limit 


a = 
to tube pitch 

B =eavV2 

\ = latent heat of vaporization, B.t.u./ 
lb. 

= viscosity, lb./(ft./hr.) 

p = Density, lb./cu. ft. 
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Mixing of Fluids Flowing Through 
Beds of Packed Solids 


While there have been numerous in- 
vestigations of radial mass and heat 
transport in packed beds (3, 7, 12, 15, 20), 
axial mixing in the direction of flow has 
been neglected until recently because of 
experimental and analytical difficulties. 
Lapidus and Amundson (11) presented 
a mathematical treatment for adsorption 
in beds, including axial mixing, which 
involved the response function of the 
system to an. inlet step function change 
in concentration. Danckwerts (4) arrived 
at similar results and determined an 
axial mixing factor for water flowing 
through packed Raschig rings at a single 
Reynolds number. Employing a frequency 
response technique, Kramers and Alberda 
(10) presented two experimental results 
for axial diffusion in a system similar to 
that of Danckwerts’. More recently, 
McHenry and Wilhelm (14) employed 
this method of sinusoidally varying con- 
centrations in the study of axial mixing 
of binary gas mixtures flowing through a 
random bed of spheres. Additional mathe- 
matical analyses for the longitudinal 
mixing of fluids in flow through reactors 
have been presented by Levenspiel and 
Smith (13), Klinkenberg and Sjenitzer 
(9), Wehner and Wilhelm (19) and Aris 
and Amundson (1). 

Previous investigations have thus re- 
sulted in data concerning the radial 
mixing of both gases and liquids flowing 
through fixed beds, and the axial mixing 
of gases flowing through fixed beds of 
spheres. The data of Kramers and AI- 
berda, and of Danckwerts were all that 
existed for axial mixing in liquid systems. 
This study was undertaken to extend 
the limited data and to investigate more 
thoroughly the axial mixing of liquids 
flowing through fixed beds of solids. The 
variables which were investigated were 
fluid velocity, particle diameter, particle 
shape, and liquid viscosity. 


EXPERIMENTAL 
Methods 


Four different techniques have been 
employed in the investigations of mixing in 
fixed beds. Each method analyzes the 
Tesponse curve resulting from some kind 
of initial disturbance in a dynamic system. 
In the point source method the initial 
disturbance is the diffusion of a tracer from 
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a point source into the flowing fluid (3, 7, 
12, 15). For frequency response experiments, 
the inlet concentration is varied as a 
harmonic function of time (4, 10, 14). 
In the step-function method an instan- 
taneous change in tracer concentration 
occurs at the inlet (4, 11). The initial 
disturbance in the pulse-function method is 
the instantaneous injection of a concentrated 
tracer into the flowing liquid (4, 22). 

Two techniques were employed in the 
present research. 

The first approach, the frequency-response 
technique, required the response to a sinu- 
soidally varying inlet concentration. By 
comparing the amplitudes of the inlet and 
outlet waves, the axial mixing coefficient 
can be determined. The frequency response 
method was employed in part of the present 
research because it presented advantages of 
simplicity during both the experimental 
work and calculations. However, analytical 
difficulties were encountered in the low 
flow-rate range because of the length of 
the runs and the small axial mixing rates. 

The second method used, the pulse- 
function method, was employed by Yagi 
and Miyauchi (22) in their study of mixing 
in continuous flow reactors. Danckwerts (4) 
suggested this method for the investigation 
of mixing in packed beds. In this method, 
one determines the exit concentration 
profile for an experiment in which the 
tracer is injected over a short period of 
time, that is, in the form of a unit pulse. 
From the exit concentration profile, the 
axial mixing coefficient can be calculated. 
The pulse function technique was used 
during the present research for the low 
flow-rate range. 


Flow Systems 


The flow system for the frequency 
response experiments is shown in Figure 1. 
The liquid solutions were forced under 
constant pressure through the system from 
feed tanks containing a clear solution and 
a dye solution. The clear and dye solutions 
were alternated by the three-way direc- 
tional-flow solenoid valve and _ partially 
mixed during flow through the pre-bed, 
thus forming a periodically varying con- 
centration wave. The liquids then flowed 
through the packed test section, the calming 
section, and flowmeters. Analyses of the 
flowing streams were made at both the 
inlet and outlet of the testing section by 
means of continuous photometers. 

The pre-bed served two purposes: first 
it produced an approximate constant 
velocity profile at the inlet testing section. 
Studies by Schwartz and Smith (17), by 
Thatcher (18) and by Hirai (8) indicated 
that for a ratio of particle diameter to 
tube diameter less than 0.04 the assumption 
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of uniform velocity distribution for fluids 
in packed beds is valid. The pre-beds used 
in the experiments met this condition. The 
second purpose of the pre-bed was to 
disperse or mix the interfaces of the alternate 
solutions so that an approximate sine wave 
composition would be obtained. The pre- 
bed, through the mixing process, served as 
a damping factor, which removed most of 
the higher harmonics from the approximate 
square waves which were introduced by the 
three-way valve. 

Essentially the same flow system was 
employed for the pulse-function runs 
except for minor modifications. A small 
cylinder containing the concentrated tracer 
solution replaced one of the larger storage 
tanks. The clear liquid flowed continuously 
through the system. A short dye pulse was 
injected into the flowing stream by means 
of the three-way directional-flow solenoid 
valve. The pre-bed was not used; hence 
longer test columns were employed. The 
liquid flowing through the column was 
analyzed only at the outlet of the testing 
section by a continuous photometer. 


Test Column 


Figure 2 is a sectional drawing of the 
column showing the several sections flanged 
together in preparation for a frequency 
response run. Two 34-in. glass spacers used 
in the analytical system separated the test 
section from the pre-bed and the calming 
section. All glass sections of the column 
were 2-in. I.D. Pyrex glass pipe. The 
spacers, gaskets, and brass calming section 
were likewise 2-in. I.D. so as to maintain a 
smooth wall across the joints. Two-, three- 
and five-foot lengths were used for the 
test sections. 

Glass spheres, Raschig rings, Berl saddles, 
and Intalox saddles were used as packing. 
The characteristics of the packings are 
shown in Table 1. The porcelain packings 
were supplied through the courtesy of the 
United States Stoneware Company. The 
void space in the packed beds was deter- 
mined by measuring the volume of water 
in a length of the unpacked column and 
in the same length of a packed column. The 
same method of packing, i.e., pouring a 
small amount of beads and tapping the 
column to promote settling, was used each 
time the column was repacked. The packing 
was supported on a 100-mesh screen. 


Analytical System 


Pontamine Sky Blue 6BX dye was 
employed as the tracer. The concentration 
profiles were measured as a function of time 
by continuous colorimetric photometers 
which gave an instantaneous measurement 
of the fluid composition flowing through a 
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TaBLE 1.—PACKING CHARACTERISTICS 


Equivalent Bed 
Nominal Diameter Porosity 
Type Material Size qd, a,/ay € 
Spherical Glass 60/80 mesh .0083 in. .352 
Spherical Glass 1 m .039 in. .020 
Spherical Glass 3m 4133: in. 
Spherical Glass 6 mm 205 .367 
Raschig rings Porcelain 1/4 in. | 
Berl saddles Porcelain 1/4 in. .616 
Intalox saddles Porcelain 1/4 in. 420), sin» .629 


horizontal section of the column. The thin 
light beams passed through the glass 
spacers on a diameter just above or just 
below the test section. Details of the design 
and construction of the photoelectric 
colorimeters are available elsewhere (6). 
The output of the phototube circuit was 
measured by a Leeds and Northrup 
Speedomax Indicating Recorder. 

Most runs were made with dilute water 
solutions. A few runs employed mixtures 
of propylene glycol and water to vary the 
viscosities of the liquid. All runs were made 
with a completely flooded column. 


Experimental Procedure and Data 


For each frequency-response run a 
pre-bed, having a suitable height and 
particle diameter to produce a satis- 
factory periodic wave in the desired 
frequency and flow rate, was installed 
above the test column. Dynamic calibra- 
tions of the inlet and outlet colorimeters 
were made, first with the clear and then 
with the dye solution. The timer, set at 
a predetermined frequency and control- 
ling the three-way directional-flow sole- 
noid valve, was started. Recorder traces 
were then obtained for both the inlet 
and outlet wave concentrations. 

Typical experimental data (6) for the 
frequency-response runs are presented in 
Table 2. The corrected interstitial 
velocity of the liquid solutions is reported 
in column 2. The maximum and minimum 
concentration points, averaged for ten 
inlet periodic waves, are presented in 
columns 3 and 4, respectively; the maxi- 
mum and minimum concentration, aver- 
aged for the ten corresponding outlet 
waves is presented in columns 6 and 7, 
respectively. Typical curves are shown 
in Figure 3, which presents the inlet and 
outlet waves for Run 28 resulting after 
the conversion to concentration units. 
The points are averages of experimental 
concentrations, while the lines are true 
sinusoidal waves. 

The experimental procedure for the 
pulse function method was as follows: 
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the flow rate and temperature of the clear 
solution was adjusted as desired. The 
outlet colorimeter was calibrated with 
the clear flowing liquid. A stopwatch was 
employed to measure the residence time 
of the injected concentrated dye. A 
recorder trace was then obtained for the 
outlet pulse wave. This procedure was 
repeated several times for a given flow 
rate. 

Typical experimental data for the pulse- 
function runs are presented in Table 3. 
Column 2 contains the corrected liquid 
interstitial velocity. The data for an exit 
pulse profile, averaged from the recorder 
traces of three or more waves, are pre- 
sented in columns 3 and 4. Column 3 
contains the maximum value of the 
pulse wave in concentration units and 
column 4 the area under the exit con- 
centration profile of the pulse wave. 


TREATMENT OF EXPERIMENTAL DATA 


As a fluid, in which concentration 
gradients exist, flows through a packed 
bed, eddy diffusion or mixing occurs 
which can be described by the equation 


di Ic 
N = —(D, + 6:2) = (1) 


A material balance for an increment of 
time dt made for a cylindrical element dr 
in thickness and dz in height results in 
the equation: 


0c 0c 0c 


In theory, determinations of concen- 
tration, c, as a function of position, r and 
z, and time, ¢, in an experiment where a 
tracer is fed at a point source into fluid 
of known composition and flow rate, 
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yield the information required to deter- 
mine Dp and D, through the evaluation 
of the various first and second partial 
derivatives by numerical differentiation 
and smoothing. The difficulties of ob- 
taining such data and the large error 
involved in differentiating the data twice, 
lead to special experimental conditions for 
which Equation (2) has known mathe- 
matica] solutions which permit the 
evaluation of effective diffusivity from 
specific values of c, 7, z, and ¢. The point- 
source experiment results in the evalua- 
tion of effective radial diffusivity, Dp, 
while other types of experiments lead to 
values of effective axial diffusivity, D,. 


R 


Experiment 


In the frequency-response method the 
concentration at the inlet is varied 
sinusoidally and the response is obtained 
at the outlet. Comparison of the ampli- 
tudes of the inlet and outlet harmonic 
functions leads to values of the axial 
diffusivities. 


Mathematical Representation 


Sinusoidal Solutions. In the mathe- 
matical representation of the frequency- 
response experiment, no radial concentra- 
tion gradients exist and the effective axial 
diffusivity and velocity are independent 
of position leading to the modification of 
Equation (2) as follows: 


ac dc de 


The two experimental boundary condi- 
tions which were chosen are: first, the 
inlet concentration is a harmonic function 
of time; second, at a sufficiently long 
distance down the bed the amplitude 
approaches zero. These boundary con- 
ditions can be represented as follows: 


eG, = A(0) cos wt 


(3a) 
c(o, = ¢, or A(z) = Oforz 


With the introduction of the above 
boundary conditions, the periodic steady- 
state solution resulting is: 


c(z, =c,, + cos @wt—¢) (4) 


where 


The functions B and ¢ are representative 
of the decrease in amplitude and the 
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TABLE 2.—TypicaL ExrpERIMENTAL DATA AND CALCULATED RESULTS * FREQUENCY RESPONSE TECHNIQUE 


1 2 3 + 5 6 7 8 9 10 11 12 
Periodic wave data 
Run Interstitial Inlet wave Outlet wave Frequency Axial Reynolds Peclet 
velocity Maximum Minimum Amplitude Maximum Minimum Amplitude rad./sec. diffusivity number number 
ft./sec. concen- concen- A; concen- concen- A, sq. ft./sec. d,vs d,u 
tration tration tration tration Dy 
Particle diameter 0.039 in.; porosity 0.34; height 3.01 ft. 
8 .0150 .757 .513 .633 .367 . 266 .0785 .000119 1.60 41 
7 .O151 789 .212 .726 .213 .453 .0519 .000103 1.61 .52 
6 .0224 .808 .192 .616 .734 . 267 .467 .0850 .000144 2.35 .50 
9 .0224 .734 .267 .634 .367 .267 126 .000132 2.58 .55 
5 .0326 .853 . 706 751 . 250 501 . 126 .000254 3.65 .38 
4 .0788 .861 .138 . 250 .499 .313 .000617 8.21 .43. 
3 . 146 .881 .120 .761 .781 . 220 .561 .523 .00116 15.35 .39 
2 .210 .868 132 .735 .766 .235 .785 .00164 22.16 AL 
1 .270 .918 .082 .836 .840 . 160 .680 .785 .00233 29.54 
Particle diameter 0.0083 in.; porosity 0.35; height 3.04 ft. 
25 00647 144 712 614 .0000075 60 
26 .0122 . 830 .659 .776 .224 .552 .0785 .0000175 .28 
21 .0193 .876 .124 .825 .650 105 .0000316 -42 .42 
22 .0293 .876 . 124 152 .820 .180 .640 .157 .0000543 .63 
23 .0630 .887 .774 .835 . 166 .669 .000121 1.38 36 
20 .0658 .152 .247 .505 .724 .275 .449 .314 .000164 1.64 30 
24 101 .913 .087 .826 .873 .125 .748 .000168 1.68 41 
19 . 190 .203 .594 .228 .544 .785 .000468 5.06 30 
phase shift of the outlet wave, respec- means of the Binomial Theorem and A; zw" Dr, 
tively. rejecting the imaginary terms, the follow- In B= (5b) 


Boundary conditions, other than that 
employed above, have been reported 
(4, 10), which eventually lead to the same 
approximate solution as Equation (5) 
below. The space required for analysis 
during these experiments was held to a 
minimum, thus maintaining bed con- 
tinuity across the boundaries. Hence the 
above infinite column boundary condi- 
tions, Equation (8a), appear compatible 
with the experimental technique em- 
ployed. 

Approximate Solution. An approximate 
form of the above solution can be 
employed when experimental conditions 
are such that the ratio, 4wD,/u?, is 
small. By changing Equation (4) to 
complex form, expanding the radical by 


ing approximate solution is obtained: 


c(Z, t) = + A(O) 


3 
4 


(5) 


The value of B can be approximated, 


3 2 


assuming the terms beginning with 
5ew+D,3/u?7 are insignificant, as 
9 
zw D, 
(5a) 
u 


The ratio of inlet to outlet amplitudes 
then leads to the equation 


from which D; can be calculated. For 
experiments in which the term, 
5zw!D,3/u7, is significant, the ratio of 
amplitudes can be approximated by the 
equation 


from which D, can be calculated by trial 
and error. The diffusivities were calcu- 
lated by one of the above approximations 
so that the maximum error in the value 
of B caused by the approximation is less 
than 1.5%, which is well within the 
error of measurement. 

Evaluation of axial diffusivity from 


TaBLe 3.—TypicaL ExPERIMENTAL DATA AND CALCULATED Resutts * Putse Function TECHNIQUE 


1 2 3 at 5 6 7 y 8 9 
Run Interstitial Average pulse data Maximum Residence Axial Reynolds Peclet 
velocity Maximum Area Under concentration time Diffusivity number number 
u Concen- Pulse of pulse of pulse 
tration Profile sq. ft./see. d,vop d,u 
ft./sec. g./liter X 10? g./liter X 10° Q/R-7 R Di 
60/80 Mesh spheres—particle diameter 0.0083 in.; porosity 0.35; height 5.12 ft. 
PIS .000773 .0305 12.81 1.35 .00000 105 
P16 .00154 .539 .0407 13.24 1.16 .00000265 .040 
P17 .00232 400 .0254 15.86 1.13 .00000294 .062 
P18 .00310 .543 .0362 14.98 1.08 .00000486 .085 44 
P19 .00587 .0262 16.72 1.09 .00000727 .16 .56 
P20 .00879 . 562 .0327 17.19 1.05 .23 .55 
P21 .0145 .632 .0347 18.23 1.04 .0000164 .38 61 
P22 .0215 .428 .0231 18.54 1.03 .0000239 .56 .62 
P23 .0315 .007 .0318 17.51 1.02 .0000402 .82 
V4 in. Raschig rings—particle diameter 0.27 in.; porosity 0.62; height 5.0 ft. 
P32 .00333 169 2.69 1.04 .000169 3.81 .36 
P30 -00811 . 569 .201 2.83 1.00 -000405 9.28 .37 
P31 . 203 2.91 1.00 .000830 20.4 39 
P29 .0362 .372 cike 3.17 1.01 -00140 40.4 47 
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measurement of the phase angles was 
not carried out during the present 
research, since the measurements of 
amplitude ratios provided a more accu- 
rate and reliable means of evaluation. 
Axial diffusivities calculated from phase 
shift gave poor accuracy and reproduci- 
bility. 

Nonsinusoidal Solution. The outlet 
wave from the pre-bed, or the inlet wave 
to the test section, was not always 
sinusoidal although periodic. Under these 
conditions, the periodic concentration 
wave could be represented by a Fourier 
series having the form 


Ao 


0.2) = 
c(0, 9 


(a, cos nwt + b, sin nwt) (7) 


n=1 


or the form 


c(0, t) = 
a (A,,(0) cos (nwt — (7a) 
where 


1 


A,(0) = [a,’ + 6,7] 


represents the amplitude of the n-th 
harmonic and 


ll 


vy, = (7c) 
n 


represents the phase lag of the n-th 
harmonic with reference to a pure cosine 
wave of the same frequency. Thus, as 
the above equations indicate, the periodic 
function is a combination of simple 
harmonic waves. The term a/2 repre- 
sents the neutral position: the terms, 
a, cos wt + bh sin wt, the fundamental 
wave; and the other terms, a, cos nwt + 
b, sin not, the higher harmonics. The 
outlet concentration wave then also 
must be represented by a Fourier series 
in which each harmonic component is 
damped and shifted in phase. By the 
principle of superposition, each harmonic 
in the outlet corresponds to the outlet 
expected if the corresponding harmonic 
in the inlet wave was the only inlet. 
Applying the periodic, but non-sinusoidal, 
inlet wave as a boundary value to the 
differential equation for the diffusion- 
convection mixing of a liquid flowing 
through fixed beds, results in the approxi- 
mate solution 


cz, = 
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Fig. 1. Flow-system-frequency-response experiments. 
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Fig. 2. Column-detail-frequency-response technique. 


This solution confirms the earlier 
statement that each harmonic component 
is dampened and shifted in phase. The 
fact that a periodic function can be 
resolved into its simple harmonic com- 
ponents permits the reduction of the 
inlet wave to its simple harmonic com- 
ponents, the application of each compo- 
nent to the system, and the construction 
of the general outlet case by addition of 
the components. The application of the 
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frequency response method to the periodi¢ 
concentration waves requires a harmonic 
analysis of the experimental functions, 
that is, a representation of the functions 
as Fourier Series. 

Sinusoidal Data. For the sinusoidal 
input concentration waves, the ratio of 
the inlet and outlet amplitudes was used 
to calculate the longitudinal diffusivity 
according to Equation (5b) or (6). 

The amplitude ratio was determined 
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in the following manner: the minimum 
and maximum concentrations for ten 
consecutive inlet sinusoidal waves and 
their corresponding outlet waves were 
averaged and were reported as in columns 
3, 4, 6, and 7, respectively, of Table 2. 
From these concentrations the amplitudes 
(columns 5 and 8), and hence the ampli- 
tude ratio, A;/A,, lead to the calculation 
of the axial diffusivity, D,, (column 10) 
as described above. 

Nonsinusoidal Data. For nonsinusoidal 
input waves the experimental inlet com- 
position wave must be converted into a 
form of the Fourier series. A numerical 
procedure known as the 12-ordinate 
scheme of harmonic analysis, discussed 
in Wylie (21), was used to determine the 
coefficients in the Fourier series. This 
numerical procedure is equivalent to the 
graphical method of approximating the 
periodic concentration wave when a 
series of harmonics, whose sum _ ap- 
proaches that of the given periodic 
function is assumed. For the numerical 
harmonic analysis the values of the 
concentration wave at intervals of one 
twelfth of a period were obtained by 
averaging a series of ten periodic inlet 
waves. From these concentration values, 
Co, C1, «++ Crz, the values of the Fourier 
coefficients a, and b, were obtained by a 
series of successive condensations. The 
Fourier series for the inlet wave resulting 
from the numerical analysis has the form: 


(0,) =F 


+a, coswi + 


+ a; cos dwt + b; sin 5wt (8) 


The corresponding series for the outlet 
wave must be 


+ ae" cos 6+ be sin 6--- 
cosnéd + sinné 
+ cos 56 + sin 56 (9) 
where 

6 = wt — 
The equation for B, approximated by the 


methods previously presented for sinu- 
soidal waves, is: 


(5a) 


The maximum concentration, c(z, t)maz; 
and the corresponding angle, 6, were 
averaged for the ten outlet waves. Sub- 
stitution of these values, c(z, t)maz and 4, 
and the coefficients a, and b,, determined 
from the harmonic analysis of the inlet 
wave, into Equation (9), results, after a 
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Fig. 3. Periodic sinusoidal waves (run 28). 
Prebed: 3-mm. spheres, height 1.5 ft. 


trial-and-error procedure in a value of B 
based upon the maximum concentration 
of the outlet wave. The calculation of B 
was simplified because the third and 
higher terms of the series represented by 
Equation (9) were small, and the expo- 
nential approached zero rapidly. This 
value of B for the peak concentration was 
then used to compute the entire outlet 
wave according to Equation (9). Com- 
parison of the calculated wave with the 
experimental outlet wave indicated that 
the evaluation of B from Equation (9), 
by substituting the value of the peak 
and angle of the outlet concentration 
wave, was valid. In Figure 4, the upper 
wave is the inlet nonsinusoidal wave 
employed to evaluate the coefficients of 
the Fourier series. The lower curve is the 
experimental outlet wave, and the points 
are those calculated from Equation (9) 
with values of B determined from the 
maximum outlet concentration point. 
The axial diffusivity was then deter- 
mined from Equation (5a). 


Pulse-Function Experiment 


It should also be possible to evaluate 
the axial mixing of liquids flowing through 
fixed beds from the shape of an outlet 
concentration profile resulting from a 
step function change in concentration at 
the inlet (4, 11, 19). However, experi- 
mental difficulties were encountered in 
obtaining a true step function and 
failure of this method to give reproducible 
results led to the consideration and use 
of the pulse function method (4, 13). 

Mathematical Representation. The pulse- 
function method is an extension of the 
step-function approach. The inlet bound- 
ary conditions are obtained by injecting 
instantaneously into the flowing stream 
a concentrated tracer solution. The con- 
centration profile for the pulse is deter- 
mined at the outlet of the test section. 
Danckwerts (4) has shown that the exit 
concentration profile for a unit pulse is 
the derivative of the dissribution function 
for a step function. Step-function experi- 
ments had indicated that adsorption of 
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the tracer substance occurred at low flow 
rates. Since the pulse-function runs were 
made at low flow rates, adsorption of the 
tracer also occurred. The mathematics of 
longitudinal diffusion combined with 
adsorption for fluids flowing through 
packed beds have been discussed by 
Lapidus and Amundson (11). The diffu- 
sion convection Equation (3), modified to 
include the adsorption effect, is 


ac 0c 0c 1 On 
—+ (10 
where 
n = amount of tracer adsorbed on the 


particle surface 
fractional void volume in the bed. 


II 


€ 


The solution to Equation (10) with the 
boundary conditions for an inlet step 
function for a finite column 


c(z,0) =0 (10a) 
n(z,0) =0 
c0,) = 1 t>0 (10b) 
and an assumed adsorption mechanism 
n=ke+ k, (10e) 
is 
i( ) 
co 2 V4RyS 
Ss R + P 
+ eer (11) 
V4RyS/) 
where 


k 
y = dimensionless adsorp- 
€ 


tion factor 


R = — , dimensionless time variable 


S = — , dimensionless mixing factor 
Zu 


The formula for the concentration profile 
for the unit pulse, resulting from the 
differentiation of Equation (11), is 


{ ( R-y R-y 
V 4RSy Sy 


l ( R+y 
12 
{ Vars,/ jis 


where Q is the quantity of tracer injected 
into the feed stream at time 0 and V 
is the void volume of the bed. Similar 
results have been obtained by Levenspiel 
and Smith (13). The values of S and y 
can be determined so that a calculated 
distribution curve will approximately 
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Fig. 5. Comparison of experimental and 
calculated outlet pulse function waves. 


duplicate an experimental concentration 
profile. The adsorption mechanism, Equa- 
tion (10c), which indicates that equili- 
brium is established at each point in the 
bed, was assumed for mathematical 
convenience and when checked against 
experimental pulse waves appeared to 
be a satisfactory mechanism. 

Evaluation of Data: During this research 
the pulse-function method was employed 
for runs made at low liquid flow rates, 
and also for runs using nonspherical 
particles. The fact that the area under 
the concentration profile for a unit pulse 
is equal to unity was of value in evaluating 
the axial diffusivity. The exit concentra- 
tion profiles recorded on the chart paper 
were converted to the proper concentra- 
tion units and time units; i.e, Vc/Q and 
R (columns 5 and 6, respectively, Table 
3). After several trial-and-error calcula- 
tions on a series of runs in which S and 
Y were approximated in order to duplicate 
an experimental pulse wave, it was found 
that under the experimental conditions 
used, the peak of the concentration pro- 
file occurred at R = y. Hence, the value 
of Vc/Q at the peak, determined by 
setting y = FR in Equation (12), is 


(4 
Q 2k 


Zu 
= (13) 


from which D,; can be ealeculated. The 
feasibility of using the maximum point 


Page 166 


Fig. 4. Variation of 
axial diffusivity with 
viscosity at constant 
velocity (u ~ 0.0023 
ft./sec.) and constant 
particle diameter 
(d,, = 0.039 in.). 
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C, = where 
D, = Dd,“ = Cu’. 


on the pulse function to calculate the 
axial diffusivity is shown in Figure 5, 
which is typical of the pulse-function 
runs. The curve is the experimental pulse 
profile, and the points are calculated 
from Equation (12) with the use of an 
axial diffusivity determined from the 
peak point. 

A differentiation of Equation (12) to 
determine the time at which the maxi- 
mum occurs in the output pulse does not 
indicate that R = y, and thus there is an 
inconsistency between the experimental 
data and Equation (12). However, the 
experimental value of R was always close 
to unity and the inconsistency was small 
as indicated by the agreement between 
the experimental data and the calculated 
curve in Figure 5. 


RESULTS 


The prime variables affecting axial 
mixing which were investigated were 
liquid velocity, particle size, particle 
shape and liquid viscosity. 


Liquid Velocity and Particle Size 


A series of experiments was made with 
spheres for each of four particle sizes 
(0.0083, 0.039, 0.133 and 0.265 in.) in 
which the interstitial velocity was varied 
from 0.0008 to 0.3 ft./sec. A plot of the 
logarithm of axial diffusivity as a function 
of the logarithm of interstitial velocity 
with particle size as parameter is pre- 
sented in Figure 6. Data from the two 
experimental techniques, the frequency 
response method (solid symbols) covering 
the high flow rates and the pulse-function 
method (empty symbols) covering the 
low flow rates, are presented in the figure. 
The data from both techniques for a 
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| INTERSTITIAL VELOCITY, u, ft/sec. } 


single particle size results in a straight- 
line relationship between the logarithm 
of axial diffusivity and the logarithm of 
interstitial velocity. The correlation of 
data obtained by both methods indicated 
the axial diffusivity measurements were 
quite reliable and not dependent upon 
the experimental technique employed. 

The family of straight lines in Figure 6 
is drawn with equal slopes. The separate 
slopes of each set of data were obtained 
by least squares, and the common slope 
was determined by a simultaneous least- 
squares method. Statistical tests indicate 
that the differences between the indi- 
vidual slopes and the common slope 
might reasonably be caused by sampling 
variation, i.e., the common slope does 
not differ significantly from the individual 
slopes (16). The value of the common 
slope is 1.08 and its standard deviation 
is 0.02. Statistical tests also indicate 
that a common theoretical slope of one, 
which would result if the axial diffusivity 
were directly proportional to the inter- 
stitial velocity, differs significantly from 
the slopes obtained from the experimental 
data. 

In Figure 6 the straight-line relation- 
ship does not exist for the 0.133-in. spher- 
ical particles for interstitial velocities 
greater than 0.06 ft./sec. In this range 
the axial diffusivity does not increase as 
rapidly with the increase in interstitial 
velocity as in the lower range. The same 
is true for the 0.265-in. spheres at inter- 
stitial velocities greater than 0.02 ft./sec. 

Figure 6 also indicates a relationship 
between axial diffusivity and particle 
size. The relationship between the axial 
diffusivity, particle size, and interstitial 
velocity can be represented by the 
equation 
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Fig. 10. Peclet number vs. Reynolds number correlation. 


particle shape on the mixing of liquids 
flowing through a packed bed. The 
smallest available Raschig rings, Berl 
saddles, and Intalox saddles, each having 
a nominal size of 14 in., were used. Glass 
spheres, of 6 mm. diam. were also investi- 
gated to obtain a comparison of the 
large odd shapes with spheres of an 
approximate equivalent diameter. The 
properties of the various packings are 
presented in Table 1. The data for the 
above packings are plotted in Figure 7 
which shows the relationship between 
axial diffusivity and interstitial velocity. 
Both experimental procedures, the fre- 
quency response method, and the pulse 
function method, were used in obtaining 
data for the 6-mm. glass spheres to 
establish the reproducibility of the 
techniques for the large d,/d, ratio. The 
axial diffusivities for the other packings 
were obtained by pulse-function experi- 
ments. Data for all packings studied, 
having an equivalent diameter in the 
range 0.20 to 0.26 in., fall approximately 
along the same line. This indicates that 
the axial mixing is dependent upon the 
size of the particle and not the shape of 
the particle in so far as it has been 
investigated. 


Liquid Viscosity 


A series of runs was made to determine 
the effect of viscosity. Aqueous solutions 
containing various percentages of propy- 
lene glycol were used to vary the vis- 
cosity. During these experiments the 
particle diameter (0.039 in.) and the linear 
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velocity (approximately 0.002 ft./sec.) 
were held constant, with the viscosity 
being the only variable. Figure 8 shows 
that over the viscosity range covered, 
1 to 26 centipoises, there was no variation 
in axial diffusivity. 


General Correlation 


The preceding correlations suggested a 
relationship between the ratio, Dzp/p, 
and a modified Reynolds number, d,up/p, 
based upon interstitial velocity and 
particle diameter. The ratio, Drp/u, is a 
dimensionless diffusivity ratio since it is 
actually axial diffusivity divided by 
kinematic viscosity. The values of Di p/u 
are plotted as a function of d,u/u in 
Figure 9. All the data of this investigation 
(86 points), even that for Raschig rings, 
Berl saddles, and Intalox saddles are 
correlated by a single curve which for 
values of d,up/u < 100 may be repre- 
sented by the equation 


Dip/u = 1.92(djup/u)'’ (15) 


The coefficients evaluated from the data 
have the following standard deviations: 


1.92 + 0.02 
1.06 + 0.01 


In order to remove the possibility that 
the nonspheres were effecting the corre- 
lation, the constants were recalculated 
for all data obtained with spherical 
packing. There was no significant varia- 
tion in the values of the constants. 


A.1.Ch.E. Journal 


Experimental Variables 


Several variables resulting from the 
experimental techniques were also in- 
vestigated. The frequency and amplitude 
of the periodic function in the frequency- 
response experiments were varied and 
found to have no effect on the axial 
diffusivity. A second dye was used as 
tracer and previous results were dupli- 
cated. The column diameter was held 
constant in all experiments. Several runs 
were made with various bed lengths and 
no noticeable variation in axial diffusivity 
measurements was observed. The length 
of the packed testing sections used and 
the method of analysis employed made 
end-effects negligible. 


DISCUSSION 


The results of this study of axial mixing 
in liquids flowing through beds of packed 
solids are graphically compared in Figure 
10 with the results of other investigations 
concerning the axial and radial mixing of 
gases and liquids flowing through beds. 
Modified Peclet numbers, d,w/Dz,, are 
plotted as ‘a function of Reynolds number, 
d,V.p/u. The results of this study are 
represented by the symbols in the lower 
portion of the figure. Peclet. numbers 


‘varied from 0.3 to 0.8 for the range of 


Reynolds numbers from 0.01 to 150. 
Kramers and Alberda (10), using the 
frequency-response method, investigated 
the longitudinal mixing of water flowing 
through a column (diam.: 2.9 in., length: 
13.4 in.) packed with 34-in. Raschig rings. 
The value of Peclet number, 0.86, computed 
from the data of Kramers and Alberda, is 
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shown in Figure 10 for the two water 
velocities investigated (Reynolds numbers: 
85 and 155). The data agree with the results 
of this research. 

Another experiment concerning the axial 
mixing of water flowing through a bed 
(diam.: 1.9 in.; length: 4.6 ft.), packed with 
3é-in. Raschig rings has been presented by 
Danckwerts (4). The value of Peclet 
number, 0.49, for a Reynolds number of 22 
is also in agreement with the data of this 
research as indicated by Figure 10. 

Measurements on the axial mixing of 
binary gas mixtures flowing through a 
random bed of spherical particles have been 
reported by McHenry and Wilhelm (14). 
The test columns of 1.93 in. diam., were 
randomly packed with 0.127-in. spherical 
particles to a height varying from 1 to 3 ft. 
For the gas systems H.-N, and C,H,-N, 
and for Reynolds numbers between 10 and 
400, the mean of 21 determinations of axial 
Peclet number was 1.88 + 0.15. The curve 
shown in Figure 10 summarizes graphically 
the data of McHenry and Wilhelm. 

The axial mixing data for the gas systems 
does not coincide with the results for the 
liquid systems. The greater degree of axial 
mixing in liquid systems results probably 
from the increased by-passing, trapping, 
and short-circuiting of the liquid packets, 
since there is less efficient mixing within the 
void cells themselves. Thus, if the Reynolds 
number range were increased beyond 170 
for liquid systems, the values of axial 
Peclet numbers would approach those of 
the gas system. This should result since the 
greater turbulence would create a higher 
degree of mixing in the void cells, hence 
less by-passing and short-circuiting, and 
thus less axial mixing for the bed as a whole. 

A comparison of the axial mixing data 
with data from the literature concerning 
radial mixing is also made in Figure 10. 
The point-source method was employed to 
evaluate the extent of radial mixing for 
both liquid and gas systems. The curves 
shown are a summary of the data of 
Bernard, Latinen, and Wilhelm (3, 12, 20) 
and are representative of other radial 
mixing investigations (7, 15). The data for 
gas systems indicate that radial Peclet 
number is approximately 10 for Reynolds 
numbers between 25 and 600. The liquid 
systems show a constant Peclet number of 
11 for Reynolds numbers greater than 150, 
with an increase in Peclet numbers below 
this region. The results of both investiga- 
tions agree with the statistical ‘random- 
walk’’ approach of Baron (2) who predicted 
a Peclet number of 11 for fully developed 
turbulence. The above comparisons indicate 
that for flow through packed beds a greater 
degree of mixing exists in the axial direction 
than in the radial direction. 

The curves for molecular diffusion for 
the three gas systems and the water-dye 
system are included in Figure 10. These 
curves indicate the large increase in mixing 
occurring because of processes other than 
molecular diffusion. At low flow rates, with 
other effects being negligible, the curves for 
effective and molecular diffusion should 
merge. 
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NOTATION 

a = constant 

Qn = coefficients of cosine terms of 
Fourier series 

A, = outlet amplitude 

A; = inlet amplitude 

A(O) = amplitude of inlet concentra- 
tion waves 

A(z) = amplitude of concentration wave 
at z 


A,(0) = amplitude of n-th harmonic in 
periodic wave 


b = constant 

b, = coefficients of sine terms of 
Fourier series 

B = function representative of the 
decrease in amplitude of outlet 
wave 

c = concentration of tracer in solu- 
tion, moles/unit volume or 


g./unit volume 

ce = mean composition about which 
concentration oscillates in fre- 
quency response experiments 


& = concentration values employed 
in numerical harmonic analysis 

Co = initial concentration of solution 
admitted to bed 

C = constant 

Oc 

“i = concentration gradient, moles/ 
(cu. ft.)/(ft.) 

d, = particle diameter, in. 

d, = tube or column diameter, in. or 
ft. 

D, = effective axial diffusivity, sq. ft./ 
sec. 

Dp = effective radial diffusivity, sq. 
ft./sec. 

Dr = totaleffective diffusivity, sq. ft./ 
sec. 

D, = molecular diffusivity, sq. ft./sec. 

k,, = adsorption velocity constant, 

n = number of harmonic 

N = mass transfer rate, moles/(sec.) 
(sq. ft.) 

Pe = Peclet number; radial, d,u/Dp 
or axial, d,u/Dz, 

Q = quantity of tracer injected in 
pulse function experiments, 
moles 

r = radial coordinate in cylindrical 
coordinate system 

R = dimensionless time ratio, ut/z 

Re = Reynolds number, d,»p/u or 
d,up/u 

S = dimensionless diffusivity ratio, 
D,/zu 

t = time, sec. 

u = mean linear velocity (interstitial 
velocity), ft./sec. 

Up = superficial velocity based on 


empty column, ft./sec. 

void volume of bed, cu. ft. 
longitudinal coordinate in cy- 
lindrical coordinate system 


V 


x 
Il 
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function of adsorption velocity 

constant, equivalent to 1+ k,/e 

6 = angle of periodic wave, equiva- 
lent to (wt — ¢) 

de = mixing diffusivity, sq. ft./sec. 

& = fraction void or porosity of 

packed bed 


n = amount of tracer adsorbed on 
particle surface, moles/unit vol- 
ume of bed 


= viscosity of solution, centipoise 
= density of, solution, g./ce. 


= function representative of the 
phase shift of outlet wave 

= phase lag of n-th harmonic in 
periodic wave 


< GR 
| 


w = angular frequency of periodic 
wave, rad./sec. 
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The Role of Porosity in Filtration 
Part 3: Variable-pressure—Variable-rate Filtration 


Virtually all filtration literature has been concerned with constant rate or constant pressure 
with greater emphasis on the latter. In contrast to these types of operations, industrial 
filtrations involving centrifugal pumps are accomplished under variable-pressure—variable- 
rate conditions. In spite of its importance virtually no work has been reported in connection 
with variable-rate—variable-pressure filtration. Formulas developed for constant pressure 
and constant-rate filtration are not in general applicable to operations effected by cen- 
trifugal pumps. Methods solving variable-pressure-variable-rate filtration problems are 


presented. 


A method of determining average filtration resistance as a function of compressive 
pressure under variable-pressure—variable-rate conditions is discussed, and formulas for 
determining point filtration resistance from data for average resistances are presented. 


In previous articles in this series, 
graphical procedures for constant-pres- 
sure and constant-rate filtration (6) and 
analytical equations for constant-rate 
filtration (7) were developed. Variation 
in porosity throughout the filter bed and 
relationships of porosity to filtration 
resistance served as a basis for predicting 
pressure and volume as a function of time. 
In this paper emphasis is placed on the 
solution of filtration problems in which 
neither rate nor pressure is maintained 
constant. While porosity does not ex- 
plicitly enter the equations presented, it 
is an important factor in determining the 
filtration resistance. 

Current development of the mathe- 
matical art of filtration depends on a 
number of assumptions which have been 
only indirectly substantiated. Among the 
more important postulates are 


1. Ultimate values of porosity are 
attained instantaneously. This assumption 
is probably valid for filtrations in which 
pressure increases slowly. 

2. There is point contact between 
particles. The basic equation, p, + p, = p, 
where p, is the hydraulic pressure, p, the 
solid compressive pressure, and p_ the 
applied filtration pressure, depends upon 
the postulate of point contact. 

3. The point filtration resistance of a 
given solid is determined by the porosity, 
which in turn depends upon the compressive 
solid pressure p,. 

4. The porosity or specific filtration re- 
sistance determined under a given mechan- 
ical loading p, in a compression-perme- 
ability cell is the same as the porosity or 
resistance at a point in a filter cake where 
the solid pressure (computed by p, = 
p — p,) is the same as the mechanical 
loading in the compression-permeability 
cell. 

5. Flow is viscous. In general investiga- 
tors have not concerned themselves with 
turbulent flow. 


As the mathematical theory largely 
rests on item 4, it is perhaps the most 
important assumption. While the results 
of Grace (2) and Kottwitz (4) lend 
validity to the postulate, complete verifi- 
cation must await simultaneous experi- 
mental determination of porosity and 


For Parts 1 and 2, see references 6 and 7. 
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hydraulic pressure variations within an 
actual filter cake. 


TYPES OF FILTRATION 


For purposes of mathematical treat- 
ment, filtration operations are classified 
according to the variation of the pressure 
and flow rate with time. Generally, the 
pumping mechanism determines the flow 
characteristics and serves as a basis for 
division into the following categories: 

1. Constant pressure filtration. Actuating 
mechanism is compressed air maintained at 
a constant pressure. 

2. Constant rate filtration. Positive dis- 
placement pumps of various types are 
employed. 

3. Variable-pressure—-variable-rate filtra- 
tion. The use of a centrifugal pump results 
in the rate varying with the back pressure 
on the pump. 

4. Stepped pressure. For experimental 
purposes, it is possible to manually increase 
pressure during a filtration and simulate 
various pumping conditions. 


Flow rate vs. pressure characteristics for 
the four types of filtration are illustrated 
in Figure 1. Arrows drawn on the curves 
point in the direction of increasing time. 
The constant pressure curve is repre- 
sented by a vertical line, the downward 
arrows indicating that the rate decreases 
with time. Drawn horizontally, the con- 
stant-rate filtration curve has arrows 
pointing to increasing pressure with time. 
The rate for a filter actuated by a 
centrifugal pump will follow the down- 
ward trend of the variable-pressure— 
variable-rate curve. Depending upon the 
characteristics of the centrifugal pump, 
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widely differing curves may be encount- 
ered. If the first portion of the curve is 
nearly flat, the pump will produce a 
filtration which is almost at constant 
rate. The dotted curve is approximately 
equivalent to a filtration carried out first 
at constant rate and then at constant 
pressure. 

In laboratory practice, it is possible to 
duplicate any desired conditions with 
stepped-pressure operation (3). If an 
experimental press is instrumented for 
determining flow rate, the pressure may 
be modified to give any predetermined 
rate characteristics. 

In the literature, by far the greatest 
attention has been focused on constant- 
pressure filtration. While a small amount 
of effort has been directed toward the 
more significant constant-rate filtration, 
the industrially important area of vari- 
able-pressure—variable-rate filtration has 
been virtually untouched. The remainder 
of this paper will be devoted to developing 
methods for predicting pressure-volume- 
time relationships in variable-pressure- 
variable-rate operation. In addition, the 
author will discuss his belief that this 
type of filtration is more simple than 
either constant-pressure or constant-rate 
filtration for determination of cake 
characteristics. 


BASIC EQUATIONS 


As liquid flows frictionally through a 
bed of compressible solids, viscous drag 
on the particles produces an accumulative 
compressive pressure which causes the 
porosity to decrease as the supporting 
medium is approached. For point contact 
between solids, the following relation 
holds (1, 6, 7): 


dp, + dp, = 0 (1) 


where p, is the hydraulic pressure at a 
distance x from the surface of the cake 


TABLE 1 
Rate of 
Filtration Pressure at Pressure filtration q,, Value of v, from 
Pressure medium difference, gal./ integral (150) 
lb./sq. in. Ib./sq. in.  |b./sq. in. (min.)(sq. ft.) Eq. (15d) gal./sq. ft. 
5 5 0 0.540 0 0 
10 4.9 5.1 0.506 52.5(107!) 8.4 
15 4.6 10.4 0.470 72.0 12.5 
20 4,2 15.8 0.434 88.0 16.5 
25 3.8 21.2 0.391 102.5 21.3 
30 3.4 26.6 0.336 115.5 28.1 
35 2.5 32.5 0.263 129.0 39.9 
40 1.7 38.3 0.172 140.0 65.2 
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(Figure 2) and p, is the solid compressive 
pressure. Integration of (1) yields 


determining p vs. 6 and v vs. @ relations. 
In general v would be determined as a 


to gallons, and pounds force/square foot 
to pounds force/square inch as follows: 


function of p in the first step if Equation : : 
D. + Pz = p (2) (8) is utilized. In the second step Equa- 0 = 606, (11) 
4] where p is the applied pressure at the tion’ (9) ie employed for finding the q = q,/(60)(7.48) = 0.00226q, (12) 
thie v vs. 0 relationship based upon graphical 
ER The fundamental equation relating the ‘tegration of the following equation v = v,/7.48 (13) 
pressure gradient to the rate of flow is > Wy 
cas [reference 2, Equation (1)| (10) P= (14) 
dp 2 Substitution in Equation (8) yields 
a where w, represents the pounds of dry 7.48 (0.001(0.003)(62.4)(0.00226) q, Jo Os 
nt solid deposited per square foot in the 8.14(10") pe* dy 
sly first « feet, dw, pounds of dry solid per Equations (8) and (10) are the basic ea / = (15D) 
rst square foot in distance dz, and dp, the formulas necessary for solution of vari- qo . ° 
unt hydraulic pressure drop. Since dp, =  able-rate—variable-pressure filtrations. The pressure ¥ required to overcome the 
—dp,, Equation (3) may be rewritten as resistance of the medium is obtained from 
to EXAMPLE I. Equation (6); thus 
ith Je ba = aud (4) Tale is to be filtered in a press with a (0.001)(2)(10"°)(0.00226) 
hi dw, centrifugal pump having the following i= (32 17)(144) q, (16a) 
In general a, is related experimentally characteristics: 
ed to p, (1, 2, 4) or may be calculated by Qo» a y, = 9.75q, (16b) 
empirical or theoretical equations (7). gal./(min. )(sq. ft.) Ib./sq. in. Ki : . i 
inally Equation (10) becomes 
eat Equation (4) may be rearranged and 0 43.5 
nt- integrated to give 0.1 42.6 dy, 
the dw, = w= dp. (5) 
on, Ap ug Jo a, 05 63 The lowest pressure for which a value of 
a, is known is 1.10 Ib./sq. in. As it is 
The pressure p; is given by 0.57 0 necessary to determine the area under the 
nas 1/a, curve starting at = 0, an extrapola- 
ler g-p~i = wR, (6) Values of specific resistance, a,, in ft./ tion as indicated by the dotted lines 
ing ' ; e (Ib. mass) are as follows: (Figure 3) is necessary. In Part 2 (7) of this 
ne- Equation (5) relates the total cake a y series of papers, the filtration resistance for 
re- mass w to the applied pressure p. As a Te Ib. /sq. in. tale was found to vary as the 0.506 power 
the rule it is more convenient to deal with a of We. Using the values previously deter- 
ce filtrate volume v than it is with dry mass 1.057(10") 1.10 mined, one may write a, as 
his 1.39 293 y write a, as 
of cake w. If the variables are to be 1197 4 50 
mre changed, it is necessary to use the material 2 51 79 a, = 8.66110) y, (18) 
ike balance 3.03 11.3 This expression is possibly valid down to 
ae ee 3.67 17.1 some low pressure in the neighborhood of 
(7) 4.19 22.7 0.1 lb./sq. in. Below this pressure the 
4.78 28.3 porosity and specific resistance would 
Since m changes throughout the cake 6.46 47.9 approach constant values. For lack of more 
ha and with time, Equation (7) is generally ; information and as a reasonable estimate, 
rag used only as an approximation (7) with Other values necessary to the solution are it will be assumed that a, approaches its 
ive m considered constant. Replacing w in uw = 0.001 lb. mass/(ft.)(sec.) limiting value at 0.1 Ib./sq. in. With 
the (5) yields p = 62.4 lb. mass/cu. ft. Ye = Ot, a, in Equation (18) becomes 
m = 2,0(10") ft.- the curves in Figure 3. 
= dp. (8) = 25 ) average The area under the 1/a, curve (Figure 3) 
on LSpY 0 a value) between 0 and 1.0 lb./sq. in. is a large 
fraction of the total area, amounting to 
1e Integration In (8) is carried out at The value chosen for the medium resist- about 15% of the area from 0 to 50 lb./ 
(1) some instant of time when the rate of ance is of a reasonable order of magnitude sq. in. For materials more compressible than 
filtration is q and the applied pressure and corresponds to values which might be _ tale, the area between 0 and 1.0 Ib./sq. in. 
ta is p. Although q is a function of p, it is encountered in practice. It is convenient to could become the major portion of the 
ake not necessary to have q under the integral change from seconds to minutes, cubic feet integral. For filtrations carried out to 
sign as a part of the integrand. 
In order to introduce time as a variable, 
it is necessary to use the relations TABLE 2 
renee Filtrate Value of integral Rate of filtration Filtration Medium 
dv = qd = Se ae (9) volume 9m» Min. or gal./ pressure, pressure, 
Sp Um, gal./sq. ft. [Equation (17)] (min.)(sq. ft.) Ib. /sq. in. Ib./sq. in. 
As discussed in a previous paper (7), 0 ge 0.540 5.0 2s 
Equation (9) is valid only if m remains 
essentially constant and dm/d@ is virtually 30 69 0.322 3 
zero. This condition is generally fulfilled 40 103 0.263 35 0 26 
in filtrations which continue for more 50 145 0.218 37.5 2.1 
than a minute or two. 60 195 0.186 39.4 1.8 
Equations (8) and (9) are used for 70 253 0.160 40.3 1.6 
58 Vol. 4, No. 2 A.1.Ch.E. Journal Page 171 
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Fig. 1. Flow rate vs. pressure. 


pressures of 100 to 150 Ib./sq. in., the area 
under the 0 to 1.0 lb./sq. in. is not so 
significant for compressibility coefficients, 
n, less than 0.5 to 0.7. However, for low- 
pressure filtrations as effected by rotary 
vacuum operation, the area under the 
0 to 1.0 lb./sq. in. portion of the curve 
might become a significant portion of the 
total area. While it is difficult to obtain 
compression-permeability data at very 
low pressures, it is important to carry 
experiments to as low a pressure as possible 
to minimize the need for excessive extrap- 
olation. 

In order to obtain v, in (15b) as a function 
of the pressure y, it is necessary to find y 
and g, for various times. In Figure 4 the 
pump rate is plotted against both the pres- 
sure ¥; [Equation (16b)] at the entrance to 
the medium and the filtration pressure y 
in pounds/square inch, At the instant that 
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Fig. 4. Pump rate vs. p and pf. 


flow is started, the entire pressure drop will 
be across the medium, and the initial pres- 
sure and rate can be found at A, where the 
two curves intersect. As time progresses, 
the rate will drop; the pressure y at the 
surface of the cake will increase; and the 
pressure at the medium y; will decrease. In 
general the pressure drop across the cake 
will be given by lines like BC. 
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From Figure 4 q,, ¥, and y: can be ob- 
tained, and the value of the integral in 
Equation (15b) can be taken from Figure 3. 
The volume then may be calculated from 
Equation (15) as illustrated in Table 1. 

To complete the problem, the time must 
be calculated by use of Equation (17) with 
a graphical integration of a plot of the 
reciprocal of the rate q, vs. the volume of 
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mepiuM filtrate per square foot, v,. (Figure 5). With 


values of g, the pressure can be found from 
Figure 4 as demonstrated in Table 2. 

Plots of the volume per unit area, filtra- 
tion pressure, and pressure at the medium 
vs. the time are shown in Figure 6. The 
medium pressure decreases as the rate drops 
off. The filtration pressure increases : with 
time and begins to approach a constant 
pressure toward the end of the curve. The 
inflection at the first of the curve is caused 
by the relatively large area under the 
1/a, vs. ¥, curve in the low-pressure region 
under 1.0 Ib./sq. in. 


SIMPLIFIED EQUATIONS 


A simplified equation can be developed 
if the filtration resistance is constant and 
the pump rate is linear with pressure. 
For practical purposes, average values of 
resistances can be used over short 
pressure intervals and, as will be demon- 
strated, harmonic mean rates may be 
employed. 

If the average resistance is a, integra- 
tion and rearrangement of Equation (8) 
leads to 

aups — 
1 — ms q 


(19) 
— 


if q is linear in p, then the relationship 
between p and qg can be expressed in 
either of the following ways: 


g= — Kp = K(pn — p) (20) 


Equations (19) and (20) combined with 
Equation (9), dv = q dé, are sufficient for 
a solution of the p-v-0 relationships. 
Substitution in Equation (19) for q as 
presented in Equation (20) will give the 
v vs. p relation. To obtain a relationship 
between v and 8, it is convenient first to 
eliminate p rather than q from Equation 
(19) as follows: 


1 — ms (21a) 
q 
The term q@/K = p, represents the 


maximum pressure (Figure 7) attainable 
by the pump, if the characteristics are 
linear, or the intercept of the straight- 
line approximation on the pressure axis. 


(21b) 
Taking the differential yields 
aps d 
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Fig. 5. Graphical integration for determination of time. 


Eliminating dv by means of Equation (9), 
solving for d#, and placing the proper 
limits on the integral signs leads to 


6 qa 
a 


1— ms 


where the rate at the beginning of the 
period is q: as shown in Figure 7. Inte- 
gration produces 


Substitution for g yields the desired p vs. 
6 formula; thus 


apps 


(qo — Kpyo)° 


when io is the value of the pressure p; 
at the septum when time is 4, and the 
rate is qm. From Equation (216) it is 
possible to obtain (v — »;) in the following 
form 


The average rate of filtration during the 
period to is Av/A@ or (v — v1) — 4:1). 
The latter term can be found by dividing 
Equation (26) by Equation (24) to 
produce 


Av 29% 

Aé ( ) 
Vol. 4, No. 2 


or in reciprocal form 


1 
Gao @8) 
Thus qa, is the harmonic mean of q and 
qu. Elimination of 1/q between Equations 


(24) and (26) gives 


apps , (29) 
1—ms 29D 


Thus over relatively short pressure ranges 
where a does not change too much the 
v vs. 8 curves will be parabolic. 

Figure 7 presents graphical interpreta- 
tion of the quantities in Equation (29). 
The straight line running from q to p, 
represents an approximation of the rate 
vs. pressure curve (dotted). The value 
qi is the rate of filtration at the beginning 
of the region under consideration, and 
the pressure pio is the pressure at the 
medium when the rate is q:. The values 
gq; and py are related by the equation 


If R,, = 0, pi is also zero; and q: equals 
qo, the pump rate at zero pressure. 
Eliminating gq: from Equation (24) yields 


aups (v — 
1— ms 29.Dm 


uh,,.(v v;) 
J -Pio 


6-6, = 
(31) 


Equation (31) would be identical with 
the well-known parabolic relation between 
@ and v in constant pressure filtration 
[reference 6, Equation (53)] if p,, and 
pi Were placed equal to the applied 
filtration pressure. When the medium 
resistance FR, is zero, Equation (29) 
reduces to 
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_ 
9-PmO (; 2 + JcPm Yo (32) 


when v, and @, are placed equal to zero. 


ANALYSIS OF EXPERIMENTAL DATA 


The experimental determination of 
filtration resistance involves difficulties 
whenever constant pressure or constant 
rate filtration is employed. Although 
many chemical engineering laboratories 
are equipped with monte-jus for pro- 
ducing constant-pressure filtration, diffi- 
culties are generally encountered in 
keeping the slurry uniformly suspended 
in the closed pressure vessel without the 
characteristics of the precipitate being 
affected. Constant-rate filtration presents 
problems with respest to maintaining an 
absolutely constant rate. The slope of the 
pressure-time curve in constant-rate 
filtration varies as the square of the rate, 
and consequently variations in rate lead 
to larger errors in calculated values. 
Although it is possible to utilize either 
constant-pressure or constant-rate filtra- 
tion if the proper precautions are observed, 
variable-pressure-variable-rate operation 
can be accomplished in a simpler manner 
with less involved equipment. 

Basically all that is needed is a tank 
with a stirrer connected to a filter press 
by a pump. While any pumping device 
can be used, it is essential to avoid 
changing the nature of the precipitate 
during the pumping and stirring opera- 
tion. A high-speed centrifugal pump may 
develop shearing force on the particles 
sufficient to cause a breakdown of the 
particles with resulting increase in 
filtration resistance. Practically it is 
difficult to find pumps with sufficiently 
small capacity for the size of filter con- 
venient to laboratory testing. 

If the average specific resistance is 
defined by 
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dp, dp, 
a; a, 


Equation (8) becomes 


ms) E | (34) 
Qa 


This equation may be placed in any of the 
following three forms: 


+ Ra) 
(35) 
+ R,,) 
+ R,, (36) 
= anq + (37) 


Equation (35) is the familiar form of the 
filtration equation. Either Equation (36) 
or (37) may serve as the basis for deter- 
mining a. Equation (37) is satisfactory 
if R,, is so small that p: can be neglected. 
In general Equation (36) is the best form 
to use. 

As illustrated in Figure 8, the term 
g-p/uq can be plotted against the value 
of w (5). In accordance with Equation 
(36), the average value of the filtration 
resistance @ is given by 


(gp/ug) — Rn 
w 


(38) 


which is equivalent to a being the tangent 
of angle ABC in Figure 8. An empirical 
relationship between the average a and 
the pressure p — pi = p, can be obtained 
from an analysis of the graph in accord- 
ance with Equation (38). Having the a 
VS. Pp — pi = p, data, one can derive the 
point filtration resistance a, as a function 
of p, rather than having to resort to its 
experimental determination in a permea- 
bility-compression cell. Rearranging 
Equation (33) gives 


"dp. _ Ds 
(39) 


a, 
Differentiating with respect to p, yields 


dp, _ adp, — p, da 


(40) 
a, 
Solving for a, results in 
Qa Qa 
pda ,_ dina 
a dp, d \n p, 


If a plot of In a vs. In p, yields a straight 
line of slope n, Equation (41) reduces to 


a= (42) 
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Fig. 8. Graph for determination of average a. 


Equation (42) is a satisfactory approxi- 
mation when 7 is less than approximately 
0.5 to 0.7. 


NOTATION 

g- = conversion factor, poundal/Ib. 
force, (Ib. mass) (ft.)/(Ib. force) 
(sec.?) 

L = cake thickness, ft. 

K = absolute value of slope of rate vs. 


pressure curve, Equation (20), 
cu. {t./(sq. ft.) (sec.) (Ib. force) 


m = ratio of mass of wet to mass of 
dry cake, dimensionless 

n = compressibility factor, slope of 
In a vs. In p, plot, dimensions 
meaningless 

p = applied filtration pressure, lb. 


force/sq. ft. (Previously the author 
used P for pressure in pounds 
force/square feet and p for pres- 
sure expressed as pounds force/ 
square inches. A change was made 
in this paper to conform with the 
A.I.Ch.E. standards for nomen- 
clature presented by Mott Sou- 
ders in Chem. Eng. Progr., 52, 255 
(1956).) 
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Pm = Maximum pressure delivered by 
pump, lb. force/sq. ft. 

p. = solid compressive pressure at dis- 
tance x from surface of cake, also 
total compressive pressure, lb. 
force/sq. ft. 


p, = hydraulic pressure at distance x 
from surface of cake, lb. force/ 
sq. ft. 

p~. = pressure at interface of medium 
and cake, lb. force/sq. ft. 

Pio = value of p: when time equals hi, 


lb. force/sq. ft. 

q = rate of filtration, cu. ft./(sq. ft.) 
(sec.) 

Yavo = harmonic mean rate defined by 
Equation (28), cu. ft./(sq. ft.) 


(sec.) 

% = rate of filtration, gal./(sq. ft.) 
(min.) 

qo = rate of filtration when time equals 
61, cu. ft./(sq. ft.) (sec.) 

qo = rate of filtration when pump pres- 


sure is zero (Figure 7), cu. ft./ 
(sq. ft.) (sec.) 
R,, = medium resistance, ft.-! 


s = fraction solids in slurry, dimen- 
sionless 

v = volume of filtrate, cu. ft./sq. ft. 

v, = volume of filtrate, gal./sq. ft. 

v%: = volume of filtrate when time equals 
6:, cu. ft./sq. ft. 

x = distance from surface of cake, ft. 

w = total mass of dry solids per unit 
area, lb. mass/sq. ft. 

w, = mass of solids per unit area in 


distance x from surface of cake, 
lb. mass/sq. ft. 


a@ = average specific resistance defined 
by Equation (33), ft./lb. mass 
a, = value of specific resistance at 


distance x from cake surface and 
where solid compressive pressure 
is ps, {t./lb. mass 


6 = time, sec. 

6, = time, min. 

6, = arbitrary time, sec. 

viscosity, Ib. mass/(ft.)(sec.) 

p = density, lb. mass/cu. ft. 

wy = pressure, lb. force/sq. in. 

= solid compressive pressure, |b. 
force/sq. in. 

yi = pressure at interface between cake 


and medium, lb. force/sq. in. 
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Prediction of Resistance in Constant- 
Pressure Cake Filtration 


Methods of predicting resistance in constant-pressure cake filtration have been classified 
into three groups, (1) basic particle and cake properties, (2) permeability tests, and (3) 
small-scale filtration tests. Methods 2 and 3 involve the concept of specific filtration resist- 
ance, a property characteristic of each unit mass of deposited cake, and these methods 
were extensively investigated in the laboratory. Specific resistances for three chemical 
slurries were determined by laboratory filtrations and filter- and compression-permeability 
tests. Results of these investigations showed that specific filtration resistance could be 
predicted from compression-permeability test data. 

Filtration tests made on commercial-scale equipment operating on pearl cornstarch 
illustrated the correlation between predicted and actual specific resistance values, the 
resistance predicted from compression-permeability test data agreeing very well with the 


actual resistance of the prefilt. 


Prediction of the characteristics of 
filtration usually involves consideration 
of some form of resistance. The problem 
of determining the resistance has long 
been the subject of theoretical and 
experimental investigations, and the 
methods used may be classified in de- 
creasing fundamental .order as_ those 
involving (1) basie particle and cake 
properties, (2) permeability tests, and 
(3) small-scale filtration tests. 

In the first of these, the deposited filter 
cake is considered as a porous medium 
and the filtrate rate the resulting fluid 
permeability, expressible in terms of 
known particle-cake properties. This was 
qualitatively stated as early as 1908 by 
Hatschek (8) and more recently quanti- 
tatively treated through the development 
of the Kozeny-Carman and similar 
equations (/ to 5, 9, 12, 13, 17). Unfor- 
tunately, the determination of the neces- 
sary particle-cake properties is not a 
simple matter for cake-filtration materials. 
This and other complications of the basic- 
properties method led to the development 
of methods 2 and 3, which involve 
specific resistance, a property charac- 
teristic of each unit mass of deposited 
cake. 

The basic rate equation 


A dé 
= g-AP (1) 
MR, R, R, R,) 


can be written in terms of specific 
resistance of the cake @ by replacing R, 
by (W./A)a. In like manner the septum 
resistance R,, can be expressed in terms 
of an equivalent cake-solids weight W,,,, 
and Equation (1) becomes 


(2) 
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g-AP 
W. 
A 


Equations (1) and (2) are generally con- 
sidered applicable to conditions of fixed 
cake weight (permeability) and variable 
cake weight (filtration). Deposition-zone 
resistance (R,,) is zero for the permeability 
conditions and of only theoretical interest 
for the filtration conditions; therefore, 
when apparatus resistance R, is negligible, 
Equation (2) reduces to 


1 dV 


Ado W. 


a+Rk,+ R, 


The specific resistance @ of all materials 
is a function of particle-to-particle com- 
pacting pressure, which is related to 
fluid pressure drop across the cake. The 
so-called “incompressible” materials re- 
sult, simply, from a limitation of the 
pressure range. Such cases afford no 
problem since a single filtration or 
permeability test provides the specific 
resistance value which is_ applicable 
throughout the specified pressure range. 
For compressible materials, however, the 
problem of determining the relationship 
of specific resistance to compacting 
pressure or fluid pressure drop is not 
simple. For each material this deter- 
mination must be made experimentally, 
and various tests have been applied with 
different degrees of success. 

In the application of Equation (3) to 
filtration, the instantaneous filter cake 
weight W, is directly proportional to 
filtrate volume, W, = w.V, and W,, may 
be written W,, = w,V,. Substituting 
these relationships into Equation (3) and 
integrating between V and — J,,, (volume 
limits) corresponding to @ and —8,, (time 
limits) give the integrated form of the 
filtration equation: 


(V+ = 0.) (4) 
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where 


4? 
2A°g.AP(L ms) 


which is valid for proper cake filtrations. 
The particular form and treatment of 
Equations (3) and (4) used by various 
investigators appear to be a matter of 
individual preference. For utility the 
treatment of Ruth et al. (14, 15, 16) is 
considered desirable. Differentiation of 
Equation (4) gives 


(5) 


de/dV = +V.) © 


and when 6 = 6,4: — 6, is taken as 
corresponding to (V,zu. + V,)/2 then 
dé/dV = A@/AV. This identity is of 
considerable utility in the treatment of 
test filtration data. For a consistent value 
of AV a plot of A6/AV vs. (Visi + V,)/2 
is linear with slope 2/K. Specific filtration 
resistance a of a material, therefore, can 
be calculated by use of time-filtrate 
volume discharge data to evaluate the 
slope for use in Equation (5). Septum 
resistance is not needed for the calculation 
but is easily determined when desired by 
use of the AO/AV vs. (Visi + V,)/2 plot 
intercept. 

Considering the filtrate passage through 
filter cakes as a phenomenon of flow 
through porous media of unknown basic 
properties led to the concept of per- 
meability testing to determine specific 
resistance. Under certain assumptions it 
is intuitively apparent that filtration 
should be expressible in terms of fixed- 
weight bed permeability tests. These data 
can be divided into two types: (1) filter 
permeability, in which hydraulic pressure 
drop (AP) produces variable compacting 
pressure across the cake thickness, and 
(2) compression permeability, wherein 
presumably constant compacting pressure 
is applied independently of the relatively 
low-magnitude fluid pressure drop. The 
presumption of constant compacting 
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Fig. 1. Compression-p2rmeability test-equipment assembly. 


pressure across the compression-per- 
meability cake thickness was shown to be 
reasonably valid by Grace (5) for cakes 
of thickness-diameter ratio not greater 
than 0.6. Equation (8) is applicable to 
both types of permeability test, but the 
respective calculated a values do not 
bear the same significance. Filter-per- 
meability tests have been advocated as 
theoretically valid for predicting filtration 
resistance, and Hoffing and Lockhart 
(10) reported successful results for a 
limited investigation of a single, relatively 
incompressible material. 

The compression-permeability — test, 
however, is more fundamental. In this 
test the cake solids are placed in mechan- 
ical compression by means of a stress- 
loaded perforated piston, and fluid 
permeability is determined after each 
stress-loading compaction. The test was 
first described and discussed in 1946 by 
Ruth (14). He used the expression 
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Fig. 2. Compression-permea- 
bility test cell. 


P-0 
dP» 
0 Qa, 
to relate compression-permeability specific 
resistance fa, = f(P,,)] to predicted 
specific filtration resistance (@,,,). A 
verification of Equation (7) was obtained 
in 1953 by Grace (4, 6, 7) in an extensive 
study of filter-cake resistance and com- 

pressibility. 
Tiller (18, 19) showed that Equation 
(7) gives the ultimate resistance ap- 


proached as dV/d@ becomes zero. He 
developed the expression 


(7) 


Qavg = 


Px (dV 


2= : (8) 
P-(Rm adV/dé 
( dP» 
0 ap 


for the average filtration resistance at any 
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Fig. 3. Compression-permeability test-cell details. 


time. The term (uR,,/g.) (dV /d@) is the 
pressure at the cake-septum interface and 
represents the pressure drop through the 
septum when the apparatus resistance is 
negligible. Equation (8) reduces to 
Equation (7) when the term (uR,,/g.) 
(dV /d@) approaches zero or when the 
filtration pressure is large compared with 
the pressure drop through the septum. 


LABORATORY TESTS 


The comparison among laboratory 
filtration tests and filter- and compression- 
permeability tests, with commercial-plant 
filtrations, is of theoretical interest as 
well as practical application. These tests 
were extensively investigated (11) to 
develop and illustrate the correlation 
between predicted and actual specific- 
resistance values. Laboratory tests were 
made on slurries of commercial-grade 
calcium carbonate, commercial-grade ba- 
rium sulfate, and chemically pure tita- 
nium dioxide. 


Compression-permeability tests were 
made in the apparatus shown in Figures 
1 to 3. In these tests a thickened (settled 
and decanted) slurry of the test material 
was poured into the cell (eross-sectional 
area 3.095 sq. in.) and the cake-forming 
solids were retained between two filter 
papers backed by a fine (200-mesh) and a 
coarse (40-mesh) screen. The perforated 
piston of the cell was then inserted and 
successively loaded by weight increments 
to a compressive stress of approximately 
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Fig. 4. Laboratory constant-pressure test filter assembly. 


82 lb./sq. in. and by a small Carver hy- 
draulic press from 82 to 743 lb./sq. in. 
Load transfer from weights to hydraulic 
was accomplished without removing the 
weights. After cake compaction had de- 
veloped at each compressive stress, the 
filtrate permeability of the cake was 
determined by use of a low-magnitude 
fluid-head driving force. From Equation 
(3), with the notation W, = W, + W,, sub- 
stituted, values of (a,)(W;,) were calculated 
for the data of two tests of different cake 
weight W,., and W,,. The results were 
plotted as log (a,)(W,) vs. log P,, (curves 
Ifand 2 of Figures 6, 7, and 8). These plots 
were used to determine a, by the identical 
Equations (8) and (9). 


a, = A(a,)(W,)/AW (8) 

a = Je) (dV) (dV) ¢ (9) 


The calculation procedure indicated in 
Equation (9) is referred to as a differential 
analysis and compensates for cake- 
septum interaction resistance and fluid 
entrance and exit losses across the cake 
which occur in testing. The differential- 
analysis calculation is more realistic than 
the use of corrections for empty-apparatus 
flow resistance. 

From plots of log a, vs. log P,, (curves 
3 of Figures 6, 7, and 8), relationships of 
the form a, = hP,,> were determined for 
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each test material. These were used 
analytically to obtain expressions for 
predicted specific filtration resistance 
(Qavg ANd Amean) by means of Equation 
(7) and the expression 

= 

«,aP, 
JO 

P—0O 


Qmean = 


(10) 


Plots of Qmean and a,,, are shown as 
curves 4 and 5 of Figures 6, 7, and 8. 
Data and results from the compression- 
permeability testing of titanium dioxide 
are given in Tables 1 and 4* and are 
shown in Figure 6. Data for the tests on 
barium sulfate and calcium carbonate 
given in Tables 2 and 3* were treated 
similarly (11) and the results are shown 
in Figures 7 and 8. 

The laboratory constant-pressure filtra- 
tions were made in the small test filter 
shown in Figures 4 and 5. Filter area for 
the apparatus was 2.768 sq. in. 

For the laboratory filtration test 
approximately 800 ml. of test slurry 
was pumped into the apparatus and 
maintained throughout the test in a 
uniformly agitated condition by the 
recirculating pump and system shown in 
Figure 5. Filtration pressure was varied 
by changing weight loading on the 
hydraulic piston. From the time-filtrate- 


*Tabular material has been deposited as document 
5588 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 
Washington 25, D. C., and may be obtained for 
$1.25 for photoprints or 35-mm. microfilm. 
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Fig. 5. Schematic of laboratory test filter. 


volume-discharge data, plots of A@/AV 
vs. (V,41 + V,)/2 were made and the 
slope (2/K) values were determined. 
Specific filtration resistance (@) values 
calculated with Equation (5) are plotted 
in Figures 6, 7, and 8. 

The laboratory constant-pressure test 
filter apparatus was also used for making 
the filter-permeability tests, which con- 
sisted in placing a quantity of thickened 
(settled and decanted) slurry in the 
filter-chamber flange, assembling the 
apparatus, filling with clear filtrate, 
applying pressure by means of load 
weights, and determining the  time- 
filtrate-volume-discharge data. Specific 
resistance (a) values calculated with 
Equation (3) are plotted in Figures 6, 7, 
and 8. 

When the suitability of the compres- 
sion- and filter-permeability tests for 
predicting specific filtration resistance 
was considered, the calculated results of 
the laboratory filtrations were taken as 
the criteria. This was justified by deter- 
mining the average-specific-resistance-vs.- 
time relationship for each material by the 
method proposed by Tiller (18, 19). For 
the three materials equilibrium compac- 
tion was apparently obtained within a 
very short time and the specific resistance 
was nearly constant for times greater than 
3 min. Since the laboratory filtrations 
were carried out for periods of not less 
than 5 min., equilibrium compaction was 
undoubtedly obtained. 

Comparison of laboratory-filtration 
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Fig. 8. Variation of specific resistance with corrected mechanical pressure for commercial- 
grade calcium carbonate. 


due to cake cracking and channeling. The 
filter-permeability specific-resistance re- 
sults obtained for the calcium carbonate 
were consistently and significantly higher 
than the actual filtration values. For the 
barium sulfate the agreement was better 
but the trend of high filter-permeability 
results was apparent. 


COMMERCIAL PLANT TESTS 


To demonstrate the correlation of 
filtration theory with industrial practice 
a series of five tests was made at different 
drum speeds of a continuous rotary-drum 
(FEINC) commercial-plant filter. The 
filter, operating on dewatering of a pear! 
cornstarch prefilt stream, was 8 ft. in 
diameter by 7 ft., 4 in. in face width. 
Samples of the cornstarch prefilt were 
also tested to obtain compression-per- 
meability, filter-permeability, and labora- 
tory constant-pressure filtration results. 

In the plant filtration tests the filter 
vacuum, which constitutes the filtration 
pressure, ranged from 6.38 to 6.88 lb./ 
sq. in., the average value being 6.68. 
Specific filtration-resistance values calcu- 
lated from the test data, with septum 
resistance neglected, ranged from 6.18 X 
10° to 10.05 X 10” ft./lb.-mass. The 
average value corresponding to 6.68 
lb./sq. in. of filtration pressure was 
9.05 XK 10” ft./Ib.-mass. A reasonable 
allowance for. septum resistance of 
these tests was estimated as 20 per 
cent, or 1.67 X 10 ft./lb.-mass. With 
this allowance, the specific filtration 
resistance of the 6.68 lb./sq. in. plant 
pearl cornstarch filtration was 7.38 & 101 
ft./lb.-mass. 

From a differential analyses of the 
pearl cornstarch compression-permea- 
bility test data the relationship a, = 
(6.83 XX ft./lb.-mass was 
determined for pressures below 30 lb. 
sq. in. This relationship was integrated to 
obtain a,,, = (618° 
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ft./lb.-mass and Qmean = (6.23 X 
10”) P,,°-°? ft./lb.-mass. For predicting 
specific filtration resistance the two 
expressions are not significantly different 
for this material. They were used to 
calculate predicted specific filtration 
resistance for the plant operating pressure 
of 6.68 lb./sq. in. The calculated values 
Were Qq,, = 7.88 X 10 and Qmean = 
7.52 X 10" ft./lb.-mass. 

From the constant-pressure laboratory 
filtrations on the pearl-cornstarch—prefilt 
specific filtration resistances of 9.42 X 10" 
and 7.89 X 10 ft./lb.-mass were ob- 
tained for filtration pressures of 8.7 and 
15.5 lb./sq. in. Laboratory _filter-per- 
meability test results for this material 
were 7.52 X 10", 7.76 X 10", and 7.93 X 
10° ft./lb.-mass, corresponding to pres- 
sures of 6.25, 12.0, and 20.0 lb./sq. in. 


CONCLUSIONS 


From the laboratory investigations of 
three chemical slurries it was found that 
specific resistances determined by com- 
pression-permeability tests could be used 
to predict the average specific resistance 
in filtration. Predictions made by using 


the expression 
P 
[ 
0 


Qmean 


were in some cases better than predictions 
made by using the expression 


In other cases the predicted values of a 
by both methods were in good agreement. 
In all cases, however, the a,,, values were 
lower than the laboratory-filtration 
specific resistances. Specific resistances 
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determined by filter-permeability tests 
were usually higher than the laboratory- 
filtration values. 

From the results of the comparison of 
commercial-plant tests and laboratory 
tests made on pearl-cornstarch prefilt it 
was found that the plant filtrations, 
laboratory filtrations, and laboratory 
filter permeabilities were in agreement. 
It was also apparent that the specific- 
filtration resistance predicted from the 
compression-permeability test data 
agreed very well with the actual specific 
filtration resistance of the prefilt. This 
agreement shows clearly that filtration 
resistance can be accurately predicted 
and that filtration theory can be satis- 
factorily correlated with industrial prac- 
tice. 
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NOTATION 

A = total filter area perpendicular to 
flow, sq. ft. 

a = specific filtration resistance ft./ 
lb.-mass 

a, = specific filtration resistance of a 


differential-thickness solids layer 
or a finite-thickness cake of par- 
ticles in uniform mechanical 
compression, ft./lb.-mass 

Q,., = specific filtration resistance pre- 
dicted from compression-per- 
meability test data by the equa- 
tion 


P-P»o 
(P — p)/ | 


(Po is generally zero), ft./lb.-mass 


Qmean = Specific filtration resistance pre- 
dicted from compression-per- 
meability test data by the equa- 
tion 

f P-Po 
(Pois generally zero), ft./lb.-mass 
b = numerical constant 
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P—0 
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[ dP, 
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A”. = Differential analysis of compres- 
sion-permeability tests and nz 
[Compare Equation (9)]. 


g- = Newton’s gravitational constant 
32.1740, (Ib. mass) (ft.) (Ib. force) 
(sec.?) 

k = numerical constant 

K  =parabolic parameter, sec. or 
min./sq. ft. 

m = ratio of mass of wet cake to dry 
cake 

= filtrate viscosity, lb.-mass/(ft.) 
(sec.) 

= filtration pressure, lb.-force/sq. 
ft. 

P, = hydrostatic pressure at any point 
lb.-force/sq. in. 

P,, = mechanical pressure on cake par- 


ticles or solids, lb.-force/sq. in. 


p = filtrate density lb.-mass/cu. ft. 

R. = resistance of cake solids to fluid 
flow, 1/ft. 

R, = resistance of filtration deposition 
zone to fluid flow, 1/ft. 

R = resistance of equipment leads, 
fittings, etc. to fluid flow, 1/ft. 

R,, = resistance of filter cloth or sep- 
tum to fluid flow, 1/ft. 

8 = prefilt consistency, weight of 
oven-dry solids to prefilt weight 

6 = filtration time, hr. 


6, = time equivalent of V,,, hr. 

dé 

= filtrati r./eu. ft. 

qV tration rate, hr./cu. ft 

= = filtration rate calculated as 


— 9n)/2(Vanr + V,) when 
successive values of — Vy, 
are equal, hr./cu. ft. 
= fluid or filtrate volume, cu. ft. 
Vm = filtrate volume equivalent to 
filter cloth resistance, cu. ft. 


- = fluid or filtrate rate, cu. ft./hr. 

w, = oven-dry weight of cake soilds 
deposited per cubic foot of filtrate 
discharged, lb. 

W, = oven-dry weight of cake solids, 
lb. 

W,, = oven-dry weight of cake solids 


equivalent of R,,, lb. 
W, = W.t+ Wu, |b. 
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Individual Film Coefficients of Mass 
Transfer in Liquid-liquid Extraction 


G. C. SMITH and R. B. BECKMANN 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


A study has been made of the individual film coefficients of mass transfer for two binary 
liquid-liquid systems of differing physical properties, namely methyl isobutyl carbinol- 
water and methylethyl ketone-water, in a 4-in. diam. extraction column operated as a 
spray column and with 1/2-in. Raschig ring packing. The value of H, for the dispersed 
phase was found to be a constant, C,, for a given system in a given column. The H, values 
for the continuous phase could be correlated by the equation, 


(Hi). = C2(V./Va)" 
Values of the constants C,, C2, and n are tabulated along with the values found by earlier 


investigators for other systems and column packings. The H; values have been reduced 
to area base coefficients by the expression for droplet surface area proposed by Gaylor 


and Pratt (3). 


Presaturation of either phase was found to have no effect on mass transfer rates. There 
appears to be relatively little difference in the efficiency of spray and packed columns for 
systems of low interfacial tension, but for high interfacial-tension systems packed columns 
are considerably more efficient than spray columns. 

While no definitive correlations for the effect of physical properties are proposed, there 
are some indications that n is a function of the viscosity ratio of the two liquid phases and 
that C. is a function of the 1/4 power of the groups (dApy/u?,)(u./uz) and (Nzs,.),. No 
correlation was found for the effect of physical properties on (H,),. 


In recent years the unit operation of 
liquid-liquid extraction has assumed an 


This paper is based on a thesis submitted in 
partial fulfillment of the requirements for the degree 
of Doctor of Philosophy at Carnegie Institute of 
Technology. 

G. C. Smith is presently with E. I. duPont de 
Nemours & Company, Wilmington, Delaware. 
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increasing importance as the separation 
problems of modern process chemistry 
have become more complex. While many 
new forms of extraction equipment have 
been proposed recently, particularly 
those involving mechanical agitation to 
improve the two-phase contact, the 
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packed column remains one of the 
simplest and most economical extractors 
to build and operate. Such columns are 
easily and cheaply assembled from stock 
parts and are generally less expensive to 
operate than rotating disk contactors, 
pulsed columns, centrifugal extractors, 
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or other devices involving mechanical 
agitation or separation of the phases. 

Two main considerations govern the 
selection of the diameter and height of 
column and the size and type of packing. 
These are the limiting liquid velocities 
and the rate of mass transfer. The limiting 
flow rates have been investigated exten- 
sively and can be predicted with some 
confidence. The investigation of mass 
transfer rates presents a much more 
complicated problem, and although many 
investigations have been carried out, 
there are many questions which remain 
unanswered. A complete picture of mass 
transfer processes would include accurate 
knowledge of the holdup of the dispersed 
phase and the average droplet size and 
shape, by which the surface area avail- 
able to mass transfer could be predicted, 
and a knowledge of the fundamental 
single film coefficients of mass transfer on 
an area basis. 

The holdup problem has received con- 
siderable attention in recent years (5, 14, 
18) and appears to be a complex phe- 
nomenon. As yet, no reliable generalized 
correlations are available for prediction 
of holdup. The problem of droplet size 
and shape has received some attention 
(3, 8, 14), but the methods employed can 
be regarded only as yielding approximate 
results. A considerable number of studies 
have been made on the mechanism of 
mass transfer across a_ liquid-liquid 
interface (7, 9, 13, 17), and here, too, 
the theoretical picture is far from com- 
plete. It appears that many years of 
effort will be required to complete this 
fundamental picture of extraction-column 
operation. 

A simpler measure of mass transfer 
rates which can yield results of immediate 
usefulness to the design engineer is the 
capacity coefficient in terms of ka or H, 
values. These are generally measured as 
over-all coefficients for the transfer of 
a solute from one phase to another. These 
over-all coefficients can be broken down 
into individual coefficients only when 
severe restrictions are applied concerning 
the nature of the individual coefficients. 

To avoid this difficulty, Colburn and 
Welsh (2) devised a method of determin- 
ing the individual coefficients directly in 
an extraction column by contacting two 
partially miscible liquids with no distri- 
buted third solute present. This is 
analogous to contacting a pure gas and 
a pure liquid in an absorption column. If 
the two-film theory is applied to such a 
system, it is found that the assumption of 
equilibrium at the interface implies that 
immediately adjacent to the interface 
each phase is saturated with the material 
of the opposite phase, or y; = y*. At 
constant temperature, y*, the saturation 
concentration of the materials of the 
opposite phase in the phase under con- 
sideration, will be constant and the 
equation for number of transfer units may 
be integrated directly.“ The number of 
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transfer units thus obtained is the 
individual number of transfer units for 
the phase under consideration. 


U1 y 


Binary systems of partially miscible 
liquids have been used in several in- 
vestigations of the individual film co- 
efficients of mass transfer. Gordon and 
Sherwood (7) and Lewis (13) determined 
coefficients on an area basis in nonflow 
systems of known interfacial area. Mur- 
phy, Lastovica, and Skrzec (16) employed 
a horizontal tube extractor to measure 
area-based coefficients for two liquid 
phases flowing countercurrent to each 
other. An interface of known dimensions 
was maintained along the center line of 
the tube with the light liquid occupying 
the upper half and the heavy liquid the 
lower half- of the tube. Correlations, 
relating the coefficients to the physical 
properties and Reynolds numbers of the 
flowing phases, were presented. 

In the first investigation employing 
binary liquid-liquid systems, Colburn and 
Welsh (2) measured mass transfer rates 
for the system isobutanol-water in a 
packed column. Their results were cor- 
related by the following equations: 


= C, (2) 


(H,), = 3) 


Ve 


Laddha and Smith (17) employed the 
systems isobutyraldehyde-water and 3- 
pentanol-water in a packed column and 
a spray column. They were able to 
correlate their results with the above 
equations with the use of different values 
for the constants. Attempts to correlate 
the results with system physical proper- 
ties were largely inconclusive. Gaylor and 
Pratt (4) measured individual coefficients 
with the system ethyl acetate-water in a 
packed column. Holdup data were taken 
in order to reduce the coefficients to an 
area basis by use of Equation (4) 


(4) 


End effects were also measured by vary- 
ing the packed height. These last three 
papers are discussed in more detail where 
they are compared with the results of 
the present study. 

Ruby and Elgin (/7) measured the 
rates of mass transfer into the continuous 
phase for five different systems in a 
spray column, and Heertjes, Holve, and 
Talsma (9) used a similar technique to 
measure mass transfer into a continuous 
water phase from a dispersed isobutanol 
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TABLE 1. 
Data 


Mutual M.1.B.C.-water 
solubility wt. % wt. % 
Temp. water in M.I.B.C. 
(°C.) M.I.B.C. in water 
0.0 5.48 
10.0 5.78 2.27 
15.0 5.96 2.05 
20.0 6.15 1.87 
25.0 6.35 1.72 
30.0 6.58 1.59 
35.0 6.89 1.47 
40.0 7.20 1.37 
Mutual 
solubility M.E.K.-water 
Temp. wt. % water wt. % M.E.K. 
(°C.) in M.E.K. in water 
20.0 11.59 27.33 
25.0 11.72 25.57 
30.0 11.85 24.07 


phase in a spray column. Their columns 
were greatly simplified in order to count 
droplets and a special sampling technique 
was employed to eliminate end effects. 
Because of the specialized nature of the 
measurements, the last two papers were 
not considered suitable for comparison 
with the present study. 


SCOPE OF INVESTIGATION 


The purpose of the present investiga- 
tion was to measure the individual coeffi- 
cients of mass transfer for two binary 
systems of differing physical properties. 
Physical properties for the two systems, 
methyl isobutyl carbinol (M.I.B.C.)- 
water and methyl ethyl ketone (M.E.K.)- 
water, are given in Table 6. A 4-in. extrac- 
tion column was used for all experiments 
and measurements were made on each 
system in spray, or unpacked, column 
operation and with !4-in. Raschig ring 
packing. Each system was also run in 
three different ways in each type of 
column. Initially, runs were made with 
two pure liquid phases in contact so that 
simultaneous counterdiffusion of each 
phase into the opposite phase occurred; 
second, runs were made with one phase 
presaturated with the opposite phase so 
that unidirectional diffusion into the 
unsaturated phase occurred; and finally, 
runs were made with the other phase 
presaturated, which gave unidirectional 
diffusion in the opposite direction. In all 
runs, water was the continuous phase 
and the organic liquids were introduced 
at the bottom of the column as the 
dispersed phase. 

The mass transfer results for a given 
liquid-liquid system in a given column 
were correlated with flow rates by Equa- 
tions (2) and (3). These correlations were 
then compared to assess the effects of 
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presaturation and of packed and spray 
column operation for each system. 
Finally, the correlations obtained in this 
investigation were compared with those 
obtained by earlier investigators on other 
binary systems in an attempt to deter- 
mine the effect of system physical 
properties on the rates of mass transfer. 


APPARATUS 


A flow diagram of the apparatus used in 
these experiments is shown in Figure 1. 
This was essentially the same as the 4-in. 
column used by Leibson and Beckmann (12) 
and Wicks and Beckmann (18). All piping, 
pumps, and metal column parts were type 
304 stainless steel. The column was con- 
structed of 4-in. I.D. Pyrex glass pipe 
sections. When operated as a spray column, 
two 2-ft. sections were used, giving an 
effective height of 4.3 ft. from the dispersed- 
phase distributor to the interface. When 
operated as a packed column, one 1-ft. and 
one 2-ft. section were used with 3 ft. of 
packing. The bottom of the column was 
fitted with a conical entrance. 

The packing used was 14 in. unglazed 
nonporous Raschig rings. A special packing 
technique was employed in the vicinity of 
the dispersed-phase distributor to prevent 
any packing piece from blocking a nozzle. 
Three 3¢-in. rings were stacked around each 
nozzle and a 1%-in. ring placed on top 
formed a shield around the nozzle tip and 
prevented any pieces from resting on it. 
The column was then filled with water and 
the remainder of the packing dumped over 
this array of shielded nozzles. The packing 
was settled by passing an air blast through 
the column at a velocity sufficient to raise 
the packing bed and settle it into the 
densest configuration. Essentially the same 
packed system properties were obtained 
each of the two times the column was 
packed; number of pieces/cu. ft. = 9350, 
void fraction = 0.602, superficial surface 
area = 110 sq. ft./cu. ft. 


LIQUID-LIQUID SYSTEMS 


The organic solvents used in this 
investigation were obtained from the 
Shell Chemical Corporation under the 
following specifications: for M.I.B.C., 
97.5 wt. % min. purity, specific gravity 
(20°/20°C.) 0.807 to 0.809, distillation 
range 130 to 133°C.; for M.E.K., 99.0 
wt. % min. purity, specific gravity 
(20°/20°C.) 0.805 to 0.807, distillation 
range 79.0 to 81.0 °C. City tap water was 
used in all but the first eleven runs, 
which were made with distilled water. 
Tests showed there was no measurable 
difference in the mutual solubilities of 
distilled water and tap water with the 
organic solvents, and the results obtained 
in the extraction column showed no 
appreciable difference. 

Both the water and the solvent layers 
of the M.I.B.C.-water system were 
analyzed by refractive index as measured 
with a Bausch and Lomb _ precision 
refractometer. The calibration curve was 
determined by measuring the refractive 


Page 182 


indices of samples of known concentration 
made from distilled water and purified 
M.I.B.C. The accuracy of determining 
the wt. % of M.I.B.C. in water was 
estimated to be 40.03 wt. % and that 
for water in M.I.B.C. +0.07 wt. %. 

For the M.E.K.-water system only 
the water layer could be analyzed by 
refractive index, with an_ estimated 
accuracy of +0.05 wt. % M.E.K. in 
water. The solvent layer could not be 
analyzed in the same way because the 
curve of refractive index vs. composition 
has a plateau in the vicinity of the two- 
phase region. The composition of this 
phase was determined by density meas- 
urements taken with a Christian Becker 
specific gravity balance. Calibration was 
made by measurements on samples of 
known composition and was_ supple- 
mented by data from the literature. 
Estimated accuracy of this determination 
was £0.06 wt. %. 

Mutual solubilities for M.I.B.C. and 
water were measured by the following 
method: test tubes containing a layer of 
both purified M.1I.B.C. and distilled water 
were thermostated at least 2 hr. with 
frequent shaking. Samples were then 
withdrawn and analyzed by refractive 
index. This technique could not be used 
at temperatures above that of the refrac- 
tometer thermostat as the sample would 
separate into two layers when put into 


the instrument. Values for this region 
were estimated by extrapolation of the 
low-temperature results. For the M.E.K.- 
water system, the solubility data of 
Ginnings, Plonck and Carter (6) were 
used. The equilibrium data used for both 
systems are given in Table 1. 

Interfacial tensions were measured 
with a Du Nouy ring tensiometer. 
Viscosities were measured for the pure 
liquids and the saturated liquid layers 
with calibrated Fenske-Cannon-Ostwald 
viscosimeters, and densities were meas- 
ured with pycnometers. The values 
obtained for these physical properties are 
listed in Table 6. 


EXPERIMENTAL PROCEDURE 


During the first runs the operating 
procedure was as follows: the column was 
first filled with water, then steady water 
flow, as indicated by constant interface 
position, was established at the desired 
water rate, and then solvent flow was 
started at the desired rate. During run 
no. 17, inspection of the translucent 
polyethylene tubing section below the 
dispersed-phase distributor revealed that 
the solvent line leading to the distributor 
was filled with water. The solvent flowing 
in this line was in a dispersed condition 
in the form of droplets and streams 
battering their way through the stagnant 
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Fig. 1. Flow diagram of extraction equipment. 
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water. The water apparently had entered 
the distributor nozzles when the column 
was first filled with water, displacing any 
solvent which might be in the distributor 
and feed line. Accordingly, the solvent 
leaving the column was more nearly 
saturated than it should have been, giving 
unreasonably high coefficients for mass 
transferring into the dispersed phase. 
The coefficients also scattered badly, 
apparently due to differing amounts of 
water having entered the distributor 
before each series of runs. This condition 
was termed back-flooding of water into 
the distributor. 

To remedy this situation the following 
start-up procedure was instituted: 


a. Water remaining in the column from 
the previous series of runs was drained 
until the interface was below the level 
of the distributor nozzles. 

. The solvent inlet line and distributor 
were drained to remove any water which 
had entered during the preceding runs. 

c. Solvent flow was started at a fairly high 
rate [about 19 cu. ft./(hr.)(sq. ft.)]. 

. When solvent was flowing from all the 

distributor nozzles, the column was 
filled with water from the bottom, thus 
the interface was raised above the dis- 
tributor with as little disturbance as 
possible. 
When the interface reached the normal 
operating level, the water flowing into 
the bottom of the column was shut off 
and normal water feed started at the top. 
After stable water flow and _ interface 
position had been attained, the solvent 
flow could be reduced to low values 
[about 2 cu. ft./(br.)(sq. ft.)] without 
back-flooding. Sudden changes in solvent 
flow, when operating at these low rates, 
would often precipitate back flooding. 


a 


The first 35 runs, on the system 
M.I.B.C.-water in a spray column, were 
made with a dispersed phase distributor 
having 48 nozzles, 0.106 in. I.D. When 
this column was packed, it became 
difficult to obtain stable operation at low 
dispersed-phase flow rates. Back-flooding 
occurred frequently. This may have been 
caused by obstruction of nozzles by 
packing pieces and the resultant difficulty 
of maintaining sufficient solvent flow to 
prevent water from entering. It was 
thought that a higher nozzle velocity 
might help this condition, and accord- 
ingly, a distributor having 25 nozzles, 
0.106 in. I.D. was installed. To prevent 
packing pieces from blocking nozzles, 
the previously described packing method 
was used. With these modifications 
stable operation of the packed column 
on M.1.B.C.-water was attained. 

The 25-nozzle distributor was used for 
all runs on M.E.K.-water. For this 
system the tendency to back-flood was 
quite pronounced, and it was impossible 
to obtain stable operation at dispersed- 
phase flow rates below 11 cu. ft./(hr.) 
(sq. ft.). This effect may have been due 
to the low-interfacial tension of this 


Vol. 4, No. 2 


system and the low viscosity of the 
dispersed phase. 

It was found that the column came to 
equilibrium after two complete changes 
of the slowest moving phase. The column 
exit streams were sampled twice during 
each run: once at the end of two complete 
changes of the slowest moving phase and 
again after one more change. The average 
of the two analyses of each stream was 
taken for computation of the mass 
transfer. Feed compositions were analyzed 
at the beginning and end of each series of 
runs and the average taken for computa- 
tion. 

When runs were made with the con- 
tinuous phase presaturated, an amount of 
organic phase slightly more than sufficient 
for saturation was added to the water 
feed drum and mixed by recirculating the 
water through the pumps and by-pass 
line. The dispersed phase was presatu- 
rated by passing it through the column, 
which was filled with water, until the 
total amount of solvent was recirculated 
three times. 

The organic solvents were dehydrated 
for reuse by salting out. When saturated 
with water the solvents were passed 
through a column packed with rock salt. 
The effluent separated into two layers, 
the upper being the organic solvent 
greatly reduced in water content and 
containing no salt, and the lower the 
water removed from the solvent and 
saturated with salt. The solvent layer was 
withdrawn for reuse and the brine layer 
discarded. By this method the water 
content of M.I.B.C. could be reduced to 
2.9 wt. % and that of M.E.K. to 3.9 
wt. %. No attempt was made to recover 
solvent from the continuous-phase 
effluent. As the water became saturated, 
it was discarded and fresh water drawn. 


BASIS OF CALCULATIONS 


The number of transfer units for each 
phase was calculated by the equation, 


Ay, 
N,=m4—“-m™ 


The saturation concentration, y*, was 
evaluated at the temperature of the 
stream entering the column for y:, and at 
that of the stream leaving for y. No 
attempt was made to control tempera- 
tures, which varied from 20 to 37°C. as 
extremes, and were generally in the 
range 22 to 30°C. Usually all the stream 
temperatures were within 5°C. of each 
other in any given run. 

Values of the height of a transfer unit 
were obtained by dividing the effective 
column height by the number of transfer 
units. Capacity coefficients of mass 
transfer were calculated by the equation, 


ke = (6) 
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where k, V, and H, are all evaluated for 
the phase in question. A sample of the 
data and calculated results for the 
M.1.B.C.-water system in the packed 
column are given in Table 2. No attempt 
was made to check material balances. The 
amount of material transferred from a 
phase was so small compared to the 
amount of the parent phase that the 
results were meaningless. 


RESULTS OF THE EXPERIMENTAL WORK 


Flow-rate Effects 

The effects of variation in flow rates on 
the individual mass transfer coefficients 
are qualitatively the same as_ those 
reported by Colburn and Welsh (2) and 
Laddha and Smith (1/7). For the dispersed 
phase H, is a constant, and for the 
continuous phase it is a power function of 
the flow rate ratio. Equations (2) and (3) 
may be used to correlate the results. The 
constant C,; was determined by taking 
the mean of the (H,), values. The values 
of (H,), were plotted vs. V/V, on log-log 
coordinates and fitted with straight lines 
by the method of least squares (Figures 
2-5). Values of these constants, along 
with those obtained in other investiga- 
tions, are listed in Table 3. 

As a test of the reliability of these 
correlations, several statistical measures 
were computed. This was also done for 
the results of Colburn and Welsh (2) 
and of Gayler and Pratt (4). These 
statistics are included in Table 3. The 
95% confidence limits were computed 
for Ci, the mean of (H,),. As these limits 
are fairly narrow, there appear to be 
significant differences among the values 
of C; for the different systems. The 95% 
confidence limits for the mean of (//,), 
are a measure of the reliability of C2. 
Again, the values for the different systems 
are significantly different. For the slope, 
n, the confidence limits at the 95% level 
are fairly wide and there is some overlap- 
ping. This indicates some uncertainty as 
to whether all the values of n reported in 
Table 3 are really different from each 
other. However, the fact that some of 
these confidence bands do not overlap 
indicates that some real differences do 
exist. For the (H,). vs. V./V, correlation, 
the correlation coefficient, r, was also 
computed. The square of this quantity is 
the fraction of the variation in (/,), 
which is dependent on variations in 
V./Va, the rest being variation due to 
other causes including sampling and 
analytical errors. For the present work r? 
is 0.89 to 0.95, for the data of Gayler and 
Pratt (4) it is 0.85, and for that of 
Colburn and Welsh (2) 0.75. These 
statistics were not computed for the 
results of Laddha and Smith (11) because 
their complete data were not available. 

Most of the runs in the packed column 
were made in the region below loading. 
Several runs were made which appeared 
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Fig. 4. M.E.K.—water system. 


to be in the loading region and are noted 
in the complete tabulation of experi- 
mental data. Spray column operation was 
always in the region below loading. 

The results plotted in the form of ka vs. 
V, (Figures 6 and 7) provide more 
insight into the operation of the column 
than the correlation presented above. 
The capacity coefficient for the dispersed 
phase is a linear function of the dispersed- 
phase flow rate, with little continuous 
phase effect. If it is assumed that k, is a 
constant for a given system, it would 
appear that a is a linear function of V4. 
Under these conditions (H,), will be 
a constant. Since kz for a given system 
is probably dependent on the shear 
conditions at the droplet surface, it 
seems reasonable to assume that k, is 
constant for a given system in a given 
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packing because the average velocity of 
the droplets will be constant provided 
the dispersed-phase feed rate is not so 
high as to cause bunching and coalescence 
of the droplets (i.e., loading). The total 
surface area of the droplets will be a direct 
function of dispersed-phase flow rate if 
the average droplet size is independent of 
the flow rate. Hayworth and Treybal (8) 
found that there is little variation in the 
diameter of droplets issuing from nozzles 
at nozzle velocity less than 10 cm./sec. 
Lewis, Jones, and Pratt (14) found the 
droplet diameter to be independent of 
dispersed-phase flow rate and packing size 
in packings 14 in. or larger at flow rates 
below loading. The equation they propose 
for surface area is a direct function of Vy. 

The capacity coefficient for the con- 
tinuous phase is a function of both flow 
rates. If k, were constant and a is a 
linear function of Vz, one would expect 
k.a to be a linear function of Vz only, 
and (H,), to be a linear function of 
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in a spray column were made with a 
distributor having 48 nozzles, 0.106 in. 
diam. With this distributor the nozzle 
velocity did not exceed 10 em./sec., the 
velocity where Hayworth and Treybal (8) 
claim nonuniform droplet formation 
begins. However, at very low dispersed- 
phase flow rates the nozzle velocity was so 
low that back-flooding of water into the 
distributor frequently occurred, and this 
difficulty became more pronounced when 
the column was packed. To remedy this, 
a distributor originally designed for a 
3-in. column, having 25 nozzles of the 
same diameter, was used. With this 
modification, stable operation without 
back-flooding was attained even at low 
dispersed-phase flow rates. However, 
above Vz = 24 cu. ft./(hr.)(sq. ft.), the 
nozzle velocity exceeded 10 cm./sec., and 
going as high as 15 cm./sec. Visually, it 
did appear that there were more small 
droplets in the column. Therefore, a series 
of 5 more runs were made with M.1.B.C.- 
water in a spray column with the 25- 
nozzle distributor. The results were not 
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TABLE 2. noted, this expression can only be re- 


SampLe Mass Transrer Cotumn, 14-1n. Rascuia Rines_ garded as a first approximation to the 
Flow rates Temperatures (°C.) Concentrations and concen- surface area. In their droplet studies they 
(wt. %) could only photograph droplets entering 
(ft. /hr.) T. T, water phase and leaving packed sections and were 
Run No. V, Va Inlet Outlet Inlet Outlet X; AX, Xe AX. unable to measure droplet size and shape 
66 28.6 «3.91 27.1 27.0 25.6 26.9 0 1.66 0.87 0,79 Within the packing. In their holdup 
67 28.6 7.75 27.2 27.2 28.3 27.0 0 1.65 1.20 0.45 Studies they were unaware of the complex 
ae 68 28.6 15.0 19.0 25.4 31.3 19.6 0 1.90 1.55 0.16 Phenomena revealed by the studies of 
70 «628.6 29.0 19.2 28.5 35.7 198 0 1.89 —— — Wicks (18) and\Markas (15) on the rate 
73 12.0 3.0 19.5 20.5 24.5 19.6 0 1.88 1.18 0.68 Of displacement of permanent holdup and 
74 12.0 7.5 21.8 23.2 28.5 21.8 0 1.82 1.57 0.20 hysteresis holdup. The work of these 
75 12.0 15.0 24.6 28.3 33.4 24.3 0 1.73 1.59 0.04 latter investigators was confined to a 
76 12.0 24.0. 27.5 35.1 37.8 28.1 0 1.65 1.45 0.02 single system and has not yet been 
LL 53.0 7.9 21 a = = 4 oe 0 1.82 0.91 0.89 generalized for application to other 
g0* 53.0 29.7 22.0 25.4 33.0 22.2 0 1.82 1.62 0.09  ‘Teasonable to assume that the free 
holdup, which is a linear function of Vz 
below the loading point and which is 
M.I.B.C. phase (ft.) (1/hr.) usually about 90% of the total holdup, 
Run No. ¥1 ay, AY2 (Nile (Nida (Ht) ka kaa represents better than 90% of the effec- 
66 3.19 3.19 6.00 0.44 0.742 1.981 4.04 1.51 7.09 2.59 _ tive area for mass transfer. The slower 
67 3.19 3.32 6.00 0.44 1.299 2.02 2.31 1.49 12.39 5.20 moving permanent holdup tends to 
68 3.19 3.47 5.85 0.29 2.475 2.48 1.21 1.21 23.6 12.40 coalesce and become saturated and is 
70 3.19 3.75 5.78 036 —- 23 — 128 — 2.7 therefore less effective in mass transfer. 
73 2.95 3.39 5.57 0.56 1.031 1.800 2.91 1.67 4.12 1.80 Applying Gayler and Pratt’s (3) 
74 2.95 3.56 5.71 0.51 2.21 1.942 1.36 1.54 8.82 4.87 surface area equation to Equations (2), 
75 2.95 3.85 5.92 0.40 3.77 2.26 0.795 1.33 15.10 11.28 (3), and (6) yields 
76 2.95 4.13 6.23 0.27 4.41 2.72 0.680 1.10 17.65 21.8 ; * ; 
ly a 77 3.01 3.36 5.78 0.44 0.715 2.04 4.20 1.47 12.62 5.38 d.3 
esser 78* 3:01 3.45 5.85 0.37 1.420 2:23. 2:11 1.34 25:1 11.20 ee et (8) 
uses 79* 3.01 3.54 5.89 0.34 2.41 2.34 1.25 1.28 42.5 18.76 6(,)4 
vhere 80* 3.08 3.76 5.93 6.31 3:00 2:50 1.00. 1.20 53.0 24:8 
rious \ *Flooding k Bo = (0) 
6(H,). Vo 6C, \Vp 
ie significantly different from those of the and V, decreased by 9%. For most runs 4% ’ Its in Table 4. I 
au earlier runs. Apparently, the nonuni- the volumetric-phase change was much the pag 
formity of droplet formation does not less so that no correction was applied to 
rt-up become great in this range, or it may be the M.J.B.C.-water results. These changes ot 
sibel compensated by changes in the holdup. in volumetric flow rates may account for 0 Murphy, Lastovica, “ye? rzec ( se 
All subsequent runs were made with the the greater scattering of the M.E.K.- obtained m horizonta 
water 25-nozzle distributor. With the M.E.K.- water data. where om 
ots in water system the tendency to back-flood Because of the salting-out technique “are t 
effect was increased by the lower interfacial used to dehydrate the solvents for reuse, Water coed ketone, the results of the 
tension and it became impossible to the initial water concentration of the Present study are equal to those obtained 
water obtain reliable values for the dispersed- solvent was about 3 wt. % for M.L.B.C., >Y et al. ft./hr.), 
ith phase film below Vz = 11 cu. ft./(hr. and 4 wt. % for M.E.K. in most runs. ¢ rye 
06 in. (sq. ft.). Pure water was used as continuous-phase 
Another difficulty encountered with feed when M.I.B.C. was the dispersed 
the M.E.K.-water system was a change phase. With M.E.K. dispersed, the rege 
ter (8) in the volumetric-phase flow rate through _ initial solvent concentration of the water Study (0. o 0.076 ft./hr.). 
nation the column, a result of the fact that phase was 12 to 20 wt. % M.E.K. ‘ , 
orale M.E.K. is more soluble in water than Effect of Presaturation , 
was 80 water is in M.E.K. Under the worst Area-based Coefficients Presaturation of either phase makes 
to the conditions, at high V, and low Vu, there The H, values obtained for packed 0 perceptable difference in the results. 
id. this was a 257% increase in V, and a 50% column, may be reduced to area-based This method of operation could affect 
| when decrease in Vy. To prevent this, the  eoefficients by the use of Gayler and _ the results in two ways: presaturation of 
y this, water phase was preloaded with M.E.K.  Pratt’s (3) expression for surface area, Water with solvent could present a 
for @ so that the amount of M.E.K. it would resistance to diffusion of water from the 
of the take up in the column would correspond _ Ger’ 6Vp (7) bulk phase to the interface, and similiarly 
h this to the amount of water going into the ei 2. ee ‘) for solvent presaturated with water, or 
rithout M.E.K. phase. This did not completely presaturation might change the droplet 
at low eliminate the difficulty, but it did keep The quantities d°,, and i) represent, diameter, thereby causing a change in the 
revel the volumetric-phase changes to less than respectively, the characteristic droplet surface area available to mass transfer. 
be) the 10%. A correction was applied to the size and characteristic droplet velocity. Apparently, neither of these effects was 
ee and H, values based on the assumption that They are constants for a given system present in this investigation. 
ally, it if the volumetric flow rate of the dispersed and a given packing size and are the Gayler and Pratt (4) claim that (H;).4 
> small phase decreased by the factor f, the total quantities used to correlate droplet size, — is about 10% lower when the aqueous 
a series surface area of the dispersed-phase holdup, and surface area with system phase is presaturated and explain this 
L.B.C.- droplets will decrease by f?/%. For the physical properties and packing charac- on the basis of a decreased droplet 
the 25 M.I.B.C.-water system under the worst _ teristics. diameter. They made no measurements. 
ere not conditions, V, increased by Jess than 1% As Pratt and his associates (14, 3) have _ for the case of presaturated organic phase. 
| 1958 Vol. 4, No. 2 A.I.Ch.E. Journal Page 185 


Comparison of Spray Column 
and Packed-column Operation 


In a system of moderately high inter- 
facial tension (6 dynes/em.), H, values 
for spray columns are about three times 
those for 14-in. ring packing. For a low 
interfacial-tension system (1 dyne/cm.) 
the improvement is only about 30%. 
This may be explainable on the basis of 
droplet diameters. For the higher inter- 
facial-tension system the droplet diameter 
appears to be much greater in a spray 
column than in a packed column. For 
the lower interfacial-tension system the 
droplet diameter appears to be about the 
same for the two methods of operation. 
These observations are purely qualitative 
since no provision was made for measure- 
ment of droplet diameters. For packed- 
column operation a fairly good estimate 
could be made by visual comparison of 
the droplet diameters with packing 
pieces whose dimensions are known. 

The available correlations for droplet 
diameters do not furnish support for the 
above view (Table 5). Observations 
would indicate that the droplets pre- 
dicted for M.E.K.-water by Hayworth 
and Treybal (8) are too large. It is worth 
noting that in deriving this correlation no 
data were taken on systems having an 
interfacial tension lower than about 6 
dynes/em. Also, in the Hayworth and 
Treybal correlation, for nozzle velocities 
about 10 cm./sec., where nonuniform 
droplet formation begins, only the largest 
droplet diameter is given. Under these 
conditions the average volume-surface 
diameter (d,,) would be smaller than the 
predicted diameter. 


COMPARISON WITH PREVIOUS WORK 


Three previous studies employing binary 
liquid-liquid system in packed or spray 
columns are available for comparison with 
the present results. The pioneer study was 
done by Colburn and Welsh (2) using the 
system isobutanol-water. Two series of 
experiments were made; one with isobutanol 
dispersed and one with water dispersed. 
The column was of 3.75 in. diam., packed 
with 1.75 ft. of 1 in. clay Raschig rings. 
Their results are presented in Table 4, the 
points having been recalculated to a basis 
of 3 ft. of packing with the end effects 
determined by Gayler and Pratt (4). This 
latter work was done on a different liquid- 
liquid system in a 4-in. column with 1 in. 
rings and may not be strictly applicable to 
the isobutanol-water system. However, it 
is the only work available on end effects in 
extraction column operation on binary 
systems, and it is felt that these corrected 
points offer a better basis for comparison 
with the present work. The corrected points 
were fitted by the method of least squares. 

Laddha and Smith (//) studied the 
systems 3-pentanol-water and isobutyralde- 
hyde-water in a 2-in. column packed with 
14-in. and %%-in. Raschig rings, and also 
operated as a spray column. Packed 
heights were 2.2 ft. for 3-pentanol-water 
and 4.2 ft. for isobutyraldehyde-water. Two 
sets of experiments were made on each 
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Fig. 6. M.I.B.C.—water system. 
TABLE 3 
CoNnsTANTS FOR Mass TRANSFER CORRELATIONS 
Dispersed Continuous 
phase phase Packing C;, (ft.)* C2 (ft.)* n* 
M.I.B.C. water spray 3.99 +0.52 2.91 +0.47 0.723 + 0.082 
M.E.K. water spray 1.83 40.15 1.12 40.22 0.687 + 0.123 
Isobutyraldehyde water * spray 2.80 0.54 
water Isobutyraldehyde spray 2.5 — ——— 
3-Pentanol water spray 1.15 0.81 0.96 
water 3-Pentanol spray 0.80 1.75 0.83 
M.I.B.C. water Y-in. rings 1.44+0.05 0.903 + 0.10 0.775 + 0.060 
M.E.K. water rings 1.11 +0.08 0.824 + 0.12 0.630 + 0.085 
EtAc water 1g-in. rings 0.8140.05 1.70+0.09 0.543 + 0.061 
Isobutanol water V-in. rings 1.04+0.06 1.30+40.27 0.795 + 0.173 
water Tsobutanol V-in. rings 0.644 + 0.04 2.16 +0.20 0.610 + 0.120 
Isobutyraldéhyde water 3¢-in. rings —— 2.58 0.58 
water Isobutyraldehyde 3¢-in. rings 2.5 
3-Pentanol water 3¢-in. rings 0.75 0.63 0.94 
water 3-Pentanol 3¢-in. rings 0.80 1.58 0.87 
Isobutyraldehyde water 14-in. rings ——— 2.23 0.58 
water Isobutyraldehyde 44-in. rings 2.5 — 
3-Pentanol water 14-in. rings 0.75 0.61 0.98 
water 3-Pentanol 14-in. rings 0.80 1.38 0.87 


*95% confidence limits shown by + 


system: one with the organic phase dis- 
persed and one with the water phase 
dispersed. No attempt was made to correct 
the results to equivalence with 3 ft. of 
packing because the available data on end 
effects were not only for a different system, 
but also for a different packing size. The 
correlations as presented by Laddha and 
Smith were fitted by least squares. As the 
flow rates were originally given in terms of 
weight units, lb./(hr.)(sq. ft.), these cor- 
relations have been corrected for use with 
flow rates in volumetric terms, cu. ft./ 
(hr.)(sq. ft.). The corrected correlations 
are given in Table 3. Because no reliable 
analytical method was available for water 
in isobutyraldehyde, no data on the 
isobutyraldehyde film are given. The 
Laddha and Smith (17) results show little 
difference between spray columns and 
packed columns with either 44 in. or 3 in. 
packing, which may have been due to the 
small distributor nozzles used, 0.043 in. 
diam. This would have given small droplets 
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for spray-column operation. The Hayworth 
and Treybal (8) correlation predicts drop- 
lets 1.0 to 2.1 mm. diam. for the spray 
column with 3-pentanol-water, either phase 
dispersed. In a packed system the Lewis, 
Jones, and Pratt (14) correlation predicts 
2.3 mm. for 3-pentanol dispersed and 4.4 
mm. for water dispersed in packings above 
the critical size. For these low interfacial- 
tension systems, the critical packing size 
may be as small as 14 in. 

Gayler and Pratt (4) employed the 
system ethyl acetate-water in a 4-in. 
column packed with 14 in. clay Raschig 
rings. Packed heights of 14, 1, 2, and 3 ft. 
were used in order to determine end effects. 
Runs with the aqueous phase presaturated 
were also made. Holdup data were taken 
to determine the characteristic droplet 
velocity, io, for use in Equation (7) in order 
to express the results in terms of area-based 
coefficients. For comparison with the 
present work their results have been cor- 
related by the Colburn and Welsh-type 
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Fig. 7. M.I.B.C.—water system. 


TABLE 4 


AREA-BASED COEFFICIENTS 


Water into 


System solvent k, (ft./hr.) 
M.I.B:C.-water 0.356 
M.E.K.-water 0.106 
EtAc-water 0.927 


Solvent into water 
k, (ft./hr.) 


Range of k, covered 
in experiments 


0.567 (V./Va)? 0.486 — 1.090 
0.144 (V./Va)?3” 0.133 — 0.382 
0.444 (V./Va)* 0.155 — 1.11 


TABLE 5 


DRopLet 
d-spray (mm.) 


(Hayworth and 


System Treybal (8) 
M.I.B.C.-water 4.2 
M.E.K.-water 2.5 — 4.0 


equations (Figures 8-9). The points for 
3 ft. and 2 ft. of packing are shown here, 
those for 2 ft. having been corrected to 
equivalence with 3 ft. of packing. Some low 
values of (H,)4 were obtained at low values 
of V,, which may have been caused by 
water back-flooding into the distributor. 
At higher dispersed-phase flow rates this 
water could have been displaced from a 
distributor of the type employed in their 
column, in which case the values obtained 
at these higher flow rates would be the 
true (H;)q values. As there were also some 
unusually high values at the higher Vz/V. 
ratios, the mean of all the (H;)g points was 
taken for C;, which lies close to the majority 
of the points. 


Physical Property Effects 


The effect of physical properties of the 
liquid-liquid systems on mass transfer 
rates was investigated by attempting to 
correlate the constants of the Colburn 
and Welsh-type equations, listed in 
Table 3, with the physical properties 
in the form of dimensionless groups. In 
these attempts the physical properties 
considered were f,, Ma; Pe, Pa, Y and the 
diffusivities. The values of these prop- 
erties used in the correlations are listed 
in Table 6. The viscosities and densities 
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DIAMETERS 
d,,-packed (mm.) d,»,-packed (mm. ) 


(Lewis, Jones 


and Pratt (14) (observed ) 
2.18 2.4 
1.45 1.0 


are those reported by the experimenters. 
Interfacial tensions were measured by 
Gayler and Pratt (4) for ethyl acetate- 
water, and by the author for M.I.B.C.- 
water and M.E.K.-water. For isobutanol- 
water and 3-pentanol-water, values were 
taken from the literature (10). No inter- 
facial tension data could be found for the 
isobutyraldehyde-water system. Diffu- 
sivities were estimated by the method of 
Chang and Wilke (7) except for the 
system isobutanol-water where experi- 
mental values were available from the 
work of Heertjes, Holve and Talsma (9). 
All values reported in Table 6 are at the 
mean temperatures and concentrations 
of the experiments to which they apply. 
While the extremes of temperature varia- 
tion were from 20 to 37°C., the majority 
of runs were in the range of 22 to 30°C. 
Temperature effects in the dimensionless 
groups used in the correlation would tend 
to be self-compensating and temperature 
variations in the above range will not 
have any great effect on the correlations. 

The exponent n appears to be a func- 
tion of the viscosity ratio. This is shown 
on a semilogarithmic plot in Figure 10. 
The six points lying above the others are 
all the points for the 3-pentanol-water 
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Fig. 8. Data of Gayler and Pratt. 
Ethyl acetate—water system. 
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Fig. 9. Data of Gayler and Pratt. 
Ethyl acetate—water system. 


system. It is difficult to say whether this 
deviation is caused by deficiencies in the 
experiments or represents a real effect. 
The remaining points suggest that n 
may be related to u./uz by a function of 
the following form: 


a+ bln 
\Ma 


This says that the manner in which the 
flow-rate ratio affects (H,), is a function 
of (u./us). This may be explainable as 
the effect of viscosity ratio upon the 
interfacial shear conditions at the droplet 
surface, or upon the relative amounts of 
turbulence or circulation within the drop- 
lets or in the continuous phase adjacent 
to the droplet surface. 

Several different dimensionless group- 
ings of the physical properties were 
tried in attempts to correlate the coeffi- 
cient C.. The best result is shown in 
Figure 11. The four low points, for 
ly-in. and 3%-in. rings are all for the 
3-pentanol-water system which also 
caused deviations in Figure 9. In this 
case the deviation may be due to the 
fact no correction for end effects was 
made on these points. The reason for the 
one high point, M.I.B.C.-water in spray- 
column operation, is unknown. From 
these points it appears that C, may be a 
function of the 44 power of the groups 
(dApy/u.?), (u-/Ha) and (Nz.)-. In the 


(10) 
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Fig. 10. Effect of physical properties on mass transfer. 


first group d is the droplet diameter as 
predicted by Hayworth and Treybal’s 
correlation (8) for spray columns, or 
Lewis, Jones, and Pratt’s (14) for packed 
columns. This group may account for 
the effect of changing droplet diameter, 
density difference, and interfacial tension 
upon the surface area available to mass 


transfer. The viscosity ratio may account 
for surface shear conditions or circulation 
conditions as mentioned above. The 
Schmidt number may be regarded as 
accounting for the mass transfer by 
molecular diffusion in the surface film. 
There is considerable evidence that eddy 
diffusion plays a more significant part in 


Dispersed phase 


Continuous phase 


Spray columns 


M.I.B.C. 

M.E.K. 
Isobutyraldehyde 
Water 
3-Pentanol 


Water 
Water 
Water 
Isobutyraldehyde 
Water 


Water 3-Pentanol 
Packed columns 

M.I1.B.C. Water 

M.E.K. Water 

EtAe Water 

Tsobutanol Water 

Water Tsobutanol 
Isobutyraldehyde Water 

Water Isobutyraldehyde 
3-Pentanol Water 


Water 


Isobutyraldehyde 
Water 

3-Pentanol 

Water 
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3-Pentanol 


Water 
Tsobutyraldehyde 
Water 

3-Pentanol 


TABLE 6 


O- 
PHASE OF EACH O-3/8" OF EACH SYSTEMQ-3/E 
A— SPRAY 5 
1.0 é 4 
iBC 
34 PEINTANOL 3 ke 
i- BUTANOL 
0.9 
3-PENTANOL | 
i-/BUTANOL | 
MEK 
08 4 Slope=0.25 
| 
2x0" 3.4 56 8 10 2. 35 45668 
dap 
06 ANOL, Hal Nee 
Oileuns DEHYIDE Fig. 11. Effect of physical properties on mass transfer. 
4 QeTac 
0.5 
mass transfer in liquids than does molec- 
ular diffusion. However, the lack of eddy 
4 diffusivities and viscosities makes it 
0. 02 0.4 O06 Z 6 impossible to include such effects in a 
Hc/a correlation of this kind. In any case, the 


correlations attempted which did not 
include the Schmidt number were not as 
good as those presented in Figure 11. 

Combining these two correlations leads 
to an equation of the form, 


(H,). = (const) 


{#) (11) 
Ma Vi 


PuHysICcAL PROPERTIES AND DIMENSIONLESS GROUPS 


Me Ap d 
(g./ee.) (dynes/em.) (mm.) 
0.262 0.193 6.11 4.4 
2.44 0.167 0.95 = 
1.69 0.200 
0.29 0.190 5.0 1 
3.79 0.190 5.0 1 
(14 in. rings, 4 in. column) 
0.262 0.193 6.11 
2.78 0.167 0.95 1.0 
2.08 0.093 6.5 3.5 
0.354 0.163 2.1 
2.81 0.163 2.1 3.8 
(34 in. rings, 2 in. column) 
1.69 0.200 
0.591 0.200 
0.31 0.190 5.0 23 
Ste 0.199 5.0 4.4 
(14 in. rings, 2 in. column) 
1.65 0.200 
0.606 0.200 mis 
0.30 0.190 5.0 253 
3.87 0.190 5.0 4.4 
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dApy 


2 


(sq. em./sec. X 10° 
15 20 603 2100 
15 130 825 44.5 
11.5 96 760 78 
96 £25 78 760 
8.7 11.5 1000 3320 
11.5 8.7 3320 1000 
15 20 603 2100 
15 130 825 44.5 
17 148 669 36 
7.0 2.4 1760 17400 
2.4 17400 1760 
11.5 96 760 78 
96 1125 78 760 
8.9 12.0 940 3040 
12.0 8.9 3040 940 
10.9 96 850 7 
96 10.9 78 850 
8.8 10.8 960 3720 
10.8 8.8 3720 960 
June, 1958 
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This equation is presented only as a 
tentative method of correlation. Data on 
many more systems will be needed before 
it can be established with any certainty. 

The constant C; apparently cannot be 
correlated with physical properties by 
the data now at hand. This may be due 
to inaccuracies in the values of (H,),, 
especially in tall columns where the 
dispersed phase often approaches satura- 
tion. The condition of continuous phase 
back-flooding into the distributor may 
also have been present in the earlier work. 


SUMMARY OF RESULTS 


The individual film coefficients of mass 
transfer have been measured for two 
binary liquid-liquid systems in a packed 
extraction column and in a spray column. 
The two systems were methyl isobutyl 
carbinol-water and methyl ethyl ketone- 
water. In each case the organic phase was 
dispersed. The column was 4 in. I.D. In 
spray-column operation the effective 
column height was 4.3 ft. and in packed- 
column operation it was packed with 
3 ft. of 1.2 in. Raschig rings. 

The results may be summarized as 
follows: 


1. The individual mass transfer coeffi- 
cients for each system can be correlated 
by the Colburn and Welsh type of 
equations, 

(H ta = 
(H.). = CV./Va)" 


. The H, values can be reduced to area- 
based coefficients by the expression for 
surface area proposed by Gayler and 


Pratt (3), 
) 
Do 


This yields 


bo 


d 
= 


6(H,)4 


Luby 


The values of k obtained for the 

M.E.K.-water system compare favor- 

ably with those found by Murphy, 

Lastovica, and Skrzec (16) for this same 

system in a horizontal-tube extractor 

where the surface area available to 
mass transfer is known. 

Presaturation of either phase makes 

no perceptible difference in the results 

for either system. 

4. In systems of low interfacial tension, 
spray columns are almost as efficient 
as packed columns due to the small 
droplets formed. In systems of high 
interfacial tension packed columns are 
considerably more efficient than spray 
columns. 


and 


~ 
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5. The exponent n in the correlating 
equation for (H,), appears to be a 
function of the viscosity ratio, possibly 
of the form, 


n=a-+t b In 


The coefficient C, of the same equation 
appears to be a function on the 4 
power of the groups (dApy/u,?), (u./Ma) 
and (Ns,),... Combining these two 
functions leads to a correlating equa- 
tion of the following form. 


1/4 
(H,). = const 


Ke 


1/4 n 
Me r 1/4 

(#:) ( ) Va 


This correlation is only a tentative 
proposal. More data on other liquid- 
liquid systems are needed to confirm 
the nature of this relationship. 

6. The available data for (H,), do not 
appear to correlate with the physical 
properties of the liquid-liquid systems. 
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NOTATION 

a = area of contact of the phases per 
unit volume of the column, 
sq. ft./cu. ft. 

C, = coefficient in empirical mass trans- 
fer correlation 

C, = coefficient in empirical mass trans- 


fer correlation 
= droplet diameter, ft. 
d,, = mean volume-surface diameter of 
droplets = (2nd?/Znd?) — ft. 
d°,, = characteristic droplet diameter, 
i.e., the value of d,, at zero flow 
rates, ft. 


D = molecular diffusivity, sq. ft./hr. 

H, = height of a transfer unit, indi- 
vidual, ft. 

k =mass transfer coefficient, indi- 
vidual, lb./(hr.)(sq.  ft.)(Ib./cu. 
ft.), i.e., ft./hr. 

nm = exponent in empirical mass trans- 
fer correlation 

N, = number of transfer units 


Ns. = Schmidt number u/pD 
= temperature, °C. 


V = superficial velocity of phase in 
empty column, cu. ft./(hr.)(sq. 
ft.) 

5 = mean velocity of droplets relative 
to packing, ft./hr. 

3) = characteristic velocity of droplets, 


i.e., mean velocity of droplets at 
zero flow rates, ft./hr. 
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x = weight fraction of organic phase 
in continuous water phase 

z' = fractional holdup of dispersed 
phase in packing voids 

y = weight fraction of water phase in 


dispersed organic phase 


Greek Letters 


y = interfacial tension, lb./(hr.)? or 
dynes/cm. (= g./(sec.)?) 

é = fractional voidage of packing 

= absolute viscosity, lb./(hr.)(ft.) 

p = density—lb./cu. ft. 

Subscripts 

avg = arithmetic average 

c¢ = continuous phase 

d dispersed phase 


t = value at interface 

= logarithmic mean 
1, 2 = entrance and exit conditions of 
phase, respectively 


Superscript 


* = value at equilibrium or saturation 
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Momentum and Mass ‘Transfer by Eddy 
Diffusion in a Wetted-wall Channel 


The role of eddy diffusion of mass (water vapor) and momentum was investigated in a 
specially devised wetted-wall channel in which the rippling of the liquid film was eliminated. 
The experimental measurements of the turbulent exchange coefficients for mass and 
momentum transport were carried out in a fully developed turbulent flow of air within the 
range of Reynolds numbers of 8,000 to 160,000. A correlation with Reynolds number 
revealed an approximately linear relationship of the eddy diffusivities to Reynolds number 
{Equation (4)]. From the hot-wire measurements it was found that within the main portion 
of the turbulent core eddy diffusivities remained fairly constant. 


In many industrial processes such as 
humidification, drying, mixing, etc., tur- 
bulence exerts a marked influence on the 
transport of material or heat. In such 
processes the state of motion of the fluid, 
i.e., whether laminar or turbulent, is of 
primary importance. Furthermore, for 
design engineers estimation of the basic 
sizes of equipment in these processes 
requires a knowledge of the resistance to 
mass or heat transfer. Approximately 30 
to 60% of the total resistance is generally 
contributed by the eddy diffusion in the 
turbulent core of the main flow. 

Although the general subject of tur- 
bulence has been under intensive investi- 
gation for over half a century, little or 
nothing is known concerning the mecha- 
nism governing turbulent mass transfer. 
A survey of literature reveals that experi- 
mental data on turbulent mass transfer, 
particularly in pressure flow such as in a 
channel or a duct, are scarce. A number 
of studies have been carried out on mass 
transfer in free turbulence, as in the case 
of a jet or a wake, in which the transport 
phenomena governing turbulent diffusion 
of heat, mass, or momentum are perhaps 
analogous in nature. However, in the case 
of pressure flows this may not be so, 
especially at points outside a portion of 
the central turbulent core. Isakoff and 
Drew (1) obtained correlations for eddy 
diffusivities of heat and momentum from 
their measurements on heated mercury 
flowing turbulently in a tube. The ratio 
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of these diffusivities was shown to vary 
across the cross section and with Reynolds 
number. The results of Schwarz and 
Hoelscher (2) indicate that in the main 
portion of the turbulent core the turbulent 
Schmidt number is fairly constant and 
that its order of magnitude is between 1 
and 2 in the core except near the center 
of the pipe. Sherwood and Woertz (3) 
have reported data correlating the over- 
all eddy diffusivity of mass transfer in 
turbulent flow between parallel plates. 
The value of Schmidt number obtained 
by them is close to 0.7. Mickelsen (4) 
found from the hot wire and the helium- 
diffusion data in a round duct that the 
proportionality factor between the La- 
grangian and Eulerian correlation co- 
efficients was approximately 0.6. Similar 
results have been reported by Towle and 
Sherwood (5), Schlinger and Sage (6), 
and Kalinske and Pien (7). 

sent study (8), with a particular 
empu “!s on the elimination of rippling 
effects, is devised as an attempt (1) to 
substantiate Sherwood and Woertz’s con- 
clusions, (2) to formulate expressions for 
mass and momentum eddy diffusivities 
based on theoretical considerations, and 
(3) to present an experimental correlation 
for mass transfer eddy diffusivity. 


APPARATUS 


The schematic arrangement and the over- 
all view of experimental equipment are 
represented in Figures 1 and 3. A horizontal 
rectangular duct with an aspect ratio of 
6:1 served as a mass transfer channel, 
details of which are shown in Figure 2. It 
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comprised the wetted side walls, a 1-in.- 
thick Plexiglass cover on the top, and a 
1-in.-thick plywood bottom. The Plexiglass 
cover was provided with twenty-one Pitot- 
tube traverse tracks, and the plywood base 
had 144- by Y-in. troughs to carry drain 
water from the wetted plates. Narrow 
strips of aluminum sheet metal were placed 
at an angle to the bottom in order to 
prevent water from wetting the channel 
floor. The mass transfer plates were 
specially designed so as to eliminate the 
rippling effect of the liquid film. The 
existence of such a rippling effect has been 
reported frequently in the literature and is a 
cause for concern for the obvious reason that 
it tends to introduce a source of turbulence 
at the wall. Various methods were tried in an 
attempt to devise a wetted wall which would 
constitute a basically good mass transfer 
surface. The evolvement of a felt-covered 
plate which gave smooth liquid film without 
the associated rippling effect came about 
after much experimentation with a number 
of materials. Green billiard felt 1/16-in. 
thick was glued to the 1/16-in. brass- 
sheet-metal plate with Goodyear Plyobond. 
The whole plate with the felt was kept 
under a heavy press for 48 hrs. in order 
for the bonding substance to set tightly. 
A brass tube soldered on the back of 
the plate fed liquid to the felt surface 
through a narrow slit in the brass. Adjust- 
able clamps with set screws were placed at 
intervals along the feed tube to give a 
uniform flow of liquid by partially closing 
or opening the slit through clamping action. 
Uniformity of saturation of felt was judged 
by shining a floodlight at an angle through 
the Plexiglass cover. A total of six plates 
each 3 ft. long were used, comprising a 
6-ft.-long mass transfer calming section 
and a 3-ft.-long test section. The mass 
transfer channel was carefully aligned and 


June, 1958 


asst 
pre 
con 
sere 
sect 
exh 
al. 
sect 
the 
hol 
scre 
sup 
a § 
was 
con 
con: 
box 
com 
thic 
into 
cont 


cons 
insic 
the 
tank 
was 
for 
com 
whi 
tank 
sum 
12-i1 
mize 
was 
drai! 
wate 
plat 
and 
carr 
the 


durin 
wate! 
arur 
wate: 
confi 
wate 
that 


Vol. 


in t 

plac 
C 
to t 
and 

the 

wax 

(1/1 

W 
pera 
type 

heac 

and 
a Fe 

TEST 
Gene 

B 
visus 
| mad 
mine 
wett 

to b 

plat 

late, 

the 

were 
\ piece 
the 


rnia 


-in.- 
id a 
rlass 
itot- 
base 
rain 
aced 
r to 
nnel 
were 
the 
The 
been 
lisa 
that 
ence 
nan 
ould 
nsfer 
ered 
hout 
bout 
nber 
6-in. 
rass- 
yond. 
kept 
order 
htly. 
k of 
rface 
just- 
ad at 
ve a 
osing 
tion. 
dged 
ough 
lates 
ng a 
ction 
mass 
| and 


1958 


leveled with a carpenter’s level when 
assembled. The inlet to the channel was 
preceded in order by a 3-ft.-long dry 
conditioning section, an 18-mesh turbulence 
screen, an egg-crate section, a converging 
section, and a transition section. The 
exhaust portion of the channel comprised 
a 1-ft.-long exit duct and a 7-deg. diffuser 
section. All parts of the flow system except 
the channel were constructed of 24-gauge 
galvanized-iron sheet metal. A _ screen 
holder was provided for introducing the 
screen into place, and the flow of air was 
supplied by a centrifugal blower driven by 
a 5-hp. d.c. motor. Variable motor speed 
was achieved by separate field and armature 
control. The suction side of the blower 
consisted of a plenum chamber and a filter 
box, the box containing three layers of 
commercial glass-wool panels each 1-in. 
thick. Air from the blower was discharged 


into a 9-in.round duct through a 9-in., 


control valve. A 414-in. orifice was installed 
in the duct following an egg-crate section 
placed about 8 pipe diameters apart. 

Constant-level head tanks supplied water 
to the six felt plates through a feeder pipe 
and a set of two-way valves. The level of 
the water in the head tanks was maintained 
constant by means of an overflow pipe 
inside the tanks. The drain water from 
the felt plates was carried back to sump 
tanks. The function of the two-way valves 
was to switch from one tank to the other 
for metering purposes. The circuit was 
completed by laboratory circulating pumps 
which served to supply water to the head 
tanks. Before returning to the metering 
sump tanks, water was passed through a 
12-in.-diam. stilling well in order to mini- 
mize pulsations of flow. Air from the channel 
was prevented from leaking through the 
drain-water passage by means of a 6-in.-high 
water-seal drain pipe. Water from the 
plate entered at the bottom of the pipe 
and overflowed from the top into the line 
carrying it to the sump tank. All joints in 
the water lines were sealed by a coating of 
wax or Glyptal paint, and Garlock gaskets 
(1/16 in.) were used between flat surfaces. 

Water was heated to a constant tem- 
perature by means of a 500-watt immersion 
type of heater placed in each of the two 
head tanks. The temperature was controlled 
and maintained automatically by means of 
a Fenwall thermoswitch. 


TEST PROCEDURE 


General 


Before each day’s runs were started, a 
visual inspection of the felt plates was 
made through the Plexiglass top to deter- 
mine whether the plates were thoroughly 
wetted. Frequently it was found necessary 
to bleed all water lines and to rewet the 
plates, as air in the water tended to coagu- 
late, forming air bubbles which restricted 
the flow of water to the plates. The plates 
were wetted by gently rubbing a clean 
piece of wet rag over the felt surface. When 
the experiment was not in progress, and 
during the night, plates were supplied with 
water from the city water line. Before 
arun the tanks were filled with fresh water 
water from the city line, as it had been 
confirmed by taking one run with distilled 
water and repeating it with fresh city water 
that distilled water was not necessary, the 
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Fig 1. Schematic diagram of experimental equipment. 


results in terms of concentrations traverse 
and evaporation rates obtained in both 
cases having been found to be substantially 
the same. Finer adjustment of air flow 
rate was accomplished with the 9-in. 
control valve. The sampling lines were 
allowed to be flushed out for a period of 
20 to 30 min. 

Before actual test measurements were 
started, uniformity of saturation was deter- 
mined, and any water that might be swept 
away from the trough by air at relatively 
high velocities was detected. Inspection 
was also made for leaks in the water lines. 


Measurements 


The over-all test program was divided 
into two parts: part A, asymmetric case 
(one wall wetted), and part B, symmetric 
case (both walls wetted). For each case 
twelve runs were taken with mean velocity 
in the channel varied from 6 to 120 ft./see. 
The corresponding range of Reynolds 
numbers was from approximately 8,000 to 
160,000. The calculation of Reynolds 
number was based on twice the mean 
channel width, with the width varying 
somewhat all along the length of the channel, 
as determined by the contact indicator 
(used with the Pitot tube) at several points 
along the channel. A variation of about 
+0.035 in. with a mean value at 1.925 in. 
was noted. 

Friction factors were determined experi- 
mentally with a micromanometer from the 
pressure-drop measurements for both dry 
and wet runs. Velocity profiles were ob- 
tained by making Pitot-tube traverses 
midway in the test section along a line 
connecting the centers of the felt plates. 
The traverses were taken at nine positions 
spaced 14 in. apart except in the region near 
the walls, where %-in. separation was 
utilized. The velocity heads were measured 
by means of the micromanometer. Fifteen 
copper-constantan thermocouples were lo- 
cated on the inlet and outlet water lines 
as well as inside the channel. The tempera- 
ture readings, recorded at the beginning 
and end of each run, were obtained with a 
Brown electronic potentiometer, the tem- 
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Fig. 2. Channel cross-sectional details. 


perature of the inlet water to the plate 
being fixed at 78° + 2°F. for all runs. Local 
temperature of the liquid film was measured 
by means of a traversing thermocouple 
device which consisted of a small probe with 
a thermocouple head. Over-all mass balance 
on the system was made for each run by 
measuring inlet and outlet air humidities 
and the evaporation rates from the walls. 
The mass-balance discrepancies were found 
to be within +15%. 

The concentration profiles were obtained 
by drawing the sample through the impact 
hole of the Pitot tube with an aspirator and 
passing it through the two 150-mm. U tubes 
in series filled with anhydrous calcium 
sulfate (Drierite). A wet-test meter with a 
least count of 0.01 cu. ft. was used for 
metering the sampling rate, which was 
adjusted to correspond approximately to 
the speed of air at the point of sampling. 
This rate ranged from 0.005 to 0.05 cu. ft./ 
min. The upper limit was fixed by the 
pressure drop in the sampling line. The gas 
sample was allowed to run through the 
U tubes for a period varying from 10 to 
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Fig.’ 3. Over-all view of the experimental setup. 


20 min., and changes in the weights of the 
U tubes were noted. Generally, one tube 
was all that was necessary to absorb com- 
pletely the water content in the gas. The 
sampling rate was carefully adjusted to the 
optimum value for complete absorption of 
water vapor by by-passing part of the 
sample. A precision balance with its arm 
calibrated to 0.1 mg. was used for weighing 
the U tubes. A small dish filled with anhy- 
drous calcium sulfate (Drierite) and placed 
inside the balance ensured the presence of 
dry air within the enclosure, for the U tube 
might otherwise pick up moisture from the 
air. The weights were not calibrated, as the 
same pieces of weights were used for ‘before 
and after’ weighings. Sample traverses 
were made to determine concentration dis- 
tribution from top to bottom of the channel. 
Determinations were also made of axial 
concentration distributions at three veloc- 
ities (Reynolds numbers of 45,000, 99,000, 
and 161,000), as shown in Figure 5. 

The evaporation rate was determined for 
each plate separately by noting the time 
required for the depletion of 133 cc. of water 
in the metering tank. This was done auto- 
matically by means of a special triggering 
device, together with an electric timer which 
had an accuracy of 0.i sec. Time readings 
for these rates were repeated until they 
remained fairly constant, three such read- 
ings being recorded and the average taken. 
At extremely high velocity (above 100 
f{t./sec.) of air in the channel, some water 
was blown away by the air. This was 
collected at the discharge outlet and 
weighed, and a correction was made in the 
evaporation-rate measurement. 

By means of commercial hot-wire (con- 
stant current) and anemometer instruments, 
turbulent intensities, and and 
their distributions across the test section 
were determined. The hot-wire probe was 
carefully aligned with respect to the flow 
direction. Maximum noise level for all 
measurements amounted to less than 4% 
of the hot-wire output voltage and remained 
fairly constant throughout the experiment. 

Velocity traverses were made at the same 
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Fig. 4. Photograph of streamlined pitot tube. 
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positions as the hot wire. Figure 4 shows an 
enlarged picture of a specially constructed 
streamlined Pitot tube, which was used for 
velocity and concentration mappings. It was 
mounted on a horizontal traversing plat- 
form which moved transversely to the plates, 
The traversing mechanism consisted of a 
vernier depth gauge which could be read 
accurately to 0.0001 in. The vertical move- 
ment of the Pitot tube was achieved by 
means of a vernier gauge mounted on the 
movable platform, the reading of the gauge 
being accurate to 0.001 ft. The Pitot tube 
was positioned in reference to one of the 
wetted walls, and the zero reference reading 
was determined by contacting the Pitot tube 
with the wetted wall. An indication of exact 
contact with the water film was given by an 
electric light actuated by a miniature relay. 
Readings of static and impact pressures of 
the Pitot tube were obtained by means of 
a water micromanometer, which had a 
vernier movement of a rhodium-platinum 
point contacting the water surface in a 
small gold-plated cup. Contact of the 
manometer probe with the water surface 
was signaled electronically in a manner 
similar to the Pitot-tube zero indicator 
described above. The vernier movement 
had an accuracy of +0.0001 in. 

Air flow rate was determined from the 
pressure drop across a 414-in. sharp-edged 
orifice installed in the 9-in. line. At high 
flow rates an Ellison-type inclined draft 
gauge was used. For low velocity runs 
(below 1-in. pressure drop) the micro- 
manometer was employed. The orifice was 
precalibrated in place against the integrated 
traverse readings of the Pitote tube, and 
the Ellison manometers were calibrated 
against the micromanometer. Normal cor- 
rections were made in the manometer 
readings to account for the variation of 
specific gravity. of the Ellison fluid with 
temperature. 


RESULTS 


Momentum Transfer 


Astimation of eddy viscosity and eddy 
diffusivity requires knowledge of the 
velocity gradient and friction factor. The 
former can be obtained from the velocity 
traverse, and the latter from the pressure- 
drop measurements or Blasius’s curve for 
smooth walls. Measurement of a gradient 
from the velocity distribution, however, 
would involve large uncertainties; there- 
fore, the equation of shear stress is 
integrated. The result is expressed in 
terms of velocity deficiency, and the 
integration is carried out on the assump- 
tion that the eddy viscosity ¢ is constant 
in the channel cross section.* Figure 6 
shows a logarithmic plot of (U,, — U) vs. 
(b — y). From this and Figure 7, for 
friction factors, eddy viscosity is deter- 
mined, and the variation of eddy viscosity 
with Reynolds number is depicted in 
Figure 8. The friction factor for wetted 
walls appears to lie approximately near 
Blasius’s curve for smooth wall. In the 


*This assumption appears to be fairly valid for 
the central portion of the turbulent core. A variation 
of approximately 15% in the value of the eddy 
viscosity is evidenced in this region from the data of 
Isakoff and Drew (1). 
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aa dry case, where the walls were not 
ed wetted, the friction factors are, in general, 
for high—by as much as 50%. The eddy 
yas viscosities in Figure 8 are roughly 50% 
lower in comparison with the ones ob- 
es. tained by Woertz in a similar fashion. by Par eo 
The linear variation of eddy: viscosity 
with Reynolds number is, however, 
by apparent in both cases, but the reason for zle my LT Py PARTIAL PRESSURE AT 
he the discrepancy is not obvious at first. 0s CHANNEL ENTRANCE 
ibe played some role, and, although no og © 
the mention is made of this fact by Woertz, i y, L = LENGTH OF CHANNEL 
ing it is generally reported in the literature Ge 
ibe (2, 9) that some amount of rippling 
ae liquid film. This effect would change x 
> markedly the wall turbulence and, in 
a general, induce more eddies for transport. Fig. 5. Axial concentration distribution. 
a This is borne out somewhat by comparing 
um Woertz’s data on percentage of turbulence 
1a with the present case where rippling has 
the been eliminated. Woertz’s data represent, 
ace | in general, a higher percentage of tur- 
bulence inéreasing sharply toward the SOU = VELOCITY AT DISTANCE FROM WALL 
wall. To consider the relative effects of 
dry and wet walls on turbulence, hot-wire P 
the data were taken with one wall wet and " 
ved the other dry. In Figure 9 percentage of / f 
igh turbulence in the wet half of the cross 20 = 
raft section appears, in general, to be lower «mae / 
uns than in the dry side. Both the turbulence rf © {18,000 
and the velocity curves have shifted more 
toward the wet wall, and further sub- / 
ted stantiation is necessary. The effect of wall 2 / / 
ted condition on the velocity distribution is 2 
uae evidenced in Figure 10, where the shift Fig. 6. Typical velocity deficiency curves. z 
ster toward the wet wall is more noticeable. ar / 
From the hot-wire measurements and WA 
vith the friction factor, a knowledge of the ye 
magnitude of the currelation coefficient 
R between root-mean-square values of ie A 
u’ and v’ can be gained. The results of S 
these measurements are presented in = A 
Figure 11, where, for comparison, experi- 
ddy mental data of Reichardt (10), Watten- 
the dorf (11), and Woertz (3) are also shown 
The plotted. The comparison data are for 
city lower Reynolds numbers. Although the DISTANCE FROM CHANNEL CENTERLINE ft 
ure- correlation coefficient is higher, the 
for general shape of the curve agrees quite 
ient well with these other results. The calcu- 
ver, lation of correlation coefficient is based 
ere- on the assumption that the turbulence is 
3 18 isotropic in the main core of the channel. 
m The experimentally measured magnitudes 
the of the turbulent intensities in 2 and y 
mp- directions (x being parallel to the main 
tant flow and y perpendicular to the walls) 
e 6 point to such a conclusion (Figure 12), 5 
) VS. and Wattendorf’s data obtained for air =< 0020 i 
for flow in a similar channel also support z p+] DRY WALL 
| in data is supported by the agreement with bere | 
tted the universal velocity distribution of WETTED WALL” | 
near Figure 13 (u+ vs. y+), the comparison 
the being shown for only the turbulent regime 
(y+ > 30). The agreement is also satis- 
id for factory with the data of Nikuradse (12), REYNOLDS NuMBER - “BU 
eddy Deissler (13), Laufer (14), and Corcoran 
ata of and Sage (145). Fig. 7. Wall friction factors from pressure drop data. 
958 Vol. 4, No. 2 A.1.Ch.E. Journal Page 193 


Mass Transfer 


Asymmetric Case (Series M). This part 
of the experiment was conducted with one 
wall wetted and the other dry. Concen- 
tration readings were obtained in terms 
of mole fraction of water vapor in air 
and converted into partial pressures 
(Figure 14). The wall concentration corre- 
sponds to the vapor pressure of the satu- 
rated air at the center-point temperature 
of the wetted wall, which was estimated 
from the knowledge of inlet and outlet 
water temperatures (f; and ft) by the 
following formula: 

ty 

10 
The equation was determined by taking 
temperature traverses on the wall along 
the height of the channel for several air 
velocities by means of a_ traversing 
thermocouple probe. This formula which 
generally predicted the midway tem- 
perature within approximately 1°F., was 
confirmed from several spot checks of the 
temperature during the experiment. 

The equation used for the diffusivity 
determination is given by 


The molecular diffusion coefficient D was 
computed from the equation of Hirsch- 
felder (16) and was usually much smaller 
(at the most, about 5%) in comparison 
with the eddy diffusivity #. The total 
diffusivity (eddy -++ molecular) was 
determined from the slope of the concen- 
tration profile taken arbitrarily at a point 
in the turbulent core about two thirds 
from the center. The underlying assump- 
tions for this method of determination 
are (1) mass transfer by eddy diffusion 
in axial and vertical directions is negli- 
gible, (2) the diffusivity is constant in the 
turbulent core, and (3) mass transfer by 
axial convection of water vapor by the 
main flow in the region between the wall 
and the edge of the turbulent core is small 
in comparison with the total mass transfer 
rate from the wall. The first assumption 
is only partly correct, as the .experi- 
mental data showed that slight gradients 
did indeed exist in the direction of flow 
as well as in the vertical direction. 
Neglecting eddy diffusion in these direc- 
tions, however, had no serious effect on 
the computation of eddy diffusivity, since 
the gradients in the x and 2z directions 
were appreciably smaller in comparison 
with the one in the y direction. The 
slope of the concentration profile, for 
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Fig. 8. Variation of eddy vis- 
cosity with Reynolds number. 
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Fig. 10. Effect of wall condition on 
velocity distribution. 
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Fig. 12. Comparison of Vv u? and V v2 
from typical hot-wire data. 


the purpose of computing the eddy 
diffusivity, was taken arbitrarily at the 
edge of the turbulent core (at a point 
about two thirds from the center). This 
is justified in view of the fact that the 
eddy diffusivity appears to remain 
fairly constant in the turbulent core. The 
validity for assumption 3 was partially 
supported by estimating the convected 
mass transfer from measurements of the 
axial concentration gradient and_ the 
mean velocity in the region between the 
wall and the edge of the turbulent core. 
This estimated convection loss amounted 
to approximately 5% of the total mass 
transfer rate at the Reynolds number of 
160,000. 

The slopes of some of the concentration 
profiles in the neighborhood of the dry 
wall appear to be slightly negative, an 
indication, perhaps, that a transfer of 
water vapor might be taking place from 
the “‘dry’’ wall into the main air stream. 
In order to confirm this, an examination 
was made of the felt surface of the dry 
wall, which was found to be somewhat 
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Fig. 13. Comparison with other investigators. 


transfer eddy diffusivity from Equation 
(3): 
E=0.0177Nev Vf (4) 


Figure 18 shows the comparison of the 
experimental data with the values calcu- 
lated from Equation (4). The friction 
factor f is computed from Blasius’s equa- 
tion, the agreement with Equation (4) 
being excellent at relatively low Reynolds 
numbers. At high Reynolds numbers the 
deviation from the predicted curve 
amounts to a maximum of about — 12%. 
In view of the experimental and theo- 
retical assumptions, such a good agree- 
ment is fortunate. In Figure 18 the data 
of Sherwood and Woertz also are plotted 
for comparison. 

From the expression for Reynolds shear 
stress and the usual definition of the 
correlation coefficient R, one obtains 
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Fig. 14. Typical concentration profile (asymmetric case), 


moist as felt fibers normally tend to 
absorb moisture. 

The correlation of the eddy diffusivity 
E with Reynolds number (Figure 15) 
appears to give an approximately linear 
relationship. The maximum scatter in the 
diffusivity values plotted in Figure 15 
amounts to about +12% from the mean 
curve, which is within the range of the 
experimental error. 

Symmetric case. With both walls wetted, 
a symmetrical distribution of concentra- 
tion in the channel cross section results 
(Figure 16). The eddy-diffusion coefficient 
is determined in the same manner as 
outlined for the asymmetric case, except 
for the fact that in the present case it was 
obtained from the slopes taken on both 
sides of the concentration profiles and the 
individual mass transfer from either wall 
in the test section. When the two coeffi- 
cients thus obtained were averaged, the 
magnitudes of the coefficients from the 
two sides were found to be approximately 
equal. The average values obtained in the 
symmetric case agreed well with those 
from the asymmetric case. Figure 15 
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represents the diffusivity values for both 
cases plotted together. 


CORRELATION OF DATA 


From the fundamental equations of 
shear stress, the following equation for 
momentum eddy diffusivity is obtained: 

ge _ {Uo [1 — (y/)] 
= (1) 
p 2 (dU /dy) 

The velocity gradient (dU/dy) may be 
obtained from the expression for the 
universal velocity distribution 


U* = 5.5 + 5.75 Logo (2) 


The resulting equation for the eddy 
diffusivity becomes 


0.4U0(f/2)'y[1 b)] (3) 


The experimental data, Figure 17, 
indicate that the eddy diffusivity remains 
fairly constant at the maximum value in 
the main portion of the turbulent core. 
From the analogy considerations, one 
gets the following expression for mass 
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Fig. 15. Eddy diffusivities for mass and momentum transfer. 
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Assumptions of isotropic turbulence 
and of the equality of mass and momen- 
tum diffusivities lead to 


Ry’ 2 


dU /dy (5) 
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Fig. 17. Typical variation of mass transfer 
eddy diffusivity across the channel. 


within about 12%, from the correlation 
equation 


E = 0.0177Nzw Vf 
-(8,000 < Nx. < 160,000) 
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Fig. 18. Comparison of experimental and calculated eddy diffusivity. 


where values of R and 9? are known from 
the hot-wire data. 

Typical variations of these quantities 
across the channel are represented in 
Figures 11 and 12. The values of the mass 
transfer eddy diffusivity are computed 
from the hot-wire data and the measure- 
ment of the velocity distribution. In 
Figure 17 these values are compared with 
the variation of E predicted from Equa- 
tion (3). Despite the necessary uncer- 
tainty in measuring the velocity gradient 
graphically, the general trend in the two 
curves appears to be quite similar. The 
eddy diffusivity remains fairly constant 
in the main portion of the turbulent core. 


CONCLUSIONS 


1. For a fully developed turbulent flow 
in a wetted-wall channel, mass flux is 
transferred faster than the flux of momen- 
tum (Figure 15). 

2. The turbulent exchanger coefficients 
for mass and momentum are approxi- 
mately linear with Reynolds number in 
the experimental range of Reynolds num- 
bers from 20,000 to 160,000. 

3. The mean value of eddy diffusivity 
for mass transfer in the turbulent core of 
a duct can be satisfactorily predicted, 
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NOTATION 

b = half width of channel 

c¢ = concentration of water vapor in 
air, lb. moles/cu. ft. 

Cc» = wall concentration, lb. moles/ 
cu. ft. 

D =molecular diffusion coefficient, 
sq. {t./sec. 

E = eddy diffusivity of mass transfer 
defined by Nya = —EH(Qc/dy), 
sq. ft./sec. 

f = Fanning friction factor defined by 
ro = (f/2) 

g = acceleration due to gravity, 32.2 
ft./(sec.)? 

k = von Karman universal constant 


N,4 = rate of mass transfer per unit area, 
Ib. moles/(sec.)(sq. ft.) 


Nre = Reynolds number = (4bUcp/ug) 

p = static pressure in channel 

Py» = partial pressure of water vapor in 
air, mm. Hg 

R = coefficient of correlation between 


deviating velocities uv’ and v’ 
Rg = gas-law constant, ft./°R. 


t = temperature at a point, °F. 
t: = inlet water temperature, °F. 
= outlet water temperature, °I’. 
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t, = temperature at center point of 
wetted wall, °F. 

t, = wall temperature, °F’. 

T = absolute temperature, °R. 

u = instantaneous velocity in direc- 
tion x, ft./sec. 


u’ = fluctuating component of velocity 
u, ft./sec. 
U = mean velocity in x direction at 


any point (2, y) 
U,, = velocity at center of duct, ft./sec. 


U,, = friction velocity, defined by U, = 
(rog/p)*! 

U+ = dimensionless velocity, defined by 
U+= U/U, 

U, = average velocity in channel, ft./ 
sec. 

v = instantaneous velocity in the di- 
rection 7, ft./sec. 

v’ = fluctuating component of the 
velocity v, ft./sec. 

y = distance from wall of duct, ft. 

y* = dimensionless distance, defined by 
(yU,)/v 

p = fluid density, lb./cu. ft. 

€ = eddy viscosity, (lb.)(sec.)/sq. ft. 

éy = eddy diffusivity of momentum 
transfer, sq. ft./sec. 

= molecular viscosity, (Ilb.)(sec.)/ 
sq. ft. 

7 = shear stress on plane parallel to 
direction of flow, lb./sq. ft. 

T. = shear stress at wall of duct, lb./ 
sq. ft. 

y = kinematic viscosity of fluid, sq. ft. 
/sec. 
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Viscous Flow in Multiparticle Systems: Slow 


Motion of Fluids Relative to Beds of Spherical 


A mathematical treatment is developed on the basis that two concentric spheres can 
serve as the model for a random assemblage of spheres moving relative to a fluid. The 
inner sphere comprises one of the particles in the assemblage and the outer sphere consists 
of a fluid envelope with a ‘‘free surface.’? The appropriate boundary conditions resulting 
from these assumptions enable a closed solution to be obtained satisfying the Stokes- 
Navier equations omitting inertia terms. This solution enables rate of sedimentation or 
alternatively pressure drop to be predicted as a function of fractional void volume. 

Comparison of the theory is made with other relationships and data reported in the 
literature. Of special interest is its close agreement with the well known Carman-Kozeny 
equation which has been widely used to correlate data on packed beds as well as sedi- 
menting and fluidized systems of particles. This is remarkable in view of the fact that the 
force on each particle in a packed bed can be up to several hundred times that exerted on 


a single particle in an undisturbed medium. 


The motion of particles relative to a 
fluid is often of interest in the two limiting 
cases where either the particles move and 
there is no average motion of the fluid 
or alternatively the particles remain more 
or less stationary and fluid passes 
around them. In the problems considered 
here it is presumed that the effect of 
walls of the containing vessel is sufficiently 
small so that these two cases or inter- 
mediate ones, where both particles and 
fluid move, are mathematically equiv- 
alent. In the case of stationary fluid one 
is interested in predicting the effect of 
concentration of particles on their rate 
of steady sedimentation under the influ- 
ence of gravity. In the case of a fluidized 
bed both the teeter velocity and pressure 
drop are of interest. In fixed beds the 
particles are supported by interparticle 
contact so that only resistance to fluid 
flow is involved. 

This investigation is one of a series 
involving the fundamentals of the hydro- 
dynamic relations of particulate systems 
at low Reynolds numbers (1/4, 15). The 
model assumed here is confined to 
particles which may be represented by 
uniform size, smooth, solid spheres. The 
Stokes-Navier equations omitting inertia 
terms are taken to describe the fluid 
motion. A random assemblage is con- 
sidered to consist of a number of cells, 
each of which contains a particle sur- 
rounded by a fluid envelope which con- 
tains the same amount of fluid as the 
relative volume of fluid to. particle 
volume in the entire assemblage. These 
envelopes will be distorted but it is 
assumed that a typical cell can be assumed 
to be spherical. Furthermore, the outside 
surface of each cell is assumed to be 
frictionless, the sedimentation case being 
used as the model. Thus, the entire 
disturbance due to each particle is 
confined to the cell of fluid with which it 
is associated. It is then possible to obtain 
a closed solution which describes the 
concentration dependence of rate of 
sedimentation. 

It is of interest that essentially the 
same type of development gives good 
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results for predicting the concentration 
dependence of the coefficient of viscosity 
of suspensions of particles (13). 

A somewhat similar model for study 
of the velocity of steady fall of spherical 
particles through a fluid medium was 
employed by Cunningham (7), who 
assumed that each particle in a cloud 
would be effectively limited to motion 
within a concentric mass of fluid. How- 
ever, he assumed that the boundary of 
the outside fluid envelope was solid; this 
corresponded in some way to the surfaces 
of the other spheres present in the cloud. 
This model presents the difficulty that 
the size of the spherical envelope must 
be fixed by some additional empirical 
consideration. 

A model closer to the one employed 
here was used by Uchida (26), who 
assumed that the particles in a cloud 
would be arranged in a cubic lattice, so 
that each sphere would be restricted to 
motion in a cubic envelope of fluid in 
the case of sedimentation. The boundary 
value problem of satisfying appropriate 
conditions simultaneously on spherical 
and cubic surfaces proved intractable 
and consequently Uchida simplified it. 
The resulting solution, however, did not 
agree very well with experimental data. 

Since the pioneer experimental investi- 
gation of Darey (8) over a hundred years 
ago on resistance to flow of spring water 
through porous sands, the simple linear 
relationship which he obtained between 
rate of flow and pressure drop has pre- 
sented a challenge for theoretical investi- 
gations. Numerous theoretical as well as 
experimental studies on the behavior of 
particulate systems are reviewed in 
detail elsewhere (12, 15). Some of these 
theories predict resistance over wide 
concentration ranges. However, they all 
involve assumptions of a semiempirical 
nature which are difficult to justify 
theoretically. In addition they usually 
do not give satisfactory results over the 
entire concentration range (e€ ~ 0.2 to 
e = 1.0). What is still needed is a 
straightforward theoretical treatment 
which resorts to a minimum of simplify- 
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ing assumptions and which satisfactorily 
predicts resistance over the complete 
range of concentration. 


MATHEMATICAL DEVELOPMENT 


Two concentric spheres are considered, 
the inner one with a radius a is solid, the 
outer sphere of radius 6 of fluid is con- 
centric. The boundary value problem to 
be solved involves satisfying the creeping- 
motion equations and appropriate bound- 
ary conditions. It may be stated as follows: 


uV'v 


divv = 0 (2) 
where V is the fluid velocity in the spher- 
ical shell and p the pressure at any point. 
The internal sphere moves in a positive 
direction along the z-axis with a velocity 
V inside a fluid sphere with a free surface 
and thus: 


grad p (1) 


u=V, v=w=0 at r=a (3) 
v, = 0, 
Pro 80 Pat = b (4) 
_ 


The condition of no tangential stress 
component on the surface of the outer 
sphere corresponds to vanishing of the 
stress tensor components and (22). 
The condition v. = 0 corresponds to no 
flow across the boundary of the fluid 
envelope. Because of symmetry v, = 0 
in the entire spherical shell a < r < Bb. 
Atr = b, 0v,/00 = 0 and so the vanishing 
of corresponds to Ov,/dr — v,/r = 0. 
A general solution of the creeping- 
motion equations is given by Lamb (78). 
In slightly modified form, employing 
vector notation (2) it is as follows: 


= curl (rx,) + grad &, 
n+3 
2(n + 1)(2n + 3) 


grad p, 


+ +3) 6) 


6) 


n=—@ 
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The drag on a sphere in a fluid field is 
given by 


W = grad (7) 


Solution is also possible with the Stokes 
stream function, but for consistency with 
the companion treatment of viscosity 
(13), the development in spherical har- 
monies is used here. 

An appropriate form for satisfying 
the present boundary value problem 
exactly results from setting x, = 0 and 
retaining solid spherical harmonics, p, 
and ®, of orders —2 and +1. 


v = grad ®, + grad ®_, 
+ $r'grad p, — rorp, 
+ 47° grad + 2rp_» (8) 


By symmetry it is found that 


®, = Ax 
p, = Bz 
Cx 9 
(9) 
7 
_ Dx 
p-3°=- 


With the boundary conditions ex- 
pressed in Equations (3) and (4), it is 
found that four independent relationships 
are available for determining the con- 
stants A, B, C, and D. For the present 
problem it is only necessary to determine 
D corresponding to the p_2 harmonic 
required to compute the drag from 
Equation (7). It is as follows: 


+2’) 
2 — By + — 27° 


where y = a/b. For a sphere in a fluid 
cell moving in the x-positive direction the 
drag W, = —4mpy.D from Equations (7) 
and (9). For the model under considera- 
tion, the drag divided by the cell volume 
(4/3)rb’ will equal —Ap/L, the pressure 
drop per unit length of bed. Use of this 
relationship gives 


Ve (3 
3 + 27° 


2a* \ | Ap 
(2) |4 


where the expression in brackets is the 
permeability coefficient in Darcy’s Law. 

For convenience in comparison the 
analogous expressions based on a dilute 
medium where Stokes Law applies may 
be employed. A sphere in an infinite 
medium will experience a drag, 


W, = (12) 


Where wall effects can be neglected the 
pressure drop relationship obtained by 
simply adding the resistances due to 
individual spheres on the assumption of 


D (10) 
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no interaction, Ap) will be given by 


A 
L (13) 


Equations (11) and (13) may be com- 
bined to give 


(3 = 3’) AP (44) 
Vo 3+ 2° Po 

For sedimentation problems Ap = Apo 
and the velocity V is the actual velocity 
of fall of an assemblage of spheres in a 
fluid which does not move. For the 
calculation of resistance to flow of 
porous media V = V, and in this case V 
is the superficial velocity of the fluid 
passing through an assemblage. 

In practical problems it is often con- 
venient to express V/V» dependence in 
terms of the solids concentration ¢ = 3 
or void volume fraction « = 1 — c. Some 
typical values of (V/Vo)ap-a», are given 
in Table 1. 


In the rest of this paper, values of 
(V/Vo)ap-ay, Will be listed without the 
subscript to avoid additional symbolism. 
This usage is consistent with other treat- 
ments appearing in the literature. It is, of 
course, evident that (V/Vo)ap-ap, Will be 
equal to (Ap,/Ap)y=-r,- 


TABLE 1. 
THEORETICAL RELATIVE VELOCITY 


FUNCTION 
Sphere radius Solids cone., Relative 

ratio, vol. fraction velocity 

a/b =y 
0.1 0.001 0.8500 
0.2154 0.01 0.6773 
0.3684 0.05 0.4526 
0.4642 0.10 0.3215 
0.5848 0.20 0.1773 
0.6694 0.30 0.09867 
0.7368 0.40 0.05287 
0.7937 0.50 0.02638 
0.8434 0.60 0.01175 
0.8879 0.70 0.004340 
0.9283 0.80 0.001132 


VALIDATION OF FREE SURFACE 
MODEL THEORY 


Dilute Range 


At the dilute end of the solids concen- 
tration range, sedimentation data are 
available from a study by MceNown and 
Lin (20) for a range of concentration 
from 0.1%-vol. (¢ = 0.001) to 3%-vol. 
of solids. Their data were obtained at a 
particle Reynolds number with respect to 
fluid of approximately unity with the 
use of carefully graded particles of sand 
and glass spheres of about 100 uw diam. 
A correction factor was developed which 
allows for the small difference at a 
Reynolds number approaching zero. 
Thus, for example, V/V» was observed 
to be 0.78 at a 1%-vol. solids concentra- 
tion, with a corrected value at zero 
Reynolds number of V/V) = 0.74. 
Table 2 gives a comparison of results from 
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this study with values predicted by 
Equation (14). 


TABLE 2. 
SEDIMENTATION AT Low CONCENTRATIONS 

Solids velocity, 
cone. Relative V/Vo 
%-vol. McNown Eq. (14) 
0.1 0.87 0.85 

0.5 0.80 0.74 

1.0 0.74 0.68 

2.0 0.70 0.60 


Data shown in Table 2 are also con-, 


firmed by a theoretical development 
presented by McNown and Lin which 
is in agreement with that of Burgers (4) 
and Smoluchowski (24) for cubical 
arrangements of the particles. For low 
Reynolds numbers the McNown and 
Lin theory gives V/V» = 1/(1 + 1.6c!/8), 
which is not far from the effect predicted 
by Equation (14), V/Vo = 1 — 1.5c1/s 
when c < 0.001. Uchida’s theory (26) 
also results in a similar relationship at 
low concentrations, namely V/V) = 
1/(1 + 2.1c1/3). These relationships* all 
indicate a rapid decrease in relative 
velocity when only a few tenths of a 
percent of solids are present. 

There are several other theoretical 
relationships including one by 
Burgers (4) which involves the first power 
of @ instead of its cube root. For this 
case Burgers assumes that all particles 
will be free to occupy a random position 
around a given reference particle and 
obtains V/Vo = 1/(1 + 6.88c). It is 
difficult to see why random arrangement 
should result in entirely different depen- 

*Another recent treatment [Mitutosi Kawaguti, 
J. Phys. Soc. of Japan, 13, 209 (1958)] applies viscous 


flow past a sphere in a frictionless circular pipe to 
sedimentation. In dilute systems it gives 
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Fig. 1. Comparison of theoretical relation- 
ships with data in intermediate 
concentration range. 
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dence of sedimentation rate in concen- 
tration, but further work will be needed 
to explain the discrepancy. 

Another complication encountered in 
very dilute assemblages is the effect of 
the walls of the containing vessel on 
sedimentation velocity. This has been 
discussed by Happel and Brenner (14) 
but further work is necessary to define 
the relative importance of particle-to- 
particle and particle-to-wall interactions. 
It would also be desirable to have more 
extensive experimental data in the dilute 
region to test the various theories 
advanced for the effect of concentration, 
both with and without wall effects. 


Intermediate Concentration Range 


In the range of concentrations from 
e= 0.05 to « ~ 0.4 most of the data 
reported are for fluidized or sedimenting 
systems. Figure 1 gives a representative 
collection of such data in this range along 
with several theoretical relationships. 
These data are for liquids and uniform 
spheres at particle Reynolds numbers 
in the slow viscous flow region (Vp, < 
0.3). There is considerable lack of 
agreement. 


The highest values of relative velocity 
are exhibited by the experiments of Han- 
ratty and Bandukwala (11) in which glass 
beads are fluidized and sedimented in 
viscous liquids. The similar data of Richard- 
son and Zaki (23) agree closely. Both sets 
of data are in agreement with the theoretical 
treatment of Hawksley (16) and close to 
the theoretical relationship developed by 
Richardson and Zaki (Configuration 2—not 
plotted). These data, however, average 
about 35% higher in V/V» than most of the 
other fluidization and sedimentation data 
reported. 

The latter include the data of Steinour 
(25) on sedimentation, that of Mertes and 
Rhodes (21) on fluidization and sedimenta- 
tion, and the fluidization experiments of 
Verschoor (28) on closely graded glass 
spheres in toluene. Verschoor conducted 
other experiments on the fluidization of sand 
particles in water which give average 
results closer to the theoretical curve of 
Brinkman which is 15% below the average 
of this set of data. 

A limited amount of data has been 
recently obtained by Adler (1) on fluidiza- 
tion of glass spheres in glycerine in an 
apparatus much the same as employed by 
Happel and Epstein (15). The purpose of 
this work was to study the reasons for the 
variation in results noted above. Adler 
employed a conical-type screen at the 
bottom of the bed so that bed inlet flow 
was greater along the walls than the center 
of the column. He also employed bed height 
to diameter ratios smaller (L/D = 1/1 to 
6/1) than have usually been used in pre- 
vious studies. In this way it was possible to 
minimize circulation and particle segrega- 
tion effects. The data obtained show V/Vo 
values considerably lower than reported in 
other investigations but are not far from 
agreement with the ‘free surface’’ model 
developed in this paper. 

Other studies have been conducted on 
supported assemblages of spherical par- 
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ticles in order to eliminate the effect of 
possible changes in relative particle position 
during fluidization or sedimentation. These 
data, all on cubic assemblages, along with 
the packed-bed data of Martin (19) cor- 
responding to cubic arrangement are shown 
as individual points on Figure 1. They are 
not far from agreement with the Brinkman 
and “free surface’? model relationships. Of 
course, a cubic arrangement may give 
different results from the arrangement in an 
actual bed even if segregation does not 
occur. The relative velocity on these 
assemblages was evaluated from pressure 
drop data on the assumption that wall 
effect would not be important and in the 
dilute region this might be a factor. Wilson 
(29) was able to prepare more or less random 
assemblages of spheres without the need 
for support up to values of « = 0.84 by 
using dilute gelatin to promote adhesion 
between particles. He obtained permeabili- 
ties in good agreement with the Brinkman’s 
equation. 


It appears that a unique relationship 
between relative velocity and fraction 
void volume does not exist in this con- 
centration range. The “free surface’ 
model does give a lower bound and 
perhaps corresponds to the condition 
representing uniform particle distribution 
since any circulation or agglomeration 
effects will result in increased values for 
relative velocity. It is plausible to 
suppose that agglomeration effects will 
be of greatest importance in the inter- 
mediate concentration region. In very 
dilute systems particles will not be close 
enough to attract each other, whereas 
in concentrated systems mutual inter- 
ference will result in a more or less 
uniform development of structure. 


High Concentration Range 


In the more concentrated range the 
most striking confirmation of the theory 
developed here is its close correspondence 
with the Carman-Kozeny (5, 17) or Fair- 
Hatch (9) equation, widely employed 
for the correlation of flow data for par- 
ticulate systems. This equation is based 
on a semi-theoretical approach which 
assumes that pore space is equivalent to 
a bundle of parallel capillaries with a 
common hydraulic radius. In the ter- 
minology used here it takes the form 


3 
(£2) (15) 
Vo 2k1—e ADo 

where the constant k is to be evaluated 
experimentally. In the case of consoli- 
dated media where the solid forms a 
continuous structure, this equation does 
not apply well as might be expected. 
Also as € — 1, it requires indefinitely 
high values of k. In a book devoted to 
the flow of gases through porous media 
Carman (6) discusses many aspects of 
the applicability of this equation which 
is supported by a considerable mass of 
experimental data. 

For packed beds of uniform spheres 
with a range of « = 0.26 to « = 0.48, he 
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concludes that the best correla 
corresponds to k = 4.8, with a probable 
range of variation due to experimental 
uncertainty of 4.5 to 5.1. A large volume 
of data on beds consisting of a number of 
other shapes of particles, some of rather 
extreme type, indicate that k ~ 5.0 
independent of shape and porosity from 
€ = 0.26 to e = 0.8. This indicates that 
as lorg as particles are maintained in a 
relatively fixed position with respect to 
each other departure from the smooth, 
spherical shape can be substantial without 
changing relative velocity V/V) at a 
given voidage. 

The Carman-Kozeny relationship with 
k = 5.0 is plotted on Figure 2 along with 
Equation (14) for cemparison. The agree- 
ment is remarkable, the average deviation 
of Equation (14) in the range e = 0.2 to 
e = 0.7 being 9%. The maximum devia- 
tion is 13% at « = 0.70 and the curves 
cross at e€ = 0.58. With k = 4.8, the 
average deviation is 8% over the same 
range. Maximum deviation is 17% at the 
upper end e = 0.70 and the curves cross 
at about « = 0.52. Much better agree- 
ment is, of course, possible by omitting 
the « = 0.70 point but even it is within 
experimental error. 

Of particular interest, in connection 
with the study of relationships between 
flow in packed beds and the closely 
related phenomena of sedimentation and 
fluidization is the loose-packed condition 
(12) corresponding to « ~ 0.47. This 
point corresponds to the void volume for 
incipient fluidization and also to the 
void volume for moving beds. The 
ralue of V/V» from the Carman-Kozeny 
equation with k = 4.8 for this point 
(actually setting « = 0.476 corresponding 
to a simple cubic packing because loose- 
packed voidage is not known to three 
significant figures) corresponds to 0.0216 
as compared with 0.0221 from Equation 
(14), a difference of less than 3%. 

A study on flow through beds of 
regularly stacked spheres by Martin, 
McCabe and Monrad (19) indicates the 
effect of particle orientation on resistance. 
Four porosities were considered, namely 
cubic packing, € = 0.476; orthorhombic, 
= 0.395; tetragonal spheroidal, = 
0.302; and rhombohedral (close packing), 
e = 0.260. The loosest packing, cubic, 
corresponds closely in void volume to 
that of a random loose-packed bed, just 
discussed. The relative velocity V/Vo = 
0.0235 is only 6.5% higher than the 
value from Equation (14), lending weight 
to the hypothesis that a cubic assemblage 
can serve as a model for a random bed in 
viscous flow. The two intermediate 
porosities show some disagreement but 
the extreme case of rhombohedral packing 
gives an experimental value of V/Vo = 
0.00251 as compared with a value from 
Equation (14) of 0.00267. This corre- 
sponds to the lowest porosity possible 
with a uniform-sized spherical particle 
bed. The resistance to flow is just four 
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Fig. 2. Comparison of theoretical relation- 
ships with Carman-Kozeny equation in high 
concentration ranges. 


hundred times as great as that for a 
single sphere but the difference between 
theoretical and predicted result is less 
than 10%. 

As can be seen from Figure 2, the 
other theoretical relationships do not give 
as good agreement with the Carman- 
Kozeny equation as does the free surface 
model, especially at values of e€ less 
than 0.5. 


DISCUSSION OF 
THEORETICAL RELATIONSHIPS 


The theoretical studies of most interest 
are those plotted on Figures 1 and 2. At 
about « = 0.5 they are in close agreement 
with each other, and the data even though 
based on quite different basic assumptions, 
except that all do involve the creeping- 
motion equations and uniform spherical 
particles. It is interesting to note that no 
smooth transition seems to be able to 
account simultaneously for the high V/V» 
values shown for ‘some fluidization and 
sedimentation data and the relatively low 
V/V values in the packed-bed region. 

One of the most widely quoted theories 
aimed at extending empirical relationships 
to the more dilute region is that of Brink- 
man (3). His relationship for relative 
velocity corresponds to 


V 3 


Vo 
8 

The model underlying his treatment is that 
of a spherical particle embedded in a porous 
mass. The flow through this porous mass is 
described by a modification of Darey’s (8) 
equation and since the latter is empirical 
the result cannot be considered a rigorous 
solution to the problem. Furthermore, when 
e = ¥ the Brinkman equation gives a 
value of V/Vo = 0, corresponding to zero 
permeability. 


Page 200 


Richardson and Zaki (23) developed a 
cell-type model for sedimenting spherical 
particles in which the particles were assumed 
to be spaced in a hexagonal-type pattern in 
the horizontal direction. Particles were 
assumed to be settling in such a way that 
they were all lined up vertically above each 
other, but the distance between adjacent 
horizontal layers was an additional variable 
parameter and two cases were worked out. 
The specification of this distance which gave 
the best agreement with Richardson and 
Zaki’s own data in the intermediate con- 
centration range is designated by them as 
Configuration 2. It assumes that the 
spheres in adjacent horizontal layers 
actually touch. Configuration 1, which is 
plotted in Figure 2, assumes that the 
spheres are the same distance apart verti- 
cally as their distance from each other in 
the horizontal hexagonal pattern. As would 
be expected this uniform spatial distribution 
gives lower values of V/Vo for correspond- 
ing values of fractional void volume. In 
fact the result is in close agreement with 
Brinkman’s correlation in the intermediate 
concentration range and like Brinkman’s 
shows considerable divergence from the 
packed-bed data at values of e below 0.45. 
Due to failure to solve the specified bound- 
ary value problem exactly the relative 
velocity becomes infinite at infinite dilution 
(e« = 1.0), instead of the correct value of 
V/Vo = 1.0. 

The treatment of Hawksley (16), al- 
though giving good agreement with data, is 
the least rigorous of those considered here 
in that no clearly defined boundary value 
problem is postulated. It is based on the 
assumption that the resistance experienced 
by a particle in a suspension can be approxi- 
mated by the effective local resistance to 
shearing that would arise if there were a 
small relative displacement between the 
given particle and the rest of the suspension. 
This assumption is a tenable one, but the 
problem of evaluation of the motion of the 
particle with respect to the rest of the 
suspension is still not simple. Hawksley 
assumes that the drag on the given repre- 
sentative sphere can be evaluated using 
Stokes Law with a modified viscosity 
instead of that of the pure fluid. This 
modified viscosity is obtained from the 
treatment of Vand (27) for the viscosity of 
a suspension. The Vand treatment takes 
into account both hydrodynamic _inter- 
action between particles and the effect of 
collisions between them in the shearing field. 
Hawksley takes only the part of the Vand 
treatment which considers hydrodynamic 
interaction which gives for the effective local 
viscosity », in terms of pure fluid viscosity 
wo the following: 


This effective local viscosity will not be as 
great as the actual viscosity as determined 
in a viscometer, and Vand gives a further 
modification accounting for particle colli- 
sions which show more marked concentra- 
tion dependence. Neither of Vand’s equa- 
tions has been supported unequivocally by 
experimental data and so the choice of 
effective local velocity and of Equation (17) 
is to some extent arbitrary. The application 
of Stokes Law also involves using an average 
density for the surrounding suspension as 
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well as an effective local viscosity. Strictly 
speaking, of course, Stokes Law will not 
apply unless the medium surrounding the 
chosen sphere is a continuum which in effect 
means that the representative sphere would 
be required to be much larger than those 
surrounding it instead of being equal in size. 

With these assumptions relative velocity 
can be expressed as follows: 


| 25 


= (18) 
Me 
This expression agrees well with the set of 
data showing high V/V» values in the 
intermediate concentration range. It does 
not, however, give good agreement with 
packed-bed data. 

Hawksley finds that in order for his 
original equation to agree with packed-bed 
data in the concentration range « = 0.2 to 
e = 0.6 it is necessary to apply an orienta- 
tion factor. This factor is taken as 6 = 
(sin? w)ang = 28, where w is the angle 
between the normal to an element of 
surface of the particle and the direction of 
average motion relative to the particle. 
The factor 6 is not independent of concen- 
tration. It is stated that as concentration 
decreases, the fluid streamlines will become 
more nearly parallel to the direction of bulk 
flow and 6 will tend to unity. This factor 
certainly is not clearly established but the 
need for it does demonstrate the discon- 
tinuity between the data exhibiting high 
V/V values in the intermediate concentra- 
tion range and that for packed beds. 

It is of interest to examine further 
theoretical implications in two of Hawk- 
sley’s postulates in the light of alternative 
justification because of the good agreement 
of his treatment with data. The assumption 
that Equation (18) applies can be con- 
veniently examined by means of the uniform 
viscosity treatment developed on the basis 
of the same mathematical model as used 
in the present paper. Table 3 presents an 
appropriate comparison with the use of 
values for w/o from this model! (13), which 
also show good agreement with data at 
high concentrations. 


TABLE 3. 
RELATIONSHIP BETWEEN RELATIVE 
Vevocity (V/Vo) AND RELATIVE 
Viscosity 


Predicted rel. velocity 
Rel. A 

Solids Vis. V/Vo V/Vo 
cone., (13) (Kq. 18) (Table Ratio 

c (1 1) (A/B) 
0.05 1.281 0.702 0.453 1.55 
0.10 1.605 0.502 0.3215 1.55 
0.20 2.486 0.257 0.1773 1.45 
0.30 3.942 0.124 0.09867 1.25 
0.40 6.621 0.0544 0.05287 1.03 
0.50 12.20 0.0205 0.02638 0.79 


It is seen that there is indeed an approximate 
correspondence, justifying the employment 
of Equation (18), and that furthermore it 
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gives predicted relative velocities in the 
dilute region which are higher than those 
determined by a consistent mathematical 
model, although in the right direction to 
match experimental data in the high V/V» 
range obtained for some fluidized systems. 
Another justification for the orientation 
factor 6, which appears useful to correlate 
data on some fluidized and sedimenting 
systems, might be that agglomeration 
occurs in such systems. A doublet consisting 
of two spheres following each other and 
touching will acquire a relative velocity 
V/Vo = 1.55; that is, it will fall 55% 
faster than the spheres falling separately 
(10). Thus in a sufficiently dilute assem- 
blage consisting of such doublets the value 
of V/Vo = 1.55 would be approached at 
zero concentration instead of V/V>o = 1.00 
corresponding to Stokes Law. This corre- 
sponds to an orientation factor 6 = 0.645 
instead of Hawksley’s 6 = 0.667 based on 
streamline direction considerations. 


SUMMARY 


The free surface model adopted here 
for mathematical development results in 
a relationship, Equation (14), which 
applies to a wide variety of flow data 
through porous media. In the highly 
concentrated range usually encountered 
in packed beds (€ ~ 0.2 to 0.6) it gives 
results within experimental accuracy of 
those reported in the literature. In the 
intermediate concentration range, usually 
applying in fluidized and sedimenting 
systems of particles (€ ~ 0.6 to 0.95), it 
gives results which are in agreement with 
fluidization data taken under special 
conditions to minimize particle-segrega- 
tion effects. However these values of 
V/V. are from 25-100% below various 
experimental data reported in the litera- 
ture, indicating that V/V» is not uniquely 
characterized by fractional void volume. 
Comparison with the data of McNown 
and Lin in the dilute range (e€ > 0.98) 
show Equation (14) to be low to the 
extent of only 2-15%, probably within 
experimental accuracy. Best agreement 
is in the extremely dilute (« = 0.999) 
region. 

As regards the derivation, it is based 
on a simple modification of the Stokes- 
Navier equations of motion, postulates 
a clearly defined boundary value problem, 
and gives an exact mathematical solution 
to this problem. The solution does not 
result in impossible predictions at either 
the dilute or concentrated ends. It in- 
volves no arbitrary parameters to be 
applied to different portions of the 
concentration range or for conditions 
involving other variables than void 
volume fraction. 

It thus presents a simple mathematical 
model which should serve as a basis for 
extension to more complicated cases. 
These might include studies taking into 
account such items as inertial effects, 
fluid interchange between cells, variations 
in particle shape (including cylindrical), 
variations in particle distribution such as 
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occur in fluidized and sedimenting sys- 
tems. Work is now in progress on approxi- 
mations for simultaneous heat or mass 
transfer as well as chemical reaction 
effects with use of the free surface 
model. It may aiso be useful in develop- 
ment of empirical relationships (30) often 
employed in practical application of 
particulate systems. 
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NOTATION 

a = radius of solid sphere 
b = radius of fluid sphere 
e = solids concentration 
A, B, C, D = constants 

p = pressure 


Ap = pressure drop through a suspension 
Apo = pressure drop through a suspension 
calculated on basis of Stokes Law 
Pre = stress component in @ direction 
across plane perpendicular to r 
Drs = stress component in @ direction 
across plane perpendicular to r 


Pn = solid spherical harmonic of order n 

r = radial distance from origin 

u = velocity in x direction 

v= velocity vector 

v = velocity in y direction 

v, = velocity in radial direction 

ve = velocity in @ direction 

V = superficial velocity or velocity of 
sedimentation in x direction 

V.) = sedimentation velocity of sphere 
with radius a in infinite medium 

w = velocity in z direction 


W = drag vector 
W, = drag in x direction 
x = distance from origin in x direction 


Greek Letters 


y = ratio of a/b 

6 = orientation factor 

€ = fractional void volume 

& = viscosity of a suspension 

KM, = effective local viscosity of a sus- 
pension 

Mo = viscosity of pure fluid 

Xn = Solid spherical harmonic of order n 

®,, = solid spherical harmonic of order n 

w® = angle between normal to an ele- 


ment of surface and direction of 
particle motion 


Note: Spherical coordinates r, 0 and @ 
employed here are related to Cartesian 
coordinates by the relations x = r cos 6; 
y= sin 6. 


A.1.Ch.E. Journal 


LITERATURE CITED 


1. Adler, I. L., Se.D., dissertation, New 
York Univ. (in progress). 

2. Brenner, Howard, Sc.D., dissertation, 
New York Univ. (1957). 

3. Brinkman, H. C., Appl. Sci. Research, 
Al, 27 (1947); Al, 81 (1948); 2, 190 
(1949). 

4. Burgers, J. M., Proc. Koninkl. Akad. 
Wetenschap., Amsterdam, 44, 1045 
(1941); 45, 9 (1942). 

5. Carman, P. C., Trans. Inst. Chem. 
Engrs. (London), 15, 150 (1937); J. Soc. 
Chem. Ind., 57, 225 (1938); 58, 1 (1939). 

. Carman, P. C., “Flow of Gases Through 
Porous Media,’’ Academic Press, New 
York (1956). 

. Cunningham, E., Proc. Roy. Soc. 
(London), A83, 357 (1910). 

8. Darey, H. P. G., “Les Fontaines Pub- 
liques de la Ville de Dijon,’’ Victor 
Dalmont, Paris (1856). 

9. Fair, G. M., and L. P. Hatch, J. Am. 
Water Works Assoc., 25, 1551 (1933). 

10. Faxen, Hilding, Z. Angew. Math. u. 
Mech., 7, 79 (1927). 

11. Hanratty, T. J., and Bandukwala, 
Abdemannan, A.J.Ch. E. J., 3, 293 
(1957). 

12. Happel, John, Ind. Eng. Chem., 41, 
1161 (1949). 

13. Happel, John, J. Appl. Phys., 28, 1288 
(1957). 

14. Happel, John, and Howard Brenner, 
A.I.Ch.E. Journal, 3, 506 (1957). 

15. Happel, John, and Norman Epstein, 
Ind. Eng. Chem., 46, 1187 (1954). 

16. Hawksley, P. G. W., Paper 7 in ‘Some 
Aspects of Fluid Flow,” Inst. Phys., 
Edward Arnold, London (1951). 

17. Kozeny, J., Sitzber. Akad. Wiss. Wien. 
Abh. IIa, 136, 271 (1927). 

18. Lamb, Horace, ‘“Hydrodynamies,”’ 6th 
ed., Univ. Press, Cambridge (1932). 

19. Martin, J. J., W. L. MeCabe, and C. C. 
Monrad, Chem. Eng. Progr., 47, 91 
(1951). 

20. McNown, J. S., and Pin-Nam Lin, 
State Univ. of Iowa Reprint in Eng. 
No, 109, “Proc. Second Midwestern 
Conf. Fluid Mechanics,’ Ohio State 
Univ. (1952). 

21. Mertes, T. S., and H. B. Rhodes, Chem. 
Eng. Progr., 51, 429 (1955); 51, 517 
(1955). 

22. Milne-Thomson, L. M., ‘Theoretical 
Hydrodynamics,’ Macmillan, New 
York (1955). 

23. Richardson, J. F., and W. N. Zaki, 
Chem. Eng. Sci., 3, 65 (1954). 

24. Smoluchowski, M. 8S., 5th Intern. Congr. 
Math., 2, 129 (1912). 

25. Steinour, H. H., Ind. Eng. Chem., 36, 
618, 840, 901 (1944). 

26. Uchida, Shigeo, Rept. Inst. Sci. Technol., 
Univ. Tokyo, 3, 97 (1949) (in Japanese); 
abstract Ind. Eng. Chem., 46, 1194 
(1954). 

27. Vand, Vladimer, J. Phys. Colloid Chem., 
52, 277 (1948). 

28. Verschoor, H., Appl. Sci. Research, A2, 
155 (1951). 

29. Wilson, B. W., Australian J. Appl. Sci., 
4, 274 (1953). 

30. Zenz, F. A., Petroleum Refiner, 36, 
(August, 147 1957); (September, 1957) 
305. 


jor) 


“I 


Manuscript received May 8, 1957; revision received 
Jan. 9, 1958; paper accepted Jan. 9, 1958. 


Page 201 


8) 

; of 

the 

oes 

ith 

his 

ed 

to 

ta- 

igle 

of 

of 

cle. § 

en- ff 

ion 

me 

ulk 

tor 

the 

on- 

igh 

Ta- 

her 

wk- 

ive 

ent 

ion 

‘on- 

orm 

asis 

sed 

an 

of 

ich 

at 

tio 

/B) 

55 

45 

25 

03 

ate 

ent 

58 


Estimation of the Stage Efficiency of 
Simple, Agitated Vessels Used 


in Mixer-settler Extractors 


ROBERT E. TREYBAL 


New York University, New York 


A method of calculation is presented by which estimates may be made of the stage 
efficiency of continuously operated, agitated, baffled vessels used in mixer-settler extractors. 
The calculations are limited to cases where the agitating impeller is a flat-blade turbine, 
and do not include estimates of the entrance and exit effects. The method has been tested 
with all the available experimental data, which include three different sizes of vessels, 
systems, and impeller sizes, and a variety of operating conditions including speeds of 
agitation, rates of flow, and ratios of contacted liquids. Because of limitations of the author’s 
knowledge, the calculations are necessarily approximate, but they nevertheless correctly 
indicate the nature of the variations in stage efficiency to be expected with all of the design 
and operating variables for which tests could be applied. 


It is the purpose of this paper to 
gather into one place the theoretical 
principles and available correlations which 
will permit the estimation of the stage 
efficiency of mixer-settler extractors, as 
far as this can be done with the presently 
available knowledge. It will become 
evident in the course of this development 
that there are severe limitations to our 
knowledge. The methods outlined here 
are therefore not expected to supplant 
experimental work. But they will serve 
to indicate the following: 


(1) How rough estimates of stage effi- 
ciencies can be made in the absence of any 
experimental work, 

(2) What will be the effect of changing 
any of the common operating variables 
such as agitator speed, impeller diameter, 
rate of flow, flow ratio, and the like, and 

(3) Where additional fundamental work 
must still be done. 


Mixer-settler extractors are single- 
stage devices in which the liquid to be 
extracted is intimately mixed with the 
extracting solvent for a period of time to 
allow a reasonable approach to equili- 
brium, whereupon the insoluble extract 
and raffinate solutions are permitted to 
settle from each other and are mechan- 
ically separated. In the most important 
cases operation is continuous, and the 
mixing and settling are done in separate 
vessels. The limitations of the author’s 
knowledge, as developed below, make it 
necessary to confine this discussion to 
extraction in baffled, agitated vessels 
used as mixers, where the agitating 
impeller is a flat-blade turbine, centrally 
located. 


NATURE OF DISPERSIONS 


When two insoluble liquids are con- 
tacted in an agitated vessel, one becomes 
dispersed in the form of small droplets 
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(the dispersed phase) which are suspended 
in a continuum of the other (the con- 
tinuous phase). It has been observed that 
it is ordinarily difficult to obtain disper- 
sions containing more than approximately 
75% by volume of dispersed liquid, or 
less than 25% continuous phase. It is 
believed that this is true because the 
small droplets which form are substan- 
tially spherical, and because the void 
space in a closely packed bed of spheres 
is 26% by volume. Therefore in extrac- 
tions involving ratios of liquids of 1:3 
or less by volume, the liquid present in 
the minority will probably be the dis- 
persed phase. 

In the range of liquid ratios from 1:3 
to 3:1, either liquid may be dispersed. 
Within this range, at least for batch 
operations, it has ordinarily been found 
that that liquid will be continuous in 
which the agitator impeller would be 
immersed if the agitator and the liquids 
were at rest. If the impeller happens 
to be located at the position of the inter- 
face between the liquids when at rest, 
there is no way to predict with certainty 
which liquid will be dispersed. In such 
cases it has sometimes been found that 
one liquid will be dispersed at low impeller 
speeds, the other at high (15). In batch 
experiments with 16 organic liquids con- 
tacted with equal volumes of water in a 
baffled. vessel fitted with a centrally 
located, flat-blade turbine impeller, the 
water was in every case the continuous 
phase (15). With continuous flow, these 
generalizations need not necessarily apply 
and the method of introducing the 
liquids into the vessel may exert an 
additional influence. 


Mass-transfer Rates 


The liquid to be extracted is contacted 
with the extracting solvent in order to 
bring about a mass transfer of the 
dissolved solute in the former to<the 
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latter. If the usual two-film theory is 
accepted, the rate of approach to equili- 
brium distribution of the dissolved 
solute between the two liquids is con- 
trolled by the mass-transfer resistances 
residing within both the continuous and 
dispersed phases. The concentrations of 
the solute in the liquids at the interface 
between the liquids are assumed to be 
those corresponding to equilibrium. 


The Continuous Phase 


Continuous-Phase Mass-Transfer Co- 
efficients. The mass-transfer resistance 
within the continuous phase is measured 
by a mass-transfer coefficient, kc, which 
is in reality the reciprocal of the resist- 
ance. 

Rushton (16) has suggested that for 
mass-transfer operations in agitated ves- 
sels, under conditions of fully developed 
turbulence and for batch operation, 


Ns; = KNe. Ns. (1) 


A similar expression has also been suc- 
cessfully used in describing heat-transfer 
coefficients for various arrangements of 
heating surfaces in such vessels. The 
available data for establishing the con- 
stants of Equation (1) for present 
purposes are unfortunately meager. 

Mack and Marriner (10) dissolved 
pellets of benzoic acid in aqueous caustic 
solutions, in baffled vessels under batch 
conditions. They showed that, although 
the rate of solution as measured in 
pounds per hour, for example, was 
influenced by the surface area and hence 
the particle diameter, the mass-transfer 
coefficient ke was apparently independent 
of particle size. Their data can be put in 
the form of Equation (1), but for lack 
of information on the diffusivity of 
benzoic acid in the caustic solutions the 
constants cannot all be determined. It 
was noted that x = 0.64. 

Oyama and Endoh (/4) similarly dis- 
solved sugar particles in a baffled vessel 
with a flat-blade turbine. Their data 
were correlated by plotting Ng,/Ns.°% 
against the group N on 
logarithmic paper to give a reasonably 
good straight line, at least at high values 
of the latter group. Since, however, the 
value of Np was not constant at the 
speeds of rotation used, the correlation 
cannot be put in the form of Equation (1). 

Johnson and Huang (4) dissolved rings 
of soluble solid, which were cast into the 
bottom of the vessel, into liquids agitated 
in the vessel. In baffled vessels with a 
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flat-blade turbine impeller, regardless of 
the position of the solid, a uniform mass- 
transfer coefficient was obtained, and 
this was correlated with the operating 
conditions by an expression in the form 
of Equation (1): 


= 0.0924N (2) 


Calderbank and Korchinski (1) meas- 
ured the rate of heat transfer for liquid 
drops falling slowly through an unagitated 
continuous, insoluble liquid. They found 
that the continuous-phase heat-transfer 
coefficient for the liquid surrounding the 
liquid particles followed the data for 
solid spheres reasonably well up to 
droplet Reynolds numbers of 200. Al- 
though in the agitated vessel there 
appears to be no way of estimating the 
droplet Reynolds numbers, since the 
droplet size is small it is not unreasonable 
to expect that the continuous-phase 
mass-transfer coefficient ke will be 
essentially the same for either a solid or 
a liquid dispersed phase. Theodore (17) 
contacted butyl alcohol saturated with 
water (dispersed phase) with water (con- 
tinuous phase) in two sizes of baffled 
vessels, agitated with flat-blade turbines 
under continuous-flow conditions. After 
estimating the interfacial area by methods 
outlined below, it was found that Equa- 
tion (2) described the values of ke 
reasonably well. 

There are several published works in- 
volving dissolution of solids in unbaffled 
vessels, but the circumstances described 
later limit considerations here to baffled 


vessels. Since there appear to be no other 


relevant researches, it is recommended 
that ke be computed through Equation 
(2) until something more directly appli- 
cable is available. 

Other Continuous-Phase Considerations. 
To compute the Schmidt number, a 
diffusivity is required. In the absence of 
experimental data, this may be estimated 
by the method of Wilke and Chang (20), 


which will also serve for dispersed-phase 
diffusivities. 

For computing the impeller Reynolds 
number, the density and viscosity of 
two-phase liquid mixtures has been shown 
to be given by 


P = Podo + (3) 
and 
Me + ou» | (4) 


for baffled vessels (8, 19). 

For the subsequent treatment of the 
mass-transfer rates in the dispersed phase 
under continuous-flow conditions, it will 
be necessary to assume that the concen- 
tration of dissolved solute in the con- 
tinuous phase is essentially uniform 
throughout the vessel at the effluent 
value. Karr and Scheibel (6) found this 
to be true in an unbaffled vessel. When 
the residence time for the continuous 
phase is reasonably large and especially 
when the vessel is baffled so that strong 
vertical currents are developed, this 
assumption does not seem unreasonable. 


The Dispersed Phase 

The droplets of dispersed phase are 
immersed in the continuous liquid under 
nonequilibrium conditions for the distrib- 
uted solute, and they thus experience 
an unsteady-state diffusion of solute 
either inwardly or outwardly, depending 
upon whether the extract or the raffinate 
is dispersed. There have been no measure- 
ments of the rate of mass transfer under 
conditions even remotely approaching 
those of interest here. Consequently all 
of the reasoning must be by inference 
from related work, much of it having to 
do with heat transfer. The mass- and 
heat-transfer processes are, fortunately, 
analogous. But even the heat-transfer 
data were not taken under conditions 
resembling those in the agitated vessel. 

For present purposes, holding time and 


drop diameter of the dispersed phase will 
be required. 

Hold-up and Holding Time. The hold-up 
of the dispersed phase in the vessel is 
defined as the volume fraction @p of the 
total liquid in the vessel which is dis- 
persed phase, under operating conditions. 
In the case of a batch operation, this 
will be the same as the volume fraction 
of the dispersed liquid in the batch. 

In the case of a continuously operated 
vessel, @p is the same as the fraction of 
dispersed liquid in the feed mixture only 
under conditions of fairly vigorous agita- 
tion. At low power input to the agitator, 
op will be less than the fraction of the 
dispersed liquid in the feed, at least in 
those cases where the less dense liquid is 
dispersed. No systematic study of this 
phenomenon has been made. The ratio 
of dp to volume fraction of dispersed 
liquid in the feed mixture is probably 
influenced by such physical properties of 
the liquids as densities, viscosities, and 
interfacial tension; rate of flow; shape 
and size of vessel; extent of bafHing; 
type and position of impellers; and power 
developed by the impeller. The only 
available data are shown in Figure 1. 
Lack of knowledge of the nature of the 
influence of the many variables prevents 
better correlation. 

Holding time, 8, is the average time of 
retention of the dispersed phase. In con- 
tinuous operation, 


_ Voo 


Up 


A (5) 


Drop Diameter. The drop diameter d, 
can be estimated from the dispersed-phase 
holdup and the interfacial area, a, 
assuming the particles to be spherical: 


(6) 


a 


This is the diameter of a sphere whose 
volume/surface ratio is the same as 
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Fig. 1. Dispersion of organic liquids in water, baffled vessels a: 
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flow of liquids. 
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gitated with flat-blade turbine impellers, with continuous, cocurrently upward 
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that of all the dispersed phase in the The correlation of Vermeulen, et al. Equation (9) has been shown to be 


vessel. (19) covers dispersed-phase volume frac- empirically well represented by (17) 
There have been two studies made of tions other than @p = 0.50, although . 
the interfacial surface of dispersed most of such data are for gas-liquid ¢n — €p 
liquids in agitated vessels, using a light- systems. It was shown that d, is propor- ¢p° — Cp; 
scattering technique (15, 19). The data tional to f, where f is a function of dp as . Pa ig oe 
of Rodger, et al. (15) appear to be the given in Figure 2. Since f = 2.0 at = (1 — exp {—4Dpr 6/d,'})"* (10) E 
better correlated, although of a more @p = 0.50 then Kronig and Brink (7) have shown that 
limited nature. For dispersed-phase vol- for Ii id ie ‘ith ti 
ume fraction = 0.50, with a flat- d, = f dys0/2.0 (8) 
n the absence of anything more circulation alters Equation (9) so that 
tee The first immediately applicable, these batch meas- it becomes 
is the better, but it requires information persicewcsind ig used for continuously Cp 0 
on the break-time of the dispersion, and Mass Transfer for Liquid An: 
this will probably be unavailable under Drope. The ens Fi 
repeated here, is likely to be the more Equation (11) theoretically is applicable 
or rigid spheres, with initial uniform 
practical: solute concentration and a constant cary 
p we) (w 18 tantamount vo assuming 20 Equation (11) has been shown to be very 
c diffusional resistance in the continuous 
well represented empirically by (1) 
(0.35 @) concentration cp is given by (12) (12) 
Cp — Cpi 
In order to make the equation completely cp Cp 6< ; 2 2)\0.5 
homogeneous dimensionally, a standard = (1 — exp {—2.25(4) Dow 6/d, }) 
vessel diameter 7’ (0.5 ft. or equivalent Comparison of Equations (10) and (12) 
in other length units) was included. exp {—4Dpr’n’6/d,’} (9) indicates that the effective diffusivity 
for a liquid drop is 2.25Dp. This has been 
3 orn 1 confirmed in the case of heat transfer 
force of gravity through a surrounding 
a... liquid, where the average effective 
F thermal diffusivity was 2.25 times the 
LAO ordinary value (/). In a review of other 
Ree data of this sort, Calderbank and Kor- 
BEN? cli mere | chinski (1) show that this will be a 
Fig. 3. Murphree dis- satisfactory concept except where the 
| | | | persed-phase stage effi- liquid drops oscillate, which may increase 
oO! 02 03 04 06 10 ciency, adapted from the effective diffusivity (mass or thermal) 
fp = VOL. FRACT. DISPERSED PHASE Grobar (3). by as much as 70-fold. But with the 
small droplets encountered in a mixing 
10 vessel, = will probably not be 
SN When there is a continuous-phase re- 
0.9 sistance to mass transfer, Equation (12) 
NEN is unsatisfactory. In the case of heat Z 
oe} IN IN transfer to rigid spheres, this problem 
Bh ine * has been solved, however, and presumably 
“TN NO AN corresponding, analogous mass-transfer 
0.4 K N terms in the resulting relationships, and 
0.6 by usi ffective diffusivity Dp’ cc 
103 equal to 2.25 times the normal value, a e 
Ey 05 ~ N 10 Ni reasonably satisfactory estimate can be th 
N NI made. The well known Gurney-Lurie 
TK) charts are such heat-transfer solutions, 
and they appear in such standard texts 
0.5 as that of McAdams (11). These charts W. 
0.3 i * 04S aN would permit computation of the solute di 
~ concentration at time 6 at any distance eh 
02 Se = — at xs. 22 ~ from the center of the drop, but since he 
005 Bt the final average concentration Cp 18 Fi 
ol ea me desired, a tedious integration would be ca 
eats required to complete the calculation. 
O Grober (3), however, has computed the EN 
ir a 2 a 20 40 60 100 heat-transfer case to give average final 
X= ked,/20) values directly. In terms of heat transfer, 
his work can be put in the form of a chart fr 
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Fig. 4. Effect of agitator speed and total flow rate, extraction of benzoic acid from kerosene 
and toluene into water in continuously operated, baffled vessels (4). Vessel diameter = 
5.75 in., impeller diameter = 2 in. 
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Fig. 5. Effect of phase ratio and vessel diameter, extraction of benzoic acid from kerosene 
and toluene into water in continuously operated, baffled vessels (4). Total liquid flow 
rate = 3000 Ib./hr. 


where the abscissa is X = Acr/ky and 
the ordinate (tp® — tp)/(tp® — tc), and 
a parameter is Z = hcA/Cpppr. By 
noting that he can be replaced by ke, 
t by c, and ky/Cppp by Dy , then 


= her/ky = kid, (13) 


tn t, Cp (14) 
tp — te Cp — 
hed ( ky )( he) 
Z= Y mek. 
C'ppor p/\kur 


Further, it may be noted that, if cp* 
corresponds to equilibrium with the 
effluent continuous-phase concentration, 
then 


Cp — Cp 
a * = E MD (1 6) 
Cp Cp 


where Hyp is the fractional Murphree 
dispersed-phase stage efficiency. Such a 
chart, with mass-transfer rather than 
heat-transfer notation, is shown in 
Figure 3. Exp is the objective of the 
calculations herein discussed. 


END EFFECTS 


In addition to the extraction resulting 
from the operation of the agitator in the 
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mixing vessel, there will be additional 
extraction occurring merely as a result 
of the continuous introduction of the two 
liquids into the vessel, which will depend 
upon the manner of introduction. Merely 
passing the liquids through the vessel 
with the agitator at rest will result in 
some extraction, although this will not 
necessarily give the same “entrance 
effect” as when the agitator is operating. 
There will be additional extraction during 
the disengaging of the liquids in the 
settler. Neither of these effects, together 
constituting the ‘end effects,” can be 
estimated. An estimate of the stage 
efficiency as Hyzp alone will therefore be 
conservative. 


SAMPLE CALCULATION 


Flynn and Treybal (4) present data on 
the extraction of benzoic acid from kerosene 
and from toluene into water in continuously 
operated, baffled vessels of two sizes, using 
flat-blade turbine impellers, centrally 
located.. Their Run 30.6 will be used to 
illustrate the estimation of stage efficiency. 
The circumstances are: 


Vessel diameter = 7’ = 0.479 ft. 

Vessel volume = V = 0.0865 cu. ft. 

Impeller diameter = d = 0.1667 ft. 

Agitator speed = N = 30,000 rev./hr. 
(500 rev./min.) 

Rates of flow: kerosene, 500 lb./hr., or 
Vp = 9.78 cu. ft./hr.; water, 1500 lb./ 

hr., or 24.1 cu. ft./hr. 
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Kerosene dispersed, water continuous 
Densities: pp = 51.1 Ib./cu. ft., pp = 
62.2 lb. /cu. ft. 
Viscosities: up = 6.1 lb./(ft.)(hr.) 
uc = 2.30 lb./(ft.)(hr.) 
Interfacial tension = 33 dynes/em., ¢ = 
950,000 Ib. /hr.* 


The calculations follow. De for benzoic acid- 
water = 0.0000380 sq. ft./hr., and Ns, = 
970 [Linton and Sherwood (9)]. Dp = 
0.00001525 sq. ft./hr., estimated (20). 

At the agitator speed used, ¢p will be the 
volume fraction kerosene in the feed mix- 
ture, or 9.78/(9.78 + 24.1) = 0.288. 
Therefore ¢¢ = 1 — 0.288 = 0.712. Equa- 
tion (3): p = 59.1 lb./cu. ft.; Equation (4): 
= 4.25 lb./(ft.)(hr.) Nee = @Np/p = 
11,600. Equation (2): Ns, = keT/De = 
2230, whence ke = 0.177 ft./hr. 

Nw. = d°N?p, c/o = 273; Vp = 6.1 ‘51.1 = 
0.1193 sq. ft. ji ve = 2.30/62.2 = 0.037 
sq. ft./hr. 75 = 0.5 ft., Ao = 62.2 — 51.1 = 
11.1 lb./eu. ft. Equation (7): as. = 1640 
sq. ft./cu. ft. At ¢p = 0.50, Equation (6): 
d,s. = 0.00183 ft. Figure 2: f = 1.5 at 
ép = 0.288. Equation (8): d, = 0.00137 ft. 

Equation (5): At@p = 0.288, @ = 0.00255 
hr. Dp’ = 2.25 (0.00001525) = 0.0000343 
sq. {t./hr. Equation (13): X = ked,/2Dp’ = 
3.53. Equation (14): Z = 2ke6/d, = 0.66. 
Figure 3: Eyp = 0.70, or a Murphree 
dispersed-phase stage efficiency of 70%. 
This is for the agitation effect only. 

Flynn and Treybal (4) reported con- 
tinuous-phase Murphree efficiencies, and to 
convert the above figure to this basis, the 
relation 


Exp 


Eup + Exp) 


Euc = 


(16) 


may be used. Here m = deg/dep = dewater/ 
Ackerosene = 0.2665 in weight/volume units 
for the reported equilibrium curve, and 
Vc /Up = 24.1/9.78 = 2.47 cu. ft./cu. ft. 
Therefore, Equation (16): Eye = 0.79 
(calculated). 

The reported Ey is 0.914, but this in- 
cludes the end effects. Flynn (4) indicated 
that at these rates of flow but for zero 
agitator speed, Eyc = 0.386. Even assum- 
ing that the end effects at 0 and at 500 
rev./min. are the same, it was not at first 
clear how the end effects could be taken 
into account in order to provide a compari- 
son between observed end calculated stage 
efficiency. It was finally decided that Nop 
was most likely to be an additive quantity. 
For unitorm continuous-phase concentra- 
tions, the necessary relationships are 


Nie = —In Exp) (17) 


Eyp = 1- (18) 


Eyp corresponding to Eye = 0.386 is 0.30, 
by Equation (16), which in turn corresponds 
to an end effect N;.p (Equation (17)) = 
0.36. Similarly the total N,,p corresponding 
to Eyc = 0.914 is 1.76, whence the N;.p 
due to the agitator is 1.76 — 0.36 = 1.40. 
The last corresponds [Equations (18) and 
(16)] to an agitator Ey¢ = 0.827 (observed). 
This is to be compared with the calculated 
value, 0.79. 
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OTHER COMPARISONS 


From the total of 153 runs at other 
than zero agitator speed reported by 
Flynn (4), it is possible to pick those 
which illustrate the effect of particular 
variables, and the comparison of observed 
and calculated results are shown in 
Figures 4 and 5 on the same basis as the 
sample calculation. The runs chosen for 
these figures are those in which the 
experimental efficiencies are not all 
nearly 100%, and it is evident that the 
methods of computation are capable of 
following the observed trends very well. 
All the data for all the runs are included 
in the comparison of Figure 6, although 
since more than half of the observed 
measurements show efficiencies above 
90%, most of the points are superim- 
posed in the upper right-hand corner. The 
average error, Ey,¢)100, 
for all the runs, is 21%. The low stage 
efficiencies, where the errors are largest, 
were observed at low agitator speeds 
corresponding to agitator Reynolds num- 
bers of less than 5000. Turbulence is not 
fully developed at these speeds, and 
Equation (2) is very likely the principal 
source of calculation error here. 

Overcashier, et al. (13) extracted butyl 


amine from kerosene with water in a 
14.75-in. diam. baffled vessel, operated 
continuously, with flat-blade turbine 
impellers. The comparison of calculated 
and observed results are shown in Figure 
7. These authors expressed their results in 
terms of the over-all countercurrent 
cascade efficiency. In order to preserve 
the same form for Figure 7 as was used 
by them to display their data, the calcu- 
lated efficiencies were put in this form 
also, and the observed end effect was 
added to the calculated values. The 
scattering of points which appears in 
these graphs, at least for the calculated 
and probably for the observed data as 
well, is due to the rather erratic variations 
in dispersed-phase holdup reported. The 
average error between calculated and 
observed results, for all the runs, is 
14.2%, calculated as before. 

It is interesting to note that in the case 
of both Flynn’s and Overcashier’s data, 
when the volume of organic liquid ex- 
ceeded 74%, .it was necessary to assume 
the aqueous phase to be dispersed in 
order to get reasonable agreement  be- 
tween calculated and observed results, 
although neither set of authors reported 
this as an observation. 


1.0 
8 “le 
0.6 
° 
04 Fig. 6. Comparison of calcu- 
j “ ° lated and observed results 
> °° for all runs, extraction of 
. benzoic acid from kerosene 
and toluene into water in 
Mh continuously operated, baffled 
DISP. PHASE vessels (4). 
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Fig. 7. Effect of agitator power and impeller diameter, extraction of butyl amine from 
kerosene into water in a continuously operated, baffled vessel (13). Vessel diameter = 
14.75 in.; flow rates 7.5 gal./min. kerosene, 4.78 gal./min. water. 
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CONCLUSIONS 


The methods of computation outlined 
herein permit rough estimates to be 
made of extraction stage efficiencies for 
baffled vessels agitated with flat-blade 
turbine impellers, and are capable of 
predicting the general nature of the 
influence of the principal variables 
involved in the design and operation of 
these devices. End effects cannot be 
estimated, and the total extraction to be 
expected will be somewhat greater than 
that calculated without allowance for 
these. Better agreement between calcu- 
lated and observed results can be 
expected as more directly applicable 
experimental data accumulate. 


NOTATION 


Use any consistent set of units. English 
units are given as examples. 


a = specific interfacial area, sq. ft./ 
cu. ft. 

ds) = specific interfacial area at @p = 
0.50, sq. ft./cu. ft. 

A,2 = eigen value 

Cp = average solute concentration in 
a drop, lb. moles/cu. ft. 

Cp® = initial uniform solute concentra- 
tion in a drop, lb. moles/ cu. ft. 

Cp; = concentration of solute at the 
surface of a drop, lb. moles/cu. 

Cp* = solute concentration in a drop 


which is in equilibrium with the 
solute concentration in the con- 
tinuous phase, ]b. moles/ cu. ft. 


C, = heat capacity, B.t.u./(lb.)(°F.) 

d = impeller diameter, ft. 

d, = particle diameter of dispersed 
phase, ft. 

d,so = particle diameter of dispersed 
phase at dp = 0.50, ft. 

De = diffusivity of solute in contin- 
uous liquid, sq. ft./hr. 

Dp = diffusivity of solute in dispersed 
liquid, sq. {t./hr. 

Dy,’ = effective diffusivity of solute in 
a liquid drop, sq. ft./hr. 

= 2.7183 

exp % = e 

Eyc = fractional Murphree continuous- 
phase stage efficiency. 

Exp = fractional Murphree dispersed- 
phase stage efficiency. 

E, = fractional over-all countercur- 
rent cascade stage efficiency. 

f = function given by Figure 2, 
dimensionless. 

Ic = conversion factor, (ft./sq. hr.) 
(lb. mass/lb. force). 

he = continuous-phase heat-transfer 
coefficient, B.t.u./(hr.)(sq. ft.) 
(°F.) 

ke | = continuous-phase mass-transfer 


coefficient, Ib. moles/(hr.)(sq. 
ft.)(Ib. moles/cu. ft.); net di- 
mensions ft./hr. 

ky = thermal conductivity, B.t.u. ay 
(hr.)(sq. ft.) (°F.) 
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K = a constant 

In = natural logarithm 

n = integer 

N = rate of rotation of impeller, 1/hr. 

Np = power number, Pg./pN*d5, di- 
mensionless 

Nee = agitator Reynolds number, 
d2Np/u, dimensionless 

Ns. = continuous-phase Schmidt num- 
ber, Uc/pcDc, dimensionless 

Ns, = continuous-phase Sherwood 


number, k¢T'/D¢, dimensionless 
N,op = over-all number of dispersed- 
phase transfer units, dimension- 


less 

Nwe = Weber number, d*N2o¢/o, di- 
mensionless 

IP = power, ft. lb./hr. 

r = radius of a sphere, ft. 

8 = a constant 

te = continuous-phase temperature, 

tp = final average dispersed-phase 


temperature, °F. 
tp>° = initial uniform dispersed-phase 

temperature, °F. 
1k = diameter of mixing vessel, ft. 
T, = standard diameter of mixing 


vessel = 0.5 ft. or equivalent in 


other units. 

ve = rate of flow of continuous phase, 
cu. ft./hr. 

vp = rate of flow of dispersed phase, 
cu. ft./hr. 

V = volume of liquid in the mixing 
vessel, cu. ft. 

x =a constant, the mixing index, 


dimensionless 


>. = ked,/2Dp’, dimensionless 

Z = 2k,6/d,, dimensionless 

0 = average dispersed-phase holding 
time, hrs. 

mM = viscosity of agitated mixture, 
lbs./ft. hr. 

Le = viscosity of continuous phase, 
Ibs./ft. hr. 

Mp = viscosity of dispersed phase, 
lbs./ft. hr. 

Vo = kinematic viscosity of contin- 
uous phase = Uc/pc, sq. ft./hr. 

vp = kinematic viscosity of dispersed 
phase = up/pp, sq. ft./hr. 

= 3.1416 

p = density of agitated mixture, 
lb./cu. ft. 

Pc = density of continuous phase, 
lb./cu. ft. 

Pp = density of dispersed phase, lb./ 
cu. ft. 

Ap = difference in density of the two 
liquids, lb./cu. ft. 

o = interfacial tension, lbs. mass/ 
sq. hr. = 28.7 (10%)(dynes/em.) 

¢éc = volume fraction of continuous 
phase in the mixing vessel 

dp = volume fraction of dispersed 
phase in the mixing vessel 

Vr = eigen value 
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Flow of Two-phase Carbon Dioxide 
Through Orifices 


JAMES C. HESSON and RALPH E. PECK 


Illinois Institute of Technology, Chicago, Illinois 


Experimental flow rate data are presented for saturated liquid, saturated vapor, and 
two-phase liquid-vapor carbon dioxide through a convergent nozzle and a square-edged 
orifice. The data cover the range from the triple-point pressure to the critical pressure. 
Charts have been prepared for this complete range at critical flow. Results are also presented 


for subcritical flow. 


The tests at various back pressures indicate that the saturated liquid behaved as a cold 
liquid without evaporation ahead of the throat. 
Saturated vapor became supersaturated in the nozzle, and the vapor behaved as if no 


condensation occurred. 


Equations are presented for the flow rates of saturated vapor, and two-phase mixtures 


in the critical flow region. 


A Mollier (pressure-enthalpy) diagram is used to determine the flow rates of saturated 
vapor and two-phase mixtures where supersaturation takes place. In these cases, the 
lines of constant specific volume or density are extrapolated from the superheated region 
into the normal two-phase region to obtain values corrected for supersaturation. 


Critical flow nozzles or orifices are used 
im many cases to discharge two-phase 
carbon dioxide from piping systems to the 


James C. Hesson is at present associated with 
Cardox Corporation, Chicago, Illinois. 
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atmosphere. This investigation was 
undertaken in order to predict the effect 
of nozzle or orifice design and operating 
conditions on the flow rate. 

Whenever a saturated or boiling liquid 
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flows through a pipeline, the drop in 
pressure, caused by the flow friction loss, 
is accompanied by a drop in temperature, 
and the boiling or evaporation of the 
liquid to convert a fraction of it to vapor 
in order to maintain thermodynamic 
equilibrium. If the liquid is colder than 
the pipeline, the heat transferred to the 
liquid also causes the evaporation of part 
of the liquid. This formation of vapor 
results in a two-phase mixture of liquid 
and vapor. 

Such a flow of a two-phase mixture of 
liquid and vapor occurs when liquid 
carbon dioxide is used for fire extinguish- 
ing purposes or for industrial work such 
as cooling cold chambers or material 
which is being processed. 


HISTORICAL 


The flow of saturated liquid and satu- 
rated vapor carbon dioxide through 
nozzles at a back pressure of 142 lb./ 
sq. in. abs. was recently investigated (10). 

The phenomenon of supersaturation of 
vapor was disclosed in 1870 by Lord 
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Kelvin (14) and in 1883 by Aitken (2). 
Supersaturation of steam flowing through 
nozzles was discussed by Martin (18) in 
1918, in 1922 by Stoney (25), and in 
1924 by Foa (9). 

The flow of saturated water through 
orifices has been investigated (3-7, 13, 
15, 19, 24, 26, 27). 

The metastable flow of Freon liquid 
and other refrigerants through orifices 
has been investigated (16, 20). 


APPARATUS 


The equipment used in this investigation 
was explained in detail by Hesson (12). The 
orifice and nozzle arrangements are shown 
in Figure 1. The orifice and nozzle con- 
sisted of a stainless steel disk 0.350 in. in 
diam. by 0.062 in. thick with a hole 0.0357 + 
0.0001 in. in diam. On one side of the disk 
the entrance to the hole was well rounded 
while on the other side the entrance was 
square edged. When used as a square- 
edged orifice the square-edged entrance was 
placed upstream and when used as a con- 
vergent nozzle the rounded entrance was 
placed upstream. The area of the hole was 
0.001002 + 0.000006 sq. in. The ratio of 
d/D for the inlet was 0.192. This value was 
small enough to give negligible nozzle or 
orifice approach velocity Ui, but was large 
enough so that no separation of vapor and 
liquid was evident. The ratio of d/D for the 
downstream pipe was 0.1393. Pressure taps 
were located immediately upstream and 
downstream of the orifice disk to determine 
P, and P3, respectively. 

Two-phase mixtures were obtained by 
throttling saturated liquid. Saturated vapor 
was obtained by bubbling vapor through 
saturated liquid. Saturated liquid was 
obtained by heating liquid in contact with 
the vapor. 

The flow rates were determined by evapo- 
rating and metering, at low pressure, the 
carbon dioxide which was discharged by the 
nozzle or orifice. The metering was done 
by orifice plates which were calibrated by 
weighing carbon dioxide. 

For water at room temperature the 
discharge coefficient of the nozzle was 1.00. 


BASIC EQUATIONS 


The following are the basic equations 
used to compute the flow rates through 
an ideal nozzle for negligible approach 
velocity U; (22). 


Q= 60(A/144)(U2/ V2) (1) 
Q = 60(A/144)(1/V2) (2) 


Py 
29.148 4 ir | 
Ps 


Q = 60(A/144)(1/V2) 
-[2g.J(—) (3) 
For critical flow, = P,, U2 = U,, and 
V.= V,. For subcritical flow, = 
SATURATED VAPOR 
Previous investigators have found that 


saturated steam can flow through a 
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nozzle or orifice in a supersaturated con- 
dition (4, 18, 25). 

In this investigation it was found that 
saturated carbon dioxide vapor can flow 
through a nozzle or orifice in a super- 
saturated condition. When flowing in a 
supersaturated condition, it behaves as 
superheated vapor with an expansion 
coefficient n, defined by the equation: 


Py" 


When this equation is substituted into 
Equation (2) and the integration is per- 
formed, the results for the nozzle are, 


It will be noted that one of the effects 
of supersaturation is to increase the 
density for an expansion to a given pres- 
sure. Thus the actual flow rate is greater 
than that computed from the usual 
Mollier diagram for thermodynamic 
equilibrium. 


SATURATED LIQUID 


Previous investigators have found that 
saturated water can flow through a 


AAI / ‘n,/ P, P, (n-1)/nq) 3 


When P; is greater than P,, P2 = P3. 
When P; is less than P,, P2 = P,, and 
critical flow results, 


Q = 
‘n/a + 6) 


and 


(P./P;) = (2/m+1))”"" (6) 


Values of n for use in Equations (4), 
(5), and (6) were determined from the 
experimental results and are shown in 
Table 1. The experimental results for 
critical flow are shown in Figure 2. 


TABLE 1. VALUES OF n AND P,/P, FoR 
SATURATED VAPOR 


Pressure, P; 


Ib./sq. in. abs. n P,/P; 
0 to 600 1.30 0.55 
700 1.22 0.56 

800 1.17 0.57 

900 1.07 0.59 

1000 .94 0.62 


A Mollier (pressure-enthalpy) diagram 
can be used to determine, approximately, 
the nozzle flow rates for saturated vapor 
with supersatuation in the nozzle. Figure 
6 shows a section of a Mollier diagram, 
in the vicinity of the saturated vapor line, 
which was prepared from data from the 
literature (1, 23). A correction for super- 
saturation is made by extrapolating the 
lines of constant volume (or density) from 
the superheated vapor region across the 
saturated vapor line into the two-phase 
region. In Figure 6, these extrapolated 
lines are shown dotted. The diagram is 
used in the usual way for saturated vapor 
(when thermodynamic equilibrium is 
assumed) excepting that the dotted 
lines are used for the lines of constant 
volume in the two-phase region. Values 
of (—AHy) and V2 are substituted in 
Equation (3). For critical flow a trial- 
and-error solution is necessary. Table 2 
shows values computed from Figure 6 
and Equation (8) for critical flow. These 
values check with the experimental values. 
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nozzle in a superheated or metastable 
condition (5, 6). In boiling water at low 
back pressures, investigators have found 
(5, 7) that the boiling water behaves as 
cold water between the limits of the 
initial pressure and a lower pressure, 
which is equivalent to a critical throat 
pressure, at which point flashing occurs. 

In this investigation, it was found that 
saturated carbon dioxide liquid can flow 
through a nozzle in a superheated or 
metastable condition and that it behaves 
as a nonvolatile liquid between the limits 
of the initial pressure and a lower pres- 
sure. On the assumption that the liquid 


ARRANGEMENT FOR ARRANGEMENT FOR 
CONVERGING NOZZLE SQUARE EDGE ORIFICE 


Fig. 1. Orifice plate arrangement. 


is incompressible in Equation (2), the 
following results: 


Q = 60A[2g./144]? 
‘((P:— 


This equation agrees with experimental 
results for values of P. from P, down to 
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near the critical throat pressure P,. 
Experimental results are shown in Fig- 
ures 2 and 5. 


TWO-PHASE MIXTURES 


The two-phase mixtures were obtained 
by throttling saturated liquid. The experi- 
mental results for critical flow are shown 
in Figure 3 for the nozzle or rounded inlet 
orifice. Figure 4 shows the results for the 
square-edged inlet orifice. In these figures, 
lines of constant initial pressure Py are 
plotted. The orifice inlet pressure P; is 
the independent variable. The lines of 
constant x or liquid fraction by weight 
were determined by assuming isoenthalpic 
throttling or AH = 0. 

An unstable flow rate region is shown 
for the square-edged inlet orifice. This is 
discussed in detail by Hesson (72). 

An equation which covers the saturated 
liquid, saturated vapor, and two-phase 


—— NOZZLE 
~~-ORIFICE 
—--—EQUILIBRIUM 
Le FOR NOZZLE 


FLOW RATE, LB,/(MIN)(SQ.IN,) 10-3 
w 


oO 100 200 300 400 500 600 700 800 9300 1000 1i00 


INLET PRESSURE, PR , PSIA 


Fig. 2. Flow rates for saturated liquid and vapor carbon dioxide for nozzle and orifice for 
critical flow. 


When the initial fraction of liquid > 0, 
x — 0, and the Equation (8) reduced to 
Equations (4a) and (5a) which further 
reduce to Equations (4) and (5) for 
saturated vapor, 


liquid by weight. In this case, the flow 
rates for saturated vapor are determined 
as discussed under saturated vapor. These 
valués are then corrected by multiplying 
them by [1/(1 — 2)]#/2. 


i > (n—-1)/n 1/2 
G04 — n E (Es) } CONCLUSIONS 
Q=— a | Pi (4a) There is a paucity of data in the litera- 
(P2/P,) ture on flow of saturated liquid and two- 


phase carbon dioxide through nozzles and 


TABLE 2. CriticAL THROAT VALUES AND FLow RATES FoR SATURATED VAPOR AT SUPER- 
SATURATION CALCULATED From DIAGRAM 


P; —AH U, 
lb./sq. in. abs. 

770 7.50 0.15 612 

550 9.28 0.24 680 

345 9.32 0.42 682 

192 10.70 0.75 731 


region for the nozzle was developed by 
making the following assumptions: 


1. The initial vapor fraction of the 
mixture expands without heat or mass 
interchange with the remainder of the 
mixture according to the relationship 
PV" = 

2. The initial liquid fraction of the mix- 
ture may undergo some evaporation, but 
the vapor thus formed is considered part 
of the volume due to the initial liquid 
fraction, which expands according to the 
relationship, PV? = P, Vy“. 

3. The velocity of both phases is the same. 


The equation is: 


5A | 20 Vn E P, x Vp: — 


orifices. This investigation adds sub- 
stantially to the available data. 

Critical flow rates for saturated liquid, 
saturated vapor, and two-phase carbon 


2 > > 
Ie dioxide for nozzles and orifices can be 
lb./sq. in. abs. 
read from Figures 3 and 4. 
4080 445 0.58 1700 For back pressures greater than the 
— 300 0.54 1180 critical throat pressures, reference can 
1625 188 0.54 678 be made to Figures 1 and 5, and to 
976 105 0.55 406 


Equations (4), (7), and (8). For detailed 
information, reference can be made to 


TABLE 3. VALUEs OF L ror EQuatTion (8) the original work (12). 


x L For systems other than carbon dioxide, 
the same general methods would apply. 

“ pe 4 It is possible to estimate the flow of a 
0.95 1. two-phase system for small liquid frac- 


3 

0.975 20 tions through a nozzle if a pressure- 
ee enthalpy diagram is available. 

and for critical flow, 


NOTATION 
Q = 60A[2g./144]*| => 
VY, A = nozzle throat or orifice area, sq. in. 
d = nozzle throat or orifice diameter, in. 
+ 1)] D = nozzle or orifice pipe diameter, in. 
g. = conversion factor (lb.)(ft.)/(sec.)? 


[2/(n + 1)] (5a) (Ib. force) 


where x is a function of the initial pressure 
P;, and L is a function of initial liquid 
fraction x. Values of n and L are shown 
in Tables 1 and 3 respectively. 

For flow rates less than the critical, 
P is equal to the back pressure, P;. For 
critical flow P/P, is evaluated for a 
maximum value of Q, in which case 
P = P,, the throat pressure. 
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When the initial fraction of liquid is H = enthalpy, B.t.u./Ib. 

1.0, z = 1.0 and the Equation (8) reduces J = mechanical equivalent of heat, 778 
to Equation (7) for saturated liquid. ft. lb./B.t.u. 

The Mollier (pressure-enthalpy) dia- K = orifice coefficient, dimensionless 
gram of Figure 6 can be used to determine, LZ = liquid expansion coefficient, dimen- 
approximately, the nozzle flow rates, cor- sionless, where PV“ = PiV;,4% 
rected for vapor supersaturation, for two- = vapor expansion coefficient, dimen- 
phase mixtures with up to about 20% sionless, where PV" = P,V,,” 


(8) 
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FLOW RATE, LB. (MIN.)(SQ.IN) 1073 


FLOW RATE, LB. /(MIN){SQIN.) 10> 


= pressure, lb./sq. in. abs. 26 
= flow rate, lb./min. a = 
= entropy, B.t.u./(Ib.) (CF Fig. 5. Flow rates for satu- 2 5 
= velocity, ft./sec. rated liquid carbon dioxide ¢ | ins 
= specific volume, cu. ft./lb. at various back pressures for 
= liquid fraction by weight of two- nozzle. = a Maasai 
phase mixture at P;, dimensionless 
6 -2 
w \ 
: 
| | 5 
, °9 joo 200 300 400 600 600 700 800 300 1000 
. NOZZLE DOWNSTREAM PRESSURE, R , PSIA 
100 
2 
| % 
He | | | | / 
© 0 200 300 400 500 600 700 800 900 1000 foo 900 
NOZZLE INLET PRESSURE, R , PSIA 9 
y 
Fig. 3. Flow rates for two-phase (throttled saturated liquid) 7 7 4 800 
carbon dioxide for nozzle for critical flow (low back pressures). ax ba @ : ow 
1 4 700 
© 
2 
WwW 
oo] | 2 
©5100 200 300 400 500 600 700 800 900 1000 1100 a= 3 200 
ORIFICE INLET PRESSURE, R , PSIA 
Fig. 4. Flow rates for two-phase (throttled saturated liquid) Ses Wve 8 100 
carbon dioxide for orifice at low back pressures. a] gy 


Subscripts 

0 = storage condition 

1 = nozzle inlet conditions 

2 = nozzle throat conditions 

3 = nozzle downstream conditions 

f = saturated liquid 

g = saturated vapor 

t = nozzle throat conditions at critical 
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Heterogeneous Phase Equilibria of the 
Methane—hydrogen Sulfide System 


JAMES P. KOHN, University of Notre Dame, Notre Dame, Indiana 


FRED KURATA, University of Kansas, Lawrence, Kansas 


The experimental apparatus and procedures which were developed for the determination 
of the heterogeneous phase behavior of the methane-hydrogen sulfide system have been 
described in a previous paper (2). The apparatus and procedures were tested and employed 
at temperatures in the range of —300 to 300°F. and at pressures up to 2000 Ib./sq. in. abs. 
The vapor-liquid, vapor-solid, liquid-solid, liquid-vapor-solid, liquid-liquid-vapor and 
liquid-liquid-solid phase border curves were determined for six mixtures of methane 
and hydrogen sulfide. The phase compositions were determined at selected points along 
the three-phase univariant equilibrium lines. An invariant point (quadruple point) was 
found which involves the equilibrium of two liquid phases, a vapor phase, and a solid phase. 
These data are presented on P-T and 7-X diagrams. 

The data contribute to the understanding of phase behavior of light hydrocarbons 


containing hydrogen sulfide. 


The increased application of low tem- 
peratures for processing of petroleum 
hydrocarbons in connection with petro- 
chemical and natural-gas industries has 
led to engineering operations which 
frequently require a knowledge of phase 
and volumetric behavior of hydrocarbon 
systems at low temperatures and high 
pressures. Although considerable data 
are available on hydrocarbon systems at 
room temperature and above, only a 
few experimental data on low temperature 
properties of hydrocarbons are available. 

The acidic components such as carbon 
dioxide and hydrogen sulfide are fre- 
quently found in natural and refinery 
gases. Since these components are widely 
different from hydrocarbons, the study 
of mixtures of these acidic components 
and hydrocarbons should increase the 
understanding of the phase behavior of 
such mixtures. Although data have 
recently appeared giving the low-tem- 
perature behavior of carbon dioxide- 
methane system (/), no similar data are 
available for the hydrogen sulfide- 
methane system. Reamer, Sage, and 
Lacey (4) have studied the phase and 
volumetric behavior of hydrogen sulfide- 
methane system at temperatures ranging 
from 40 to 340°F., and under pressures 
from 200 to 10,000 Ib./sq. in. abs. Their 
data were compared to the results of 
this study in the range of temperatures 
and pressures common to both investi- 
gations. 

This investigation seemed appropriate 
in view of the dearth of low-temperature 
phase behavior data and in view of 
increasing interest in low-temperature 
processing. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


In the paper (2), previously referred to, 
the method used is a low-temperature modi- 
fication of the dew-point bubble-point 
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LB /SQ. IN. ABS. 


PRESSURE , 


| 
20 40 60 80 
VOLUME PER CENT LIQUID 
Fig. 1. Isotherms of 77.1% HS. 


method where a known amount of a par- 
ticular gas mixture is introduced into a 
glass equilibrium cell. As the pressure or 
the temperature or both are varied, the gas 
mixture undergoes various phase changes 
which may be visually observed. A special 
sampling adaptor was designed for the glass 
equilibrium cell which allowed sampling 
of the various phases in the cell, 


Materials Used 


The hydrogen sulfide used in this study 
was obtained in 9-lb. cylinders from the 
Matheson Company. It was stated to be 
99.9% pure. This hydrogen sulfide was 
passed through activated alumina and then 
through activated charcoal. An isotherm 
determined at 98.0°F. for this gas showed 
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that a pressure change of 4 lb./sq. in. 
changed the quality of the gas from 0.10 to 
0.90. The vapor pressures determined for 
the gas agreed with the data given in the 
International Critical Tables (6) within 
4 lb./sq. in. The experimental critical point 
was 213.3°F. and 1297 lb./sq. in. abs. 
International Critical Tables report a value 
of 212.7°F. and 1304 lb./sq. in. abs. The 
molecular weight of this gas by density 
measurements was 34.29. These data indi- 
cated that the impurities in the hydrogen 
sulfide were probably less than 0.001 mole 
fraction. 

The ‘Pure Grade’’ methane was donated 
by the Phillips Petroleum Company. It was 
stated to be 99 mole % minimum purity 
with the impurities being mainly ethane, 
carbon dioxide, and nitrogen. This gas was 
passed through activated alumina and then 
through a tube containing activated char- 
coal maintained in a dry-ice and acetone 
bath. An isotherm determined at —183.8°F. 
for this gas showed that the quality of the 
gas was increased from 0.10 to 0.90 by a 
pressure change of 5 lb./sq. in. abs. The 
vapor pressures of this gas agreed with those 
of the International Critical Tables within 
4 lb./sq. in. abs., and its molecular weight 
from density measurements was found to be 
16.13. These data indicate that the methane 
contained less than 0.003 mole fraction 
impurities. 


Preparation of Mixtures 


The hydrogen sulfide vapor from a cyl- 
inder was purified as previously described 
and passed under its own vapor pressure 
to be condensed in a stainless-steel gas 
reservoir maintained in a dry ice-acetone 
bath. A weighed amount of hydrogen 
sulfide was allowed to condense in the 
reservoir. Then purified methane was passed 
into the gas reservoir at pressures up to 
1400 Ib./sq. in. abs. The uncertainty of the 
composition of a gas mixture made up in 
this manner was less than 10%. The exact 
composition was determined after the 
mixture has been heated and allowed to 
come to equilibrium. Standard deviations 
were calculated from 5 to 7 vapor density 
determinations made on each mixture. The 
deviations in every case were caused by 
weighing errors plus barometric and tem- 
perature errors. The maximum uncertainty 
of the compositions of the six mixtures is 
believed to be 0.005 mole fraction. 


Gas Analysis 


The mixtures and the phase samples in 
each case were analyzed by gas density 
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measurement. Mixtures of hydrogen sulfide 
and methane closely approximate ideal gas 
behavior at atmospheric pressure and room 
temperature (4). The vapor densities of 
mixtures of hydrogen sulfide and methane 
are nearly linear interpolations between the 
vapor density of the pure components. 
Three known mixtures were prepared and 
used to determine the calibration between 
the vapor densities of the mixtures and 
their corresponding composition. 


EXPERIMENTAL RESULTS 


Figure 1 presents the experimental 
isotherms for one of the six mixtures 
studied. Charts of pressure vs. tempera- 
ture, with volume per cent liquid as 
parameter, are presented in Figures 2-7, 
These pressure-temperature diagrams 
were prepared from the experimental 
isotherms for the six mixtures by cross- 
plotting at constant percentage liquid. 
The critical temperature and pressure 
were determined as the point at which 
all constant per cent liquid lines converge. 

The pressure-temperature diagrams of 
Figures 2-7 represent three variables— 
temperature, pressure, and volume per 
cent liquid. Temperature is the most 
important variable to control, since a 
temperature change can affect both the 
pressure and the volume per cent liquid. 
In isothermal operation, pressure changes 
do not affect the temperature but only 
the volume per cent liquid. The precision 
of the temperature measurement was 
+0.02°F.; the accuracy is within +0.1°F. 
over the entire temperature range of the 
investigation. The pressure measurement 
was accurate to +2 lb./sq. in. It is 
difficult to evaluate an over-all absolute 
error in measuring the volume percent 
liquid, because several sizes of equilibrium 
cells were used in the investigation. The 
accuracy of the equilibrium cells was 
always better than +3% at 5-100% 
liquid. The absolute error at the dew 
point, determined by the detection of 
traces of moisture on the cell walls and 
agitator ball was considerably less than 
0.2% liquid. The critical temperatures 
are believed to be accurate to +1°F. and 
the critical pressures to +10 lb./sq. in. 
abs. 

With reference to Figure 1, the high- 
temperature isotherms are similar to 
those of many binary hydrocarbon 
systems. There is a large difference in 
pressure between the temperatures in 
the range of 49.3°F. to —96.3°F. The 
high bubble-point pressures indicate the 
low solubility of methane vapor in a 
hydrogen sulfide rich liquid even at low 
temperatures. The inflection in. the 


—96.3°F. isotherm would not be expected . 


in binary hydrocarbon systems. In this 
case, however, this behavior is the result 
of the temperature proximity of this 
isotherm to a critical point. A discon- 
tinuity occurs in the bubble-point pres- 
sure line at —99.1°F. and 775 lb./sq. in. 
abs., the point at which a second liquid 
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phase (methane rich) first appears. This 
liquid phase is in critical identity with 
the vapor because a slight rise in tem- 
perature causes the disappearance of this 
phase while a slight decrease in tempera- 
ture causes its reappearance. The heavier 
phase is the hydrogen sulfide rich phase 
and it is in noncritical equilibrium with 
the two critical phases. A point such as 
this where two phases are in -critical 
identity in the presence of a third phase 
has been termed a “type-K singular 
point’’ (4). 

It is desirable to discuss Figure 3 
(before Figure 2 is discussed), which was 
obtained by cross-plotting the data of 
Figure 1 at lines of constant volume 
per cent liquid. The additional phase 
boundary data not shown on Figure 1 
are presented in Figure 3. The upper 
end of the vapor-liquid envelope appears 
conventional in most respects. The dew- 
point curve and the bubble-point curve 
are continuous; they meet at the critical 
point without a cusp. The critical point 


Vol. 4, No. 2 


=30 =70 


LB./ SQ. IN. ABS. 


PRESSURE , 


CRITICAL [POINTS | 

| OF 
| REAMER,| SAGE, a LACEY 
MOUE% H,3 


40 0 40 
TEMPERATURE °F 


120 160 200 


Fig. 8. Phase border curves of CH;—H.S system. 


is 146.2°F. and 1742 lb./sq. in. abs. There 
are small regions of isothermal and 
isobaric retrograde condensation. The 
cricondenbar is at 120°F. and 1789 
lb./sq. in. abs. 

The type-K singular point referred to 
above is indicated at the upper end 
termination of the L,-L.-V line. This 
line represents a univariant equilibrium 
of a liquid rich in hydrogen sulfide (Z1), a 
liquid rich in methane (Z:) and a vapor 
which is rich in methane. 

The L,-L.-V line is the binary system 
analog of the vapor-pressure curve for a 
pure component. Along this line there is 
only one degree of freedom. Fixing the 
temperature fixes the pressure and the 
composition of each of the three phases. 
Thus the phases may be sampled without 
disturbing the equilibrium as long as all 
three phases exist in the cell. The 
[I,-L:-V line terminates on the low- 
temperature end at an invariant point 
found at —131.7°F. and 490 lb./sq. in. 
abs. This point is the quadruple point at 
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which four phases (Z:-Z2-V-S;) are in 
equilibrium. Four three-phase lines meet 
at this point. The essential transition at 
the quadruple point is the transition 
of Z,, (liquid rich in hydrogen sulfide) 
to S; (substantially pure solid hydrogen 
sulfide). The quadruple-point tempera- 
ture is the lowest temperature at which 
a hydrogen sulfide rich liquid phase can 
exist in the methane-hydrogen sulfide 
system. Below this temperature only 
methane-rich liquid and vapor phases 
and substantially pure solid phases can 
exist. 

Figure 2 is the pressure-temperature 
diagram for an over-all mixture composed 
of 93.3 mole % hydrogen sulfide and 
6.7 mole % methane. The usual type of 
vapor-liquid critical point is indicated at 
195.8°F. and 1448 lb./sq. in. abs. An L2 
liquid phase was not observed for this 
mixture; however, a small amount of 
Lz is compositionally possible. This is 
assumed in marking the S, + Zz liquid- 
solid region. 
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Figures 4 and 5 are unusual because of 
the extremely large regions of isothermal 
retrograde condensation which extend 
from the cricondentherm temperatures 
down to the temperature of the type-K 
singular point at —100°F. The upper 
dew-point lines rise with lowering tem- 
peratures. The pressure limitation of the 
glass equipment did not permit following 
the dew-point lines to higher pressures 
than shown on the diagram. 

Figure 6 also shows a large isothermal 
retrograde condensation region. At. this 
over-all composition the upper dew-point 
line is seen to have a positive slope in 
contrast to the upper dew-point lines of 
Figures 4 and 5 which have negative 
slopes. 

Figure 7 shows that the mixture com- 
posed of 5.25 mole % hydrogen sulfide 
possesses a conventional type of vapor- 
liquid critical point. Two liquid phases 
were not found for this mixture. 

Figure 8 presents the phase border 
curves for the six mixtures. The locus of 
vapor-liquid critical points of Reamer, 
Sage, and Lacey (4) is indicated by the 
dotted line. It may be observed that the 
critical points determined for mixtures 
composed of 93.3 mole % and 77.1 mole 
% hydrogen sulfide fall closely on this 
line, indicating good agreement with the 
data of Reamer, Sage, and Lacey in 
this range. 

Figures 9 to 12 present temperature- 
composition diagrams fer the hydrogen 
sulfide-methane system. These were ob- 
tained by cross-plotting the smoothed 
experimental data from large-scale iso- 
therm-pressure charts, smoothing these 
data on large-scale pressure-temperature 
diagrams, and cross-plotting the resulting 
curves at even values of pressure on the 
pressure-composition diagrams. 

With reference to Figure 9, it is 
observed that at 300 lb./sq. in. abs. the 
vapor-liquid envelope is intersected by 
a large area of the solid-vapor region. 
The horizontal line at —129°F. repre- 
sents the three-phase equilibrium of 
L,-S,-V. I, is a liquid phase composed 
of 5.5 mole % methane in equilibrium 
with a vapor phase containing 97.5 mole 
% methane and a solid phase which is 
substantially pure hydrogen sulfide. It 
was impossible to determine the com- 
position of the solid phase by the methods 
employed in this study. However, since a 
miscibility gap in the liquid state is 
never expected in a binary system with 
continuous solid solution (7), it can be 
assumed that the solid phases are sub- 
stantially pure components. 

The Z:-S,-V transition temperature is 
indicated in Figure 9 by the horizontal 
line at —158°F. The liquid and the vapor 
phases were sampled at this point with 
the special sampling adaptor. L. was 
found to be composed of 96.3 mole % 
methane and the vapor phase was 
composed of 98.4 mole % methane. There 
is an extremely large area below — 158°F., 
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representing equilibrium between L. and 
S,. The transition lines below —158°F. 
are dotted in this region to indicate that 
their positions are not exactly known. 
The transition temperature indicated at 
—298°F. represents the equilibrium be- 
tween a liquid phase rich in methane, 
substantially pure solid hydrogen sulfide, 
and substantially pure solid methane 
(L.-L;-S:). This temperature may be in 
error as much as 4°F., but when one 
considers solid-solubility relationships, 
this temperature is within 2°F. of the 
actual L»-S;-S, transition temperature. 
The 500 lIb./sq. in. abs. isobar pre- 
sented in Figure 10 shows the presence 
of the miscibility gap extending through 
the vapor-liquid region. The L,-Z2-V line 
is shown as the horizontal line at — 130°F. 
This temperature is near the quadruple 
point temperature, but the pressure is 
slightly higher than the quadruple-point 
pressure. If the pressure were reduced to 
490 lb./sq. in. abs., the Z;-Z.-V and the 
L,-L.-S; lines would converge to a single 
line at —130.9°F. The observed quad- 
ruple point is found at these particular 
conditions. Figure 10 also shows that 


temperatures below —132°F. do not 
permit the existence of a vapor phase 
There is a small LZ.-V loop extending to 
the right-hand axis of the diagram. Thus 
it is possible to obtain substantially pure 
methane by distillation at this pressure. 

Figure 11 represents the temperature- 
composition equilibria at 700 lb./sq. in. 
abs. Since this pressure is higher than the 
critical pressure of pure methane, it is 
not possible to obtain pure methane by 
distillation at this pressure. There is a 
vapor-liquid critical point, representing 
identity of the phases LZ. and V at 
—112°F. and at a composition of approxi- 
mately 96.5 mole % methane. At pres- 
sures higher than 700 lb./sq. in. abs. 
the L.-V loop becomes smaller. At 768 
lb./sq. in. abs. and —100°F., the L.-V 
loop has contracted to a single point. This 
is the type-K singular point. 

The high-pressure isobars are presented 
in Figure 12. There is no unusual phe- 
nomenon shown by any of these isobars. 
The dew- and bubble-point curves were 
not extended into the low-temperature 
range because the dew- and bubble-point 
lines do not exist at these conditions. 


TABLE 1 


CoMPARISON OF EQUILIBRIUM CoMPOSITIONS WITH Data OF REAMER, SAGE, AND 
Lacey (4) 


40°F. 


Pressure lb. / 
sq. in. abs. 


Vapor phase 
Mole fraction CH, 


Deviation from 
data of Reamer et al. 


Liquid phase 
Mole fraction CH, 


Deviation from 
data of Reamer el al. 


200 0.140 0.003 0.005 —0.001 
300 0.392 +0 .002 0.021 0.000 
400 0.513 0.000 0.035 0.000 
500 0.580 —0.008 0.049 0.000 
600 0.632 —0.007 0.062 —0.002 
700 0.655 —0.020 0.071 —0.007 
800 0.690 —0.009 0.090 —0.018 
1000 0.720 —0.004 0.125 0.000 
1200 0.727 —0.005 0.162 —0.002 
1400 0.725 —0.001 0.205 —0.009 
1600 0.705 —0.002 0.238 —0.052 

1800 0.665 —0.004 
Avg. deviation 0.005 Avg. deviation 0.008 

100°F. 

400 0.012 0.000 0.001 0.000 

500 0.180 +0.016 0.013 0.000 

600 0.280 +0.011 0.0255 0.000 

700 0.342 0.000 0.038 —0.001 

800 0.405 +0.007 0.051 —0.001 
1000 0.485 +0.014 0.080 —0.001 
1200 0.508 0.000 0.110 —0.008 
1400 0.523 —0.001 0.157 —0.005 
1600 0.520 0.000 0.200 —0.019 
1800 0.475 —0.005 

Avg. deviation 0.005 Avg. deviation 0.004 
160°F. 

800 0.020 0.000 0.003 0.000 
1000 0.155 0.000 0.027 —0.004 
1200 0.238 +0.001 0.052 —0.010 
1400 0.255 —0.026 0.085 —0.017 
1600 0.250 —0.008 0.155 0.000 

Avg. deviation 0.007 Avg. deviation 0.006 
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TABLE 2 


VAPORIZATION EQUILIBRIUM CONSTANTS OF THE METHANE-HYDROGEN SULFIDE SYSTEM 


Temperature Vapor phase Liquid phase Equilibrium constant 
°F, Mole fraction CH, Mole fraction CH, CH, HS 
200 lb. /sq. in. abs. 
40 0.140 0.005 28.0 0.864 
0 0.522 0.009 58.0 0.482 
— 40 0.754 0.0125 60.3 0.248 
— 80 0.906 0.018 50.3 0.0957 
—120 0.968 0.025 38.7 0.0328 
400 lb./sq. in. abs. 
80 0.251 0.016 15.7 0.761 
40 0.513 0.035 14.7 0.504 
0 0.720 0.045 16.0 0.292 
— 40 0.862 0.054 16.0 0.145 
— 80 0.935 0.062 15.1 0.0693 
—120 0.969 0.066 14.7 0.0332 
600 lb./sq. in. abs. 

120 0.143 0.015 9.53 0.870 
80 0.406 0.038 10.7 0.617 
40 0.628 0.058 10.8 0.395 
0 0.792 0.072 11.0 0.224 

— 40 0.900 0.083 10.8 0.109 

— 80 0.947 0.093 10.2 0.0584 

—100 0.955 0.101 9.45 0.0500 
800 lb./sq. in. abs. 

150 0.104 0.010 10.4 0.905 

120 0.290 0.035 8.29 0.736 

100 0.405 0.051 7.94 0.627 
80 0.501 0.068 7.37 0.535 
60 0.596 0.086 6.93 0.442 
40 0.690 0.090 7.67 0.341 

1200 lb./sq. in. abs. 

200 0.025 0.006 4.17 0.981 

160 0.238 0.052 4.58 0.804 

120 0.432 0.095 4.55 0.628 
80 0.582 0.135 4.31 0.483 
40 0.727 0.162 4.49 0.326 

1600 Ib. /sq. in. abs. 

160 0.250 0.155 1.61 0.888 

120 0.441 0.184 2.40 0.685 

100 0.520 0.200 2.60 0.600 
80 0.586 0.213 2.75 0.526 
40 0.705 0.238 2.96 0.387 


Table 1 presents the comparison of the 
equilibrium compositions in the vapor- 
liquid region with the data of Reamer, 
Sage, and Lacey (6). The equilibrium com- 
positions were taken from large-scale 
temperature-composition diagrams and 
are compared with those of Reamer, Sage, 
and Lacey at three temperatures. The 
agreement of the vapor compositions is 
excellent. In one case, the liquid com- 
position differed from that of Reamer, 
Sage, and Lacey by 0.052 mole fraction. 
This is a rather large difference but the 
over-all comparison is considered good 
and stands as a check on the reliability 
of the vapor-liquid data obtained in this 
study. 

The vaporization equilibrium constants 
for methane and hydrogen sulfide are 
presented in Table 2. These data were 
condensed from smoothed data taken 
from the original large-scale temperature- 
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composition charts (3). Since the probable 
accuracy of the temperature-composition 
charts is approximately -+0.005 mole 
fraction, the K values for methane 
scatter at the higher temperatures where 
only a small quantity of methane can 
exist in the liquid phase. The over-all 
accuracy of the methane K values is 
considered to be better than +4%. The 
K values for methane at every pressure 
pass through a maximum, but generally 
do not show a wide variation over large 
temperature ranges. On the other hand, 
the K values for hydrogen sulfide do not 
pass through a maximum, but constantly 
decrease with decreasing temperature. 
Figure 13 is a pressure-composition 
projection showing the equilibrium com- 
positions of phases along the L,-L.-V 
and L,-S,-V lines. The quadruple point 
is indicated by the dashed horizontal line 
at 490 |b./sq. in. abs. At this point, the 
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Fig. 9. Temperature-composition 
300 Ib./sq. in. abs. 
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Fig. 10. Temperature-composition 
500 Ib./sq. in abs. 


vapor has a composition of 3.3 mole % 
hydrogen sulfide; Z; has a composition 
of 89.6 mole % hydrogen sulfide; ZL. has 
a composition of 6.5 mole % hydrogen 
sulfide; and the solid is substantially pure 
hydrogen sulfide. The compositions of 
the phases at both the singular point and 
the quadruple point were obtained by 
short extrapolations. Sufficient samples 
were analyzed in each case to justify 
estimation of standard deviations. The 
compositions are believed to be accurate 
within 0.005 mole fraction, and the 
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700 Ib./sq. in. abs. 


deviations are attributed to weighing, 
barometric, temperature errors and to 
nonuniform samples. 

The behavior along the L.-S,-V line is 
represented in Figure 13 by the lines 
below the quadruple point dashed line 
at 490 lb./sq. in. abs. It is interesting to 
note that the solubility of solid hydrogen 
sulfide in liquid and vapor state methane 
decreases rapidly with decreasing pres- 
sure. The solubility of hydrogen sulfide 
is less than 0.1 mole % in both liquid and 
vapor state methane at atmospheric 
pressure. 

The quadruple point Z,-L.-V-S, is not 
the only one possible in the methane- 
hydrogen sulfide system. The data show 
that the point S,-S.-L,-L, is impossible, 
because LZ; cannot exist at temperatures 
below —130.9°F. and S: cannot exist at 
temperatures higher than —295°F. The 
quadruple point S,-S.-Z.-V is possible 
and does exist. If the three-phase equi- 
librium L,-S;-V is followed down to the 
low-temperature—low-pressure range, a 
point can be reached at which Lz» trans- 
forms to S:. This point should be below 
— 295°F. and at subatmospheric pressure. 

Figure 14 is a qualitative representa- 
tion of the critical and phase phenomena 
shown by the methane-hydrogen sulfide 
system. The composite diagram simu- 
lates orthographic projections of the 
three-dimensional space-phase model. The 
pressure-temperature (P-T), pressure- 
composition (P-X), and the temperature- 
composition (T-X) projections show the 
critical loci and critical points plus 
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Fig. 12. High-pressure isobars. 


whatever phase lines are necessary for a 
proper understanding of the diagram.* 

Since it was not possible with the 
equipment used in this study to investi- 
gate the two-phase equilibria of L,-L», 
these equilibria are approximated by the 
dashed lines in the region labeled ZL; + Le 
on the pressure-temperature projection. 
In this region phase Lz cannot be dis- 
tinguished from vapor phase V and 
could probably be called V with little 
ambiguity. The L,-L2 phases must display 
critical solution phenomena. In view of 
the large composition differences between 
these two phases on the L,-L.-V three- 
phase line, the critical solution pressures 
would be expected to be high. Approxi- 
mate extrapolations of the upper dew- 
point lines of mixtures 5 and 6 (see 
Figures 4 and 5) indicate that the critical 
solution pressures are of the order of 
4000-6000 Ib./sq. in. abs. The locus of 
critical solution points is indicated by the 
dashed line marked ZL, = L, = V at the 
top of the P-T projection. This locus of 
critical solution points must be continuous 
with the locus of vapor-liquid critical 
points indicated by the dashed line 
marked ZL, = V. This must be true, 
because along the locus of critical points, 
L, and V are perfectly continuous and a 
single phase. The locus of critical solution 
points must obviously terminate on the 
low-temperature end of the L,-Z.-S, line, 
Thus a second type-K singular point 


*The table of nomenclature at the end of the 
paper gives the definitions of the symbols used in 
Figure 14. 
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exists, involving the critical identity of 
I, and Lz in the presence of the non- 
critical phase S,. This singular point is 
designated by Kc’. The compositions of 
phases existing at K,’ are not exactly 
known. It seems highly probable that 
the solid phase S, is fairly pure hydrogen 
sulfide. The composition of the critical 
phase L, = Lz is believed to be quite close 
to 45.8 mole % hydrogen sulfide. 

This figure is reasonably accurate 
because this study showed no vapor- 
liquid critical point for a mixture con- 
taining 45.8 mole % hydrogen sulfide and 
Reamer, Sage, and Lacey (4) reported a 
vapor-liquid critical for 50 mole % 
hydrogen sulfide. It can be seen from the 
temperature-composition projection that 
some mixtures of methane and hydrogen 
sulfide are too lean in hydrogen sulfide to 
intersect the vapor-liquid critical locus 
L, = V. Since the 50 mole % hydrogen 
sulfide mixture intersects L, = V while 
the 45.8 mole % hydrogen sulfide mixture 
does not, the maximum inaccuracy in the 
composition at Kc’ is about 4.2 mole %. 
The composition of the critical phases at 
K¢’ is indicated by the point C,. Since 
the vapor-liquid critical point for the 50 
mole % mixture is at approximately 
60°F. and 1950 lb./sq. in. abs. it is highly 
likely that the critical composition at 
K,’ is nearer 45.8 mole % hydrogen 
sulfide than 50 mole % hydrogen sulfide. 
This lower composition appears more 
reasonable because K¢’ is known to be at 
—125 +3°F. and 4000-6000 Ib./sq. in. 
abs. 
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On the temperature-composition sec- 
tion, the compositions of the phases 
existing at the type-K singular point Ke 
are indicated by the two points C; and C3. 
At this point the phases LZ, and V are in 
critical identity. The compositional values 
of the phases existing at Kg are given in 
Figure 13, C, is about 6.5 mole % 
hydrogen sulfide and C; is about 90 mole 
% hydrogen sulfide. 

If the three-phase system [,-L.-V is 
heated at constant volume, the pressure 
and temperature rise according to the 
curve QK¢, while the compositions of the 
phases vary as indicated in the P-X and 
T-X projections. If the overall com- 
position lies between point C; and Cs, 
then there occurs the special critical 
point Lz = V with LZ; present. If the 
composition lies between C2 and C3, the 
two phases left at Ke (1 and V) undergo 
no further critical phenomenon; the 
liquid simply evaporates to leave V. 
This behavior was shown by mixtures 
5, 6, and 7. If the over-all composition 
lies between C; and C2, the phases L, 
and V undergo a second critical phe- 
nomenon (Z; = V) on the curve C2Kqy,s, 
as shown by mixture 2a. If the over-all 
concentration of methane is greater than 
C;, only the usual L: = V critical phe- 
nomenon can occur on the curve Koy,C:, 
as shown by mixture 8. If the over-all 
concentration of methane is less than 
C:, the only possibility is the critical 
phenomenon L; = V on the upper part of 
the curve C:Ky,s, as shown by mixture 1. 

The peculiar properties of the methane- 
hydrogen sulfide systems are similar in 
some respects to those of the ether-water 
system (8). Phase behavior of this type 
has been discussed by Ricci (7). 

The formation of two liquid phases of 
relatively large composition difference 
at low temperatures and moderate pres- 
sures in the methane-hydrogen sulfide 
system readily suggests simple decanta- 
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tion methods of separation. In the use of Ke = type-K singular point involving 


decantation under equilibrium conditions, 
Figure 13 is of utility in choosing: a 
pressure level for the separation and 
furnishing the compositional values of 
the equilibrium phases. The temperature 
is fixed once the pressure is selected. The 
separation should always be conducted 
along the three phase or L2-S,-V 
lines because at any fixed temperature or 
pressure along these lines the phases may 
be decanted without disturbing the 
equilibrium. 


CONCLUSIONS 


The phase behavior of the methane- 


hydrogen sulfide system offers data of 
sufficient accuracy and utility for the 
design of processes for the nonchemical 
removal of hydrogen sulfide from meth- 
ane. The critical behavior of this system 
aids greatly in understanding the role of 
hydrogen sulfide as a component gas in 
natural-gas reservoirs and its effect on the 
critical properties of the natural gas. 
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NOTATION 

C, = composition of phase LZ; at point 
Ke 

C, = composition of phase Z; at point 
K,’ 

C; = composition of phase Z: at point 
Ke 


(C2Ky,8, Kou,C,, L1 = V) = loci of vapor- 
liquid critical points 
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the critical identity of phases Lz 
and V in the presence of phase LZ; 

K.’ = type-K singular point involving 
the critical identity of phases Z, 
and L, in the presence of phase S; 

Keou, = critical point of pure methane 

Ku,s = critical point of pure hydrogen 
sulfide 

L, = liquid phase having properties 
similar to pure liquid hydrogen 
sulfide at the same temperature 

L, = liquid phase having properties 
similar to pure liquid methane at 
the same temperature 

ete. = three-phase equi- 
libria lines 

Q = quadruple point = (Z,-L2-S,-V), 
invariant equilibrium of these 
four phases 

S: = solid phase having all the prop- 
erties of pure hydrogen sulfide 

“Type K singular point” = a critical 
point involving the critical iden- 
tity of two phases in a three- 
phase equilibrium 


= vapor phase 
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Heat Transfer in Film Condensation 


In this theoretical analysis of heat transfer in film condensation the total vapor-side 
resistance to heat transfer is obtained by adding the resistance to conduction through the 
condensate film to the resistance due to the condensation process at the vapor-liquid 


interface. 


The analysis shows that under ordinary conditions conduction in the condensate film 
is controlling, provided the condensation coefficient is greater than about 0.10. However, 
under conditions of low total pressure, low heat flux, or low condensation coefficient, the 
resistances of both processes must be considered. 

Experiments carried out on the condensation of methanol are in good agreement with 
the theory. Furthermore, values of the condensation coefficient for methanol are reported 
which show that small quantities of air will greatly reduce its magnitude. This is offered 
as an explanation of the commonly observed phenomenon of reduction of heat transfer 
rates when noncondensable gases enter a system. 


Depending upon conditions, a vapor 
condensing on a solid surface may form 
either a smooth continuous film or tiny 
droplets. These two distinct modes of 
condensation are referred to as film and 
drop condensation respectively. Heat 
transfer in condensation is an extremely 
complex phenomenon. In general, it de- 
pends upon conduction and convection 


processes in the vapor phase, upon the, 


condensation process at the interface, 
and upon conduction in the condensate. 
It is customary in heat transfer calcula- 
tions to introduce the coefficient h, 
defined by the equation 


h = q/A(T™, — T.) = q/A AT, (\) 


Nusselt’s theoretical analysis of film 
condensation (7), which is discussed in 
some detail by Jakob (3), assumes that 
heat conduction in the condensate is the 
rate-controlling step. The Nusselt theory 
leads to the following equation for the 
vapor-side coefficient: 


= "ZY rs (2) 
with Z defined as 
Z = (gp /4u)* (3) 


If one assumes that the rate-controlling 
step is the conduction of heat through 
the condensate, the temperature drop 
from the bulk of the vapor to the inter- 
face must be negligible. Under most 
operating conditions this is a very 
reasonable assumption and many experi- 
menters (1, 2, 6, 8, 9, and 11) have 
obtained results that agree quite closely 
with the Nusselt theory. 

Under some operating conditions, how- 
ever, notably when total pressures are 
low and when small quantities of non- 
condensable gases are present, the Nusselt 
theory consistently gives values for h 


Eric Baer is at duPont Experimental Station 
Wilmington, Delaware, and James M. McKelvey at 
Washington University, Saint Louis, Missouri. 
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Fig. 1. Filmwise condensation on a vertical 
surface. 


which are larger than those observed. 
The explanation must be that heat 
conduction through the condensate is no 
longer in complete control and that the 
other processes must be considered. The 
analysis presented here considers both 
conduction in the condensate and the 
condensation process at the interface. 


THEORETICAL ANALYSIS 


In Figure 1 a pure vapor at tempera- 
ture 7’) and pressure Po is shown condens- 
ing in a film on a solid vertical surface. 
At the distance Y from the top of the 
surface the interface temperature is 7}, 
the front surface of the condenser wall is 
at temperature 7, and the back surface 
is at temperature 7’. 

An equation for the heat flux through 
the liquid film is obtained from (1) and 
(2) by replacing 7'o, the vapor bulk tem- 
perature, with 7, the interface tempera- 
ture. 


(q/A) = K,(AT;)** (4) 


A.1.Ch.E. Journal 


ERIC BAER and JAMES M. McKELVEY 


The Johns Hopkins University, Baltimore, Maryland 


where 


K, 
AT, = (T; T’2) 


At the vapor-liquid interface, con- 
densation and _ reevaporation occur 
rapidly, with the condensation rate 
slightly exceeding the evaporation rate. 
Evaporating molecules leave the liquid 
surface with an average temperature 7’. 
Molecules striking the interface come 
from a region in the vapor that is very 
close to the interface. In this region 
molecules which have just evaporated and 
are at the average temperature 1, 
collide with molecules coming from the 
bulk of the vapor at an average tempera- 
ture 7. An average vapor temperature 
T*, which is intermediate between T) 
and 7}, exists in the small region next to 
the vapor-liquid interface. Molecules 
striking the interface are at the average 
temperature 7*. 

The rate at which molecules strike the 
surface is given (4) by the kinetic-theory 
formula 


to = (5) 


All molecules which strike the surface do 
not necessarily condense; consequently 
it is necessary to introduce the conden- 
sation coefficient a, which represents the 
fraction of molecules striking the surface 
which do condense. The absolute rate of 
condensation 7; is obtained by multiply- 
ing ro by a. 

If the vapor and the liquid surface 
were at the same temperature, the net 
rate of condensation would be zero, as 
the absolute condensation rate would be 
just equal to the absolute evaporation 
rate. Consequently, the absolute evapora- 
tion rate can be calculated for any given 
temperature. For a liquid surface at 
temperature T; 


The net rate of condensation r is 
obtained by subtracting the absolute 
evaporation rate r2 from the absolute 
condensation rate 7. 


= (7) 
— + AT*/T,)'”] 
where 
AT* = (T* — T,) 


June, 1958 


Fig 


The 
relat 
throt 


(P,/] 


wher 


For t 
the o 
can b 
show 


exp ( 


the n 
r=[( 
Un 
term 


negle 
50°C. 


Vol. 


(1+ 
Coml 
negle 
AT* 


58 


Fig. 2. Schematic diagram of apparatus. 


The vapor pressures Py and P; can be 
related to temperatures 7) and T, 


| through the Clausius-Clapyron equation. 


Since the ratio of A7T* to AT, is less 
than 1, the second term amounts to less 
than 4% of the first. Similarly, 7; and 
T* in the denominator of the coefficient 
of the right side of (11) can be replaced 
with 7’) with very little error. With these 
simplifications the net rate of condensa- 
tion becomes 


r = [(eP.AM AT,)/(RT?)] 
- 


(12) 


The rate of heat evolution at the liquid 
surface due to condensation is obtained 
by multiplying the rate of condensation 
by the latent heat of vaporization. There- 
fore, the heat flux is given by the equation 


(@/A) =aK, AT, (18) 


Fig. 3. Photograph of apparatus. 


(P,/Po) = exp (—AM (8) 
where 
AT, = (To 

For the case where A7'y and AT™ are of 
the order of a few degrees, Equation (7) 
can be simplified by the series expansions 
shown below. 
exp (—AM AT,/RT,T») 

= 1—(AM AT,)/(RT,T,) --- 
(i+ AP*/P;) 

= 1+ 3(AT*/T,) + 


Combining (7), (8), (9), and (10), and 
neglecting terms containing AZ) and 
AT* to powers greater than one. gives 
the net rate of condensation as 


/(RT,) — 4(AT*/AT>)| 


(9) 


(10) 


(11) 


Under most conditions the second 
term on the right side of (11) can be 
neglected. For example, for methanol at 
50°C. the value of (AM/RT») is 13.4. 
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where 
K, = 
Therefore, from Equations (4) and (13) 
K,(AT;)*"* = aK,(AT») (14) 


Denoting the temperature difference be- 
tween the vapor and the condenser 
surface by AT; and noting that 


AT, ee AT, + AT; (15) 


one obtains an equation for the film 
coefficient h by combining (15), (14), 
and (1): 


(1/h) = 
+ (1/ak,) 


In (16) the total vapor-side resistance 
is shown to be equal to the sum of two 
additive resistances, the first due to 
conduction in the liquid film and the 
second to the condensation process at the 
interface. Under certain conditions the 
second term becomes negligibly small 
and (16) reduces to the Nusselt equation. 


(16) 
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CONDENSATE 
FILM WALL 


OF 


VAPOR COOLING WATER 


Fig. 4. Diagram of thermocouple circuit. 


Since heat is transferred through the 
condenser plate by conduction, the heat 
flux is given by the equation 


(q/A) = K;, AT, (17) 
where 

Ky = k/x 

AT, = (Tz — 


A convenient equation for testing the 
theoretical analysis is obtained by com- 
bining (17), (16), and (1): 
(AT, /AT 2) (K; ‘aK 

+ (K3/Ks) 1/3 


(18) 


Since A,, Kz, and K; can be calculated 
directly from known physical properties, 
it is possible to determine a from an 
experiment in which AT; and AT? are 
varied, but the vapor temperature, 
pressure, and a are constant. In this 
case a plot of (AT,/AT:) vs. (AT2)!/? on 
linear graph paper should be a straight 
line. 


EXPERIMENTAL 


The apparatus designed for the experi- 
mental studies is shown schematically in 
Figure 2, and an over-all view is given in 
Figure 3. It consists of a stainless steel plate 
(A) with a circular hole into which a 
stainless steel beaker, which serves as a 
boiler for the system, is welded. A glass bell 
jar (H) fits over the beaker, a vacuum-tight 
seal being formed with an 0 ring (G@), which 
fits in a groove in the plate. The condenser 
plate (C) is a pure nickel disk behind which 
cooling water is circulated. Provision is 
made to circulate the cooling water at a 
constant rate and at any temperature from 
about 25° to about 95°C. 

The thermocouple circuit consists of four 
wires and the nickel disk. It is shown 
schematically in Figure 4. Wires 1, 2, and 
3 are 30-gauge Manganin, and wire 4 is 
30-gauge constantan. Wires 2, 3, and 4 
were attached by being peened into shallow 
grooves in the surface of the nickel disk. 
A Leeds and Northrup model K-2 poten- 
tiometer was used to make the electromotive- 
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Fig. 6. Correlation of data. 


force measurements. With wires 1 and 2 
connected to the potentiometer, the net 
electromotive force is proportional to AT}. 
When wires 2 and 3 are connected to the 
potentiometer, the net electromotive force 
is proportional to AT». 

Since the thermocouple wires are of small 
diameter and of relatively low thermal 
conductivity, and temperature gradients 
in the system are small, errors due to heat 
conduction in the wires are very small. 
Under the operating conditions encountered 
in the experiments the maximum error in 
the thermocouple readings due to heat 
conduction is estimated to be about 0.01°C. 

To fill the boiler, valve F is closed and 
the system evacuated. Valve J is then 
closed, liquid placed in beaker D, and valve 
E opened. The liquid is then allowed to 
flow into the boiler until the liquid level 
rises almost to the top. Valve EZ is then 
closed and the temperature of the liquid 
brought up to the desired level by regulating 


Page 220 


70 


A 


| 


writ 


0.4 os 12 


L6 20 24 28 


PERCENT AIR IN VAPOR 


Fig. 7. Effect of air concentration on the condensation coefficient. 


the voltage applied to the “Glas-Col”’ heat- 
ing mantle (B). The pressure in the system 
is indicated by the mercury manometer, 
which is connected to the system through 
the line F. 

As the vapor condenses on the surface 
of the nickel disk, it forms a film, runs down 
the surface of the disk, and drops back into 
the boiler. During a run the bell jar is 
jacketed with a glass-wool blanket to 
reduce heat losses. Measurements of AT; 
and AZ’. are made until a steady state is 
reached. By changing the temperature of 
the cooling water, A7; and AT can be 
varied. The vapor pressure and temperature 
can be maintained constant by adjusting 
the heat input from the heating mantle. 


DATA AND RESULTS 


Methanol was selected for the experi- 
mental work because its physical prop- 
erties are well known and it has a con- 
venient vapor pressure in the working 
temperature range of the apparatus. 
Figure 5 is a plot of the data obtained 
from the first five runs. During each run 
the vapor temperature and pressure were 
maintained constant. As predicted by 
Equation (18), the data for each run fall 
on a straight line. The slope and intercept 


are given by the following formulas 
derived from (18): 
slope = (K;/K,)"” 
P (19) 


= 
intercept = (K;/ak,) 
/(axd’MP,) | 


The results of these runs are summarized 
in Table 1, where the theoretical values 


(20) 
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of the slopes, as calculated with (19), are 
compared with the experimentally ob- 
tained values. The deviation between 
theory and experiment is about +8%, 
which is about the estimated experi- 
mental error. The condensation coeffi- 
cient a is calculated from (20), by use of 
the measured value of the intercept. 
Values of a for these runs are also shown 
in Table 1. 

The small magnitude and the large, 
but apparently systematic, variation of 
a in runs I through V was unexpected. 
It was considered unlikely that this 
variation in a could be caused by the 
relatively small change in temperature 
or total pressure. It was considered 
probable that very small quantities of 
noncondensable gases could have a large 
effect on a. In runs I through V there 
was undoubtedly a small residual amount 
of air left in the system after evacuation. 
This residual air remained in the system 
during the runs. Since the system was 
sealed, the total quantity of air was 
constant, but the concentration of air, 
being inversely proportional to total 
pressure, changed from run to run. 

Runs VI, VII, and VIII were designed 
to investigate the effect of air on the 
condensation coefficient. In run VI the 
system was evacuated, the methanol was 
introduced and then the methanol vapor, 
together with any residual air, was 
quickly withdrawn through the pump. 
The pump was then shut off, the system 
allowed to return to equilibrium, and 
the vapor again withdrawn. This pro- 
cedure was repeated twenty times, so 
that most of the residual air was probably 
eliminated. Upon completion of _ this 
run, air was deliberately introduced 
into the system and the run repeated 
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under the same conditions of temperature 
and pressure. This is run VII in Table 1. 
Run VIII was carried out in the same 
way as VI (that is, the system was 
purged of residual air) except that ethyl 
ether was substituted for methanol. 

The data for these three runs are 
shown in Figure 6. Again, the straight-line 
relationship was obtained and the theo- 
retical and experimental slopes were in 
reasonable agreement. It is interesting 
to note, however, that with methanol the 
condensation coefficient was decreased by 
a factor of about 20 when 1% air was 
introduced. These two runs, therefore, 
show that small quantities of air can 
have a drastic effect on a. 

The purpose of run VIII, in which 
ether was substituted for methanol, was 
to see whether the polarity of the con- 
densing substance would affect the 
magnitude of the condensation coefficient. 
Runs VI and VIII, made under essentially 
the same operating conditions, indicate 
that polarity is probably not an im- 
portant factor. 

The final series of runs was a systematic 
attempt to determine the effect of air 
on a for methanol. Runs were made at 
five different vapor temperatures and at 
six different air concentrations. The 
range of temperatures covered was from 
about 40° to 61°C., and the air concen- 
tration was varied from about 0.4 to 
2.8%. The value of a was determined 
for each run and the results are shown in 
Figure 7. 


DISCUSSION OF RESULTS 


The experimental results show that 
small quantities of air will greatly reduce 
the value of @ for methanol and that 
this, in turn, reduces the heat transfer 
coefficient. Direct comparison of the 
values of a obtained in this work with 
those of previous investigators is not 
possible, as, according to Schrage (10), 
other investigations have been limited 
to relatively nonvolatile substances or to 
very low temperatures; however, there 


is some evidence that values of a can 
vary over wide limits. Knudsen (5), for 
example, found that condensation coeffi- 
cients for mercury varied between 0.0005 
and unity, depending upon the purity of 
the mercury. 

In an analysis of the experimental data 
it is instructive to consider the possibility 
that a does not depend upon air concen- 
tration, but that its apparent variation 
is due to diffusion effects. The diffusion 
process to be considered is the steady 
state diffusion of one gas (methanol 
vapor) through a second stagnant gas 
(air). Approaching the interface from the 
bulk of the vapor, the air concentration 
increases and the methanol vapor con- 
centration decreases. The result of 
diffusion, therefore, is a lower partial 
pressure of vapor next to the interface 
and, consequently, a reduced condensa- 
tion rate. 

Under these conditions the condensa- 
tion rate can be calculated with an 
equation similar in form to (7) if the 
total pressure Py is replaced with the 
partial pressure p of vapor next to the 
interface. 


r = 
— (Pi/p)(l — AT*/T,)") 


p depends upon the diffusivity of meth- 
anol vapor in air, the bulk concentration 
of air, the condensation rate, the thickness 
of the concentration boundary layer, and 
the vapor temperature and pressure. The 
factor y, defined by the equation 


1 = (p/Po) (22) 


is introduced into (21) and, after the 
same simplifying assumptions as before 
are made, the following result is obtained: 


(q/A) = ayK, AT, — Ky (23) 
where 
Ky = [(1 — 


For a pure vapor y is equal to unity 
and (23) reduces to (13). If (23) is 
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Fig. 8. Effect of the condensation coefficient on heat transfer rates. 
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combined with (17), (16), and (3), as 
before 


(AT, /AT.) 
= [(K3/aK,) 
+ (Ko/ayK,)(1/AT)] 
+ 


Equation (24) shows that if diffusion 
were of any consequence the linear 
relationship between (AT;/AT:) and 
(AT2)'/3 would no longer be valid. The 
data therefore force one to the conclusion 
that diffusion effects were negligible in 
the present work. 

In the apparatus used for the experi- 
mental work the vapor was essentially 
at rest. In ordinary condensers the vapor 
velocities are much higher, and it seems 
probable that diffusion effects would be 
of no importance, provided, of course, 
that the noncondensable gas concentra- 
tion is of the order of a few per cent. 
The deleterious effect of small quantities 
of air must, therefore, be due to the 
adverse effect of air on the condensation 
coefficient. This conclusion differs from 
those reached by some previous investi- 
gators. Othmer (8), for example, in his 
analysis of heat transfer in condensation 
came to the conclusion, on the basis of 
a rate equation somewhat similar to (7), 
that the resistance to condensation at 
the interface was negligible. However, 
he assumed, implicitly, in his analysis 
that the condensation coefficient was 
unity. The present work shows that this 
assumption is not valid. 

Conventionally, the vapor-side heat 
transfer coefficient for film condensation 
would be calculated with the Nusselt 
equation, which can be written 


(1/h (q/A) 1/3 


The work presented in this paper shows 
that a better approximation te the total 
vapor-side resistance is given by (16). 


(1/h) (q ‘Ay? (K,)” 


(24) 


(25) 


(16) 
+ (1/aK,) 
If € is defined as (h/hy), then 
e = (1)/[1 + (hy) /(aK,)] (26) 


where 


(hy) /(aK,) 


-| | 
~ MP, 


€ can vary between zero and unity. 
For values of € approaching unity, heat 
conduction in the condensate film is 
controlling and the Nusselt theory gives 
a good approximation to the vapor-side 
resistance. On the other hand, Equation 
(26) shows that under certain conditions 
e can be very small, an indication that 
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the rate of the condensation process at 
the interface must be considered when 
the total vapor-side resistance is calcu- 
lated. This condition will arise at low 
heat flux, low values of a, and low total 
pressures. 

Figure 8 shows, as an example, how 
the condensation coefficient a can affect e. 
The figure applies to saturated methanol 
vapor at 1 atm. and shows that if a is 
near unity, then regardless of the heat 
flux, € will also have values near unity. 
If a should have a value of 10-%, on the 
other hand, then even at a heat flux as 
high as 10? B.t.u./(hr./sq. ft./°F.) will 
be reduced to almost 0.5. 

The over-all rate of heat transfer 
through a plane condenser wall can be 
expressed in terms of an over-all coeffi- 
cient, defined by the equation 


(1/U) = (1/h.) 
+ + (1/ehs) 


can be taken as equal to h. From its 
definition, 


B = (0.80)/(0.20) = 4 
and 


(U2/U,) 


(0.55/0.98) [(0.98/4 
+ 1)/(0.55/4 + 1)] 
= 0.86 


The introduction of 2% air causes a 
14% reduction in the over-all coefficient. 
If the condenser were operating at a 
higher heat flux, the effect would be less 
severe, and at lower heat flux it would be 
much more severe. 
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TABLE 1.—SuMMARY OF RESULTS 


Tem- 
Pressure, perature, Slope  Experi- 

Run mm. Hg Pas, Theory ment 
I 620 333 2.29 2.1 
Il 552 330 2.29 2.5 
Iil 484 327 2.33 2.3 
IV 374 321 2.35 2.3 
V 281 314 2.40 2.6 
VI 209 308 2.44 2.6 
VII 215 309 2.44 ef 
VIII 683 305 4.44 4.5 


If it is assumed that changes in the vapor- 
side resistance have no effect on the 
other two resistances, then the change 
in U due to a change in € is given by 
the formula 


(U2/U,) = 
+ 1)/(e.8 + 1)] 


(28) 


where 
B = hy[(1/h,.) + (#/h)] 


As an example saturated methanol 
vapor may be considered at 1 atm. 
condensing in a film at a heat flux of 
10° B.t.u./(hr./sq. ft./°F.) in an air-free 
system where the vapor-side resistance 
is about 20% of the total resistance to 
heat transfer. The reduction in the over- 
all coefficient to be expected if 2% air 
enters the system is shown by the follow- 
ing calculation. 

From Figure 7 the initial value of @ 
is estimated to be greater than 0.1 and 
from Figure 8 the value of € is taken to 
be about 0.98. With 2% air, a would be 
reduced to about 10-3? and e€ becomes 
about 0.55. For the initial condition, hy 
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a X 10! Comments 


56.0 Methanol 
27.1 Methanol 
2 Methanol 
7.9 Methanol 
7 Methanol 
Methanol 
8.6 Methanol 
Ether 


Vapor 


In runs I through V a 
small but constant 
quantity of air was 
present in the system. 
System purged 
Air introduced 
System purged 


NOTATION 


a = condensation coefficient, dimen- 
sionless 

B = dimensionless group defined by 
(28) 

Y = dimensionless ratio defined by 
(22) 

€ = dimensionless group defined by 
(26) 

dr = latent heat of vaporization, 

cal./gram 

= viscosity of condensate, poise 

density of condensate, grams/ce. 

= gravitational acceleration, 980 

cm./sec. 

h = vapor-side coefficient, cal./(sec./ 
sq. em./°C.) 

he = water-side coefficient, cal./(sec./ 
sq. em./°C.) 

hy = vapor-side coefficient according 
to Nusselt theory, cal./(sec./ 
sq. em./°C.) 

k = thermal conductivity of con- 
denser wall, eal./(see./em./°C.) 

kt = thermal conductivity of con- 
densate, cal./(see./em./°C.) 

p = partial pressure of vapor next to 
interface, dynes/sq. em. 

(q/A) = heat flux, cal./(sq. em./sec.) 
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To = rate at which vapor strikes in- 
terface, grams/(sq. cm./sec.) 


n = absolute rate of condensation, 
grams/(sq. cm./sec.) 

Te = absolute rate of vaporization, 
grams/(sq. cm./sec.) 

r = net rate of condensation, grams/ 
sq. cm./sec. 

x = thickness of condenser wall, 
em. 

Ky = coefficient defined by (23) 

= coefficient defined by (18) 

K. = coefficient defined by (4) 

K; = coefficient defined by (17) 

M = molecular weight of vapor 

= vapor pressure at 7, dynes/ 
sq. em. 

P;  =-vapor pressure at dynes/ 
sq. cm. 

R = gas constant, 1.98 cal./(mole/ 
°C.) 

R’ =gas constant, 831 10? 
ergs/(mole/°C.) 

T, |= bulk vapor temperature, °K. 

= vapor-liquid interface tempera- 
ture, °K. 

T, = temperature of front surface of 
condenser wall, °K. 

T; = temperature of back surface of 
condenser wall, °K. 

T, = bulk temperature of cooling 
water, °K. 

T* = average vapor temperature in 
region of interface 

U = over-all coefficient for heat 
transfer, cal./(sq. em./see./°C.) 

¥ = distance from top of condenser 
wall, cm. 

Z = function defined by (3) 


AT» = (T> T;) 
AT, = (To er T>) 
AT* = (T*— T1,) 
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Gas Absorption Accompanied by a 
Liquid-phase Chemical Reaction 


E. R. GILLILAND, R. F. BADDOUR, and P. L. T. BRIAN 


Massachusetts Institute of Technology, Cambridge, Massachusetts 


The rate of absorption of chlorine from chlorine-nitrogen mixtures into solutions of 
ferrous chloride in 0.203 N aqueous hydrochloric acid was studied in a short wetted-wall 
column. Dimensional analysis and the film and penetration theories were used to infer, 
from the absorption rate data, that the chemical reaction between chlorine and the ferrous 
ion is second order. The absorption-rate results for experiments with a dilute gas phase 
agreed with theoretical predictions for absorption accompanied by a second order reaction 
with a reaction rate constant of 188 liters/(g. mole)(sec.). The results for experiments 
with pure chlorine gas deviated from the rest of the results, and they did not agree with 
the theoretical equations. It was shown that the assumption of a three-step mechanism 
for the chemical reaction, including the formation of a complex ion and the decomposition 
of this complex ion, explains, at least qualitatively, the deviations observed for the pure 


chlorine gas runs. 


In recent years, an increased emphasis 
has been placed on solving the problem 
of predicting the effect of a simultaneous 
chemical reaction on the rate of gas 
absorption. This is due, in part, to the 
increasing number of industrial applica- 
tions in which a gas absorption rate is 
appreciably affected by a simultaneous 
chemical reaction; it is also due to the 
feeling that studying the effect of a 
chemical reaction offers a means of 
learning more about the mechanism of 
the absorption process. 

The general problem of simultaneous 
gas absorption and chemical reaction 
has been studied by a number of investi- 
gators over the last thirty-five years, and 
many of the investigations are reviewed 
by Sherwood and Pigford (8). In general, 
the method of analysis used was to 
compare experimental data with the pre- 
dictions of the film theory and,.in more 
recent years, the penetration theory. For 
general discussions of the film theory and 
its application to the prediction of the 
effect of a chemical reaction, reference 
may be made to Sherwood and Pigford 
(9) and to Van Krevelen and Hoftijzer 
(13); for the penetration theory, reference 
may be made to Sherwood and Pigford 
(10) and to Perry and Pigford (7). 
While the two theories often proved to 
be useful in qualitatively interpreting 
the absorption rate data, quantitative 
agreement between theoretical equations 
and experimental data has been rare 
indeed, and, in one investigation (6), the 
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absorption coefficient was observed to 
increase with increasing concentration 
when the film-theory equations predicted 
that the coefficient should decrease. The 
reasons for disagreement between theory 
and experiment were often obscured by 
uncertainties about many of the im- 
portant system parameters, such as the 
kinetics and equilibrium of the chemical 
reaction, the interfacial area for mass 
transfer, and the liquid density, viscosity, 
and diffusivity which changed as the 
chemical reaction proceeded. There was 
also considerable uncertainty about the 
ability of the simplified theories to 
describe the complex liquid- and gas-flow 
patterns in the experimental systems. 

In order to eliminate some of these un- 
certainties about the system parameters, 
several recent investigations have been 
conducted using a short wetted-wall 
column as the absorption apparatus 
(6, 4). The liquid-flow pattern in such a 
column would be expected to be some- 
what similar to that described by the 
penetration theory, and it has been shown 
that physical-absorption results in such 
a column can be predicted within 10 to 
30% by the penetration theory and 
streamline-flow mathematical equations 
(14). Even with the short wetted-wall 
column, however, quantitative agreement 
between experimental results and theo- 
retical equations for absorption accom- 
panied by a chemical reaction has eluded 
investigators. 

This investigation was undertaken in 


A.1.Ch.E. Journal 


order to gain a clearer insight into the 
manner in which a chemical reaction 
affects the rate of gas absorption. In 
order to accomplish this, it was necessary 
to eliminate as many as possible of the 
uncertainties about the experimental 
system. Thus, it was decided to consider 
only the liquid-phase resistance to 
absorption and the effect of a liquia- 
phase chemical reaction on this re- 
sistance. The short wetted-wall column 
was chosen as the absorption apparatus 
because the interfacial area can be 
evaluated, the absorption coefficient in 
such a column is of the same order of 
magnitude as the absorption coefficients 
encountered in industrial absorbers, and 
physical-absorption results in the column 
had been shown to be in fair agreement 
with penetration theory and streamline- 
flow equations. The chemical system 
chosen was chlorine-ferrous chloride. In 
this system, chlorine gas is absorbed into 
an aqueous solution of ferrous chloride, 
and the absorption rate is affected by 
the oxidation reaction 


Cl, + 2Fe** = 2Cl + 2Fe"™** (1) 


This system had been studied by Stephens 
and Morris (12), who used a disk column 
absorber. All the data reported by 
Stephens and Morris were for experiments 
in which the sum of the ferric and ferrous 
ion concentrations was equal to 2.84 
g. ions/liter; thus, the liquid viscosity 
was quite high. Under these conditions, 
Stephens and Morris found that the 
chemical reaction rate was essentially 
‘“nfinite”’; however, their results did not 
agree quantitatively with either the 
film theory or the penetration theory. 
While they did not report the results, 
Stephens and Morris mentioned that 
some data had been taken in which the 
sum of the ferrous and ferric ion con- 
centrations was much lower than 2.84 
g. ions/liter; in these experiments, the 
liquid viscosity was considerably lower 
than in the previous experiments, and 
the results of these experiments indicated 
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that the reaction rate was not infinite. 
It appeared, therefore, that the chlorine- 
ferrous chloride system offered the 
possibility of taking data in the region 
where the chemical reaction rate is 
essentially infinite and also in the region 
where the reaction rate is not infinite. 
Other advantages of the system include 
the fact that the gas-phase resistance to 
absorption is a small fraction of the total 
resistance and the fact that the chemical 
reaction is essentially irreversible. The 
irreversible reaction is advantageous 
not only because the need for precise 
evaluation of the equilibrium constant 
is eliminated but also because the film 
and penetration theory differential equa- 
tions have been solved for more cases 
for absorption accompanied by an irrever- 
sible reaction than for absorption accom- 
panied by a reversible reaction. 


EXPERIMENTAL 


The experimental program was a study 
of the rate of absorption of chlorine gas 
from chlorine-nitrogen mixtures into aque- 
ous solutions of ferrous chloride in 0.203 N 
hydrochloric acid. The chemical reaction 
affecting the absorption rate was the 
oxidation of the ferrous ion by chlorine 
[see Equation (1)]; the hydrochloric acid 
was added to the liquid phase to suppress 
the chlorine hydrolysis reaction so that it 
would not affect the absorption rate. The 
absorption apparatus was a short wetted- 
wall column. 

The wetted-wall section of the short 
wetted-wall column was a glass cylinder of 
3.02 em. diam. Liquid flowed onto the wall 
through an upper slot, which was kept full 
of liquid, and liquid flowed from the wall 
through a lower slot, which was also kept 
full of liquid. In this manner, gas-liquid 
contact occurred only on the wetted wall. 
The height of the wetted wall, which was 
taken as the distance from the top of the 
upper slot to the bottom of the lower slot, 
was equal to 4.61 cm. plus the upper slot 
width, which varied from approximately 
0.01 to 0.13 em. The column design was the 
same as that described by Vivian and 
Peaceman (14), and it will not be described 
in this paper. In the terminology of Vivian 
and Peaceman, the liquid inlet slot was 
of the “downflow” type. 

In operation, the column was supplied 
with liquid and gas streams at 25°C, The 
liquid stream was 0.203 N aqueous hydro- 
chloric acid containing varying concentra- 
tions of ferrous chloride. Liquid feed was 
prepared in 50-liter batches in a carboy and 
brought to the proper temperature. It was 
pumped to a constant-head tank, from 
which it flowed through a capillary flow- 
meter and into the short wetted-wall 
column. From the column the liquid passed 
to a collecting tank. Thermometers were 
installed in the inlet and exit lines to 
measure the liquid temperature before and 
after the column, and samples of the inlet 
and exit liquid streams were collected and 
analyzed. The liquid flow rate, which was 
measured by means of the capillary flow- 
meter, was varied over a fifteen-fold range. 

The gas stream was a mixture of chlorine 
and nitrogen, with the chlorine gas-phase 
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mole fraction varying from 0.06 to 1.0. The 
pure gases were withdrawn from cylinders 
at constant rates, metered through capillary 
fiowmeters and mixed in a mixing “‘tee.’’ 
The mixture was then passed through 
several dilute hydrochloric acid bubblers to 
saturate the gas stream with water. From 
the bubblers, the gas flowed through a 
28-in. calming section and into the short 
wetted-wall column. From the column, the 
gas was exhausted to the atmosphere 
through two packed water scrubbers. The 
gas calming section was jacketed with water 
at 25°C. to insure that the gas entered the 
short wetted-wall column very near that 
temperature. The mass flow rate of gas was 
maintained at approximately 2 lb./hr. at 
all chlorine mole fractions; thus, the gas 
stream Reynolds number was of the order 
of 650. Under this condition, the liquid- 
phase mass transfer coefficient should be 
insensitive to gas flow rate (14). This gas 
flow rate was sufficiently high, however, to 
insure that the change in chlorine gas-phase 
mole fraction was negligible as the gas 
stream passed through the column. Also, 
the gas-phase resistance to mass transfer 
was quite small. The gas-phase composition 
was calculated from the metered flow rates 
of chlorine and nitrogen. The column 
pressure was approximately atmospheric. 

In most of the runs the liquid stream 
samples were analyzed for ferrous and 
ferric ion concentrations. Ferrous ion was 
determined by titrating the sample with 
potassium dichromate by the use of barium 
diphenylamine sulfonate as an indicator. 
The titration was performed in the presence 
of phosphoric acid. Ferric ion was deter- 
mined by adding potassium iodide to the 
sample and titrating the liberated iodine 
with sodium thiosulfate. The oxidation of 
the iodide ion by the ferric ion was catalyzed 
by cuprous iodide, which was added to the 
sample. In the chemical absorption experi- 
ments, the absorption rate was determined 
from the liquid flow rate and the difference 
between the ferric ion concentrations in the 
outlet and inlet liquid streams. 

In the physical absorption experiments, 
in which the liquid phase contained no 
ferrous chloride, the exit liquid contained 
free chlorine. In these cases, the exit 
liquid sample was collected beneath the 
surface of an aqueous solution of potassium 
iodide and sodium hydroxide. The sample 
was then acidified, and the liberated iodine 
was titrated with sodium thiosulfate. 

In addition to the absorption rate experi- 
ments, experiments were also performed to 
determine the effect of ferric chloride con- 
centration on the solubility of chlorine in 
dilute hydrochloric acid solutions and to 
determine the effect of ferrous chloride 
concentration on the viscosity of hydro- 
chloric acid solutions. 


A summary of the original data and 
calculated results of this investigation is 
tabulated in reference (3), a thesis 
available at the M. I. T. Library. 


RESULTS AND DISCUSSION 


Figure 1 shows a plot of the physical 
absorption results; in these experiments, 
no ferrous chloride was added to the 
liquid phase. The variables are plotted as 
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Vh/D, vs. 


in order to correct for minor variations in 
the column height, the chlorine liquid- 
phase diffusivity, and the liquid density 
and viscosity. It should be emphasized, 
however, that variations in these quan- 
tities were slight; the true variables are 
liquid flow rate and liquid-phase absorp- 
tion coefficient. The liquid-phase ab- 
sorption coefficient, k,*, is defined as the 
chlorine absorption rate in moles per unit 
time divided by the entire interfacial area 
in the column and by the liquid phase 
driving force at the top of the column. 
Since the entering liquid was always free 
of chlorine, the driving force was simply 
the interfacial concentration of chlorine in 
the liquid phase, calculated from the 
gas-phase partial pressure and the chlo- 
rine-solubility relationship, a small correc- 
tion being applied for gas-phase _re- 
sistance. In order to make the gas-phase- 
resistance correction, the gas-phase co- 
efficient was calculated from the theo- 
retical results of Boelter (2), but it 
should be noted that the correction never 
exceeded 6.4% in any of the runs, 
including runs with and without the 
chemical reaction accompanying the 
absorption process. The diffusivity of 
chlorine in water at 25°C. was taken as 
1.48 X 10-5 sq. em./see., as reported by 
Vivian and Peaceman (1/4). This value 
was corrected for temperature variations 
and also for variations in liquid viscosity 
due to the presence of hydrochloric acid, 
ferrous chloride, and ferric chloride by 
the Stokes-Einstein equation: 


In one series of runs, 0.22 moles/liter 
of ferrie chloride were added to the 
liquid phase in order to test, somewhat, 
the corrections applied for variations in 
diffusivity, viscosity, density, and chlo- 
rine solubility. 

The experimental results of Vivian and 


Peaceman (14) and the _ theoretical 
equation 
k,* Vh/Da (2) 


= (2/ 


are plotted in Figure 1 for comparison 
with the experimental results of this 
study. Equation (2) is derived from the 
penetration theory and from streamline- 
flow theory (14). It can be seen from 
Figure 1 that the results of this study 
substantiate the conclusion of Vivian 
and Peaceman that the agreement be- 
tween Equation (2) and experimental 
physical absorption coefficients in the 
short wetted-wall column is encouraging. 
These authors attributed the deviation 
observed to the probable deviation of the 
true liquid exposure time on the column 
wall from the exposure time predicted 
by the theoretical equation for well- 
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Fig. 1. Physical absorption results. Absorption of chlorine into dilute hydrochloric acid. 
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Fig. 2. Absorption of chlorine into 0.028 M ferrous chloride. 


developed streamline flow, which was 
used in deriving Equation (2). Such an 
explanation seems quite reasonable, espe- 
cially considering the fact that it is the 
surface layer velocity which is of prime 
importance. Right at the end of the 
liquid inlet slot, the liquid surface 
velocity would be expected to be zero, 
due to the drag of the slot wall. The 
surface layer should accelerate, perhaps 
reaching the theoretical velocity for 
well-developed flow further down the 
wall, but the effect of the entrance slot 
should cause the surface-layer exposure 
time to be greater than that used in 
deriving Equation (2); thus, the absorp- 
tion coefficient should be lower. Another 
departure of the actual liquid flow 
pattern from the idealized one used in 
deriving Equation (2) is the presence 
of a standing wave which was observed 
to form on the column wall near the 
bottom of the column. While the pre- 
sence of a standing wave was not reported 
by Vivian and Peaceman, it has been 
reported by subsequent investigators 
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(4, 1). The standing wave can be elimin- 
ated under certain conditions, but it is 
felt that it does have an effect on the 
rate of gas absorption in a short wetted- 
wall column (38). 

Figures 2, 3, 4, and 5 show the chemical 
absorption results; ferrous chloride was 
present in the liquid phase during these 
experiments. The variables plotted are 
the same as the variables in Figure 1, 
except that the liquid-phase absorption 
coefficient in the presence of a chemical 
reaction, kz, has replaced the physical 
absorption coefficient, k,*. The variables 
are grouped as kiWh/Da vs. VE in 
order to facilitate comparison with the 
physical absorption results; it should not 
be inferred that such a grouping corrects 
for variations in column height, vis- 
cosity, density, and diffusivity for absorp- 
tion in the presence of a chemical reaction. 
In the calculation of kz, the chlorine 
solubility relationship was corrected for 
the presence of ferric chloride in the 
liquid phase. It was assumed, for this 
correction, that the ferric chloride con- 
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centration at the gas-liquid interface 
was equal to the inlet concentration of 
ferrous chloride. This assumption, based 
on the film theory model for an infinitely 
rapid reaction and for equal diffusivities 
for the ferrous and ferric ions, was 
probably adequate for making this small 
correction which never exceeded 9%. 

The experimental curve for physical 
absorption, Curve A-A from Figure 1, is 
shown in Figures 2 through 5 for com- 
parison with the chemical absorption 
results. It can be seen from these graphs 
that the presence of ferrous chloride in 
the liquid phase causes the absorption 
coefficient to be greater than that which 
would be expected if no chemical reaction 
took place. It can be seen also that the 
absorption coefficient in the presence of 
the chemical reaction is, in general, less 
sensitive to variations in the liquid flow 
rate than is the physical absorption 
coefficient. Finally, it should be noted 
that the chemical absorption coefficient 
is not insensitive to variations in the 
chlorine gas phase mole fraction, y, as is 
the physical absorption coefficient. 


THEORETICAL CONSIDERATIONS 


It is constructive to consider the dimen- 
sionless groups involved in the problem of 
gas absorption accompanied by an irrever- 
sible chemical reaction. For the case in 
which the absorbing species, A, dissolves 
into the liquid phase and then reacts 
irreversibly with the nonvolatile solute, B, 
consuming v molecules of B for each mole- 
cule of A, according to the kinetic equation 


—dA/dt = k,A"B” (3) 


the penetration theory predicts (3) that, 
for fixed values of n and m 


is a unique function of the following vari- 
ables: 


VM = Vk,D.Bo"A;* 
q = B,/vA; 
Dz 


I 


Il 


r 


The variable ¢ is the ratio of the absorption 
coefficient in the presence of a chemical 
reaction to that which would be expected if 
the reaction did not take place; thus, it is 
an index of the effect of the reaction on the 
absorption rate. That ¢ is a unique function 
of ~/M, 7, and q could be derived by 
dimensional analysis if it were assumed that 
the liquid flow pattern could be charac- 
terized by a single parameter, k,*. The film 
theory predicts (3) that r and q enter only 
as their product, ¢ being a unique function 
of WM and rq. 

For the particular case of a second-order 
reaction in which n and m are both equal 
to unity, the film-theory solution can be 
closely approximated by the equation: 


VM V1 (¢ — 1) rq 


= (4) 
V1 —(@—1)/rq] 
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Equation (4) was first presented by Van 
Krevelen and Hoftijzer (13), and _ its 
accuracy was shown by Peaceman (6). For 
the particular case in which r is equal to 
unity, Equation (4) is also a good approxi- 
mation to the penetration-theory solution 
(3). 

Figure 6 shows a graph of Equation (4). 
The graph shows that ¢ approaches unity 
at low values of +/)/; this indicates that 
a slow reaction has no effect on the absorp- 
tion coefficient. At large values of ~/M, it 
can be seen that ¢ approaches an asymptote 
for each value of rq. This asymptotic region 
corresponds to the condition of an “‘in- 
finitely rapid”’ reaction, a further increase 
in the value of k, having no effect on the 
absorption rate. In the infinitely rapid 
reaction region, ¢ is given by the equation 


=1+rq (5) 


For any fixed value of +/M, ¢ approaches 
an asymptote at large values of the param- 
eter rg. The curve for rq equal to infinity 
shows the locus of these asymptotic values. 
As this asymptote is approached, the con- 
centration of species B becomes essentially 
constant throughout the liquid phase at a 
value of Bo; thus, species A reacts pseudo 
first order. For values of ¢ greater than 2, 
the pseudo first-order reaction curve is seen 
to be closely approximated by the equation 


¢= VM (6) 
or 
= Vk, D4Bo/ (6a) 


or 


= Vk,D.Bo (6b) 


Therefore, in the pseudo first-order region, 
ky becomes independent of k,* and thus 
independent of liquid flow rate. 


COMPARISON OF THEORY AND EXPERIMENT 


In a comparison of the experimental 
results in Figures 2 through 5 with these 
theoretical predictions, several observa- 
tions can be made. First, while the 
physical absorption coefficient varies with 
approximately the 0.4 power of the 
liquid flow rate, the chemical absorption 
coefficient is seen to be relatively insen- 
sitive to liquid flow rate in some of the 
runs. For Series 27 in Figure 4 and 
Series 31 in Figure 5, it can be seen that 
the absorption coefficient is almost 
independent of the liquid flow rate, I’. 
The value of g for each of these series is 
approximately 25, the highest value 
studied. It would appear, then, that the 
pseudo first-order region was closely 
approached. Since the inlet ferrous 
chloride concentration, Bo, was 0.177 M 
in Series 27 and 0.442 M in Series 31, 
Equation (6b) would predict that the 
ratio of the values of kpWVh/Da for 
Series 31 and Series 27 should be the 
square root of the ratio 0.442/0.177, or 
1.58. This is very nearly the case, the 
mean value of k,~/h/D, being approxi- 
mately 19 for Series 31 and approximately 
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Fig. 3. Absorption of chlorine into 0.07 M ferrous chloride. 


(cm./SEC. ye 
~ 
\ 
| \ 
\ 
| 
\ 


POINT SERIES __° (APPROX) 
@ 27 0177 (0.065) 24.3 - 247 
o 2 0.16 9.80 - 9.85 
29 0/77 040 3.89-997 
a 30 0.177 1.0 1.55 - 1.64 
A 
5 7 10 ‘Ss 20 JO 40 60 go 
Ae [< “/(MIN.) ccw)] 


Fig. 4. Absorption of chlorine into 0.177 M ferrous chloride. 


12 for Series 27. It should be emphasized 
that, for the case of the more general 
kinetic equation, in which n and m are 
not necessarily equal to unity [Equation 
(3)], the equation corresponding to 
Equation (6b) takes the form (3) 


V2/(n + 1) Vk, A," (2) 


Thus, the fact that the ratio of the values 
of kt~Vh/D, for Series 31 and 27 is 
approximately 1.58 supports the idea 
that the value of m is near unity. Inspec- 
tion of Figures 4 and 5 shows that the 
absorption coefficient is a weak function 
of the chlorine gas-phase mole fraction, 
y, and thus the value of A,, in the region 
near Series 27 and Series 31. This suggests, 
according to Equation (7), that the 
value of n is near unity. Substitution of 
a value of kipWh/D, equal to 19 
(em./sec.)!/2, Bo equal to 0.442 M, and 
h equal to 4.64 em. into Equation (6d) 
yields a value of 176 liters/(g. mole) (sec.) 
for the reaction rate constant, ky. 

The preceding analysis indicates that 
the results of Series 27 and 31 suggest 
that the chemical reaction is second order, 
both n and m being unity, with a rate 
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constant of 176 liters/(g. mole)(sec.). 
The analysis was approximate because 
Nquations (6b) and (7) apply only to 
the asymptotic region at large values 
of rq, and this region was only approached 
in the experimental system. The following 
analysis, which is not limited to large 
values of rq, will test these conclusions 
further. It was pointed out earlier that, 
for the case in which the chemical 
kinetics are described by Equation (8), 
¢ should be a unique function of Y M, r, 
and q. It follows, then, that if experiments 
be conducted in which By and A; are 
both varied but the ratio B)/A; is main- 
tained constant, ¢ should be a unique 
function of the variable 

if the diffusivity ratio, r, and the reaction 
rate constant, ki, remain constant. In 
this study, By was varied by adding 
ferrous chloride to the liquid phase, and 
A; was varied by diluting the gas phase 
with nitrogen, but a number of series 
was made with the same ratio B,/A,. 
For all such series made at the same 
value of q, the separate effects of liquid 
flow rate and concentration level should 
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be correlated by plotting @_ vs. 
V/D,B,"*"*/kz*. Figure 7 shows a plot 
of @ vs. 13.7°/ D4Bo/ki* for Series 27 
and 31. The points for the two series can 
be seen to agree quite well with a single 
curve, supporting the choice of unity for 
the exponent of By under the square root 
sign and indicating that the sum of n 
and m is 2. The factor 13.7 in the abscissa 
for the experimental points was chosen 
so that the points would agree with the 
solid curve shown, which represents 
Equation (4) for a value of rq equal to 25. 
In a comparison of the abscissas plotted 
for the theoretical curve and the experi- 
mental points, the factor 13.7 indicates 
that the reaction rate constant, hk, is 
equal to 


k, = (13.7)? = 188 liters/(g. mole) (sec.) 


Figures 8 throngh 11 show the rest 
of the chemical absorption results plotted 
as VS. 13.7 D,Bo/kx*. Each figure 
is for a different value of q, and the solid 
curve in each figure represents Equation 
(4) for the value of q in question and for 
a value of r equal to unity. It can be 
seen from Figures 7 through 11 that the 
results correlate well in this manner and 
that they agree with the film theory 
equation for a second-order reaction with 
a rate constant of 188 liters/(g. mole) 
(sec.), except for the marked deviations 
shown by the series made with pure 
chlorine gas. 

The runs made with pure chlorine gas 
are seen to deviate quite seriously from 
the correlation of Figures 7 through 11 
and from the theoretical curves; in these 
graphs, all of the pure chlorine-gas results 
appear to be too high. Also, the results 
of the pure chlorine-gas runs appear to 
be too high in Figures 2 through 5, and 
the series that they are compared with 
in Figures 2 through 5 are different from 
the series that they are compared with 
in Figures 7 through 11. Thus, the pure 
chlorine-gas runs show positive deviations 
from the general pattern of the other 
results. Some of the runs with 40% 
chlorine gas show a similar deviation, 
but to a much less extent. 

At first it was suspected that the 
reason for the high results of the pure 
chlorine-gas runs might be changes in 
the reaction rate constant due to tem- 
perature rise caused by the heat of 
reaction. The heat of the chemical 
reaction caused the mixed mean tem- 
perature of the liquid to rise as it passed 
through the short wetted-wall column. 
This temperature rise was much greater 
in the pure chlorine-gas runs than it was 
in any of the other runs; the maximum 
mixed mean temperature rise encountered 
was approximately 3.5°C. However, 
experimental measurements of the effect 
of temperature on the absorption rate 
and a theoretical analysis of temperature 
gradients within the liquid layer on the 
column wall indicate clearly that tem- 
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Fig. 5. Absorption of chlorine into 0.44 M ferrous chloride. 
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Fig. 6. Film-theory solution for a second-order irreversible reaction (13) [Equation (4)]. 


perature rise could not have caused 
deviations as large as those of Series 33 
and 35 in Figure 9. For example, Figure 
12 shows the results of Series 33 and 35 
compared with the results of two other 
series which were made under the same 
conditions as Series 33 and 35 except that 
the inlet liquid and gas temperatures were 
different from 25°C. From Figure 12 it 
can be seen that k,~/ h/D, increases 
approximately 2.2% for each degree 
Centigrade rise in temperature. A theo- 
retical analysis indicates (3) that, for the 
lowest liquid flow rate of Series 33 and 35, 
in which the mixed mean liquid tempera- 
ture rose from 25 to 28.5°C., the hottest 
point within the liquid layer on the 
column wall was cooler than 28.7°C. 
Thus, temperature rise could have 
increased the coefficients determined in 
Series 33 and 35 by only 8%. The use of 
an average temperature in evaluating the 
chlorine solubility, the chlorine diffu- 
sivity, and the liquid viscosity and 
density might have introduced an error as 
great as 7% into the calculations, but 
temperature rise can account for no more 
than a 15% deviation in the results of 
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Series 33 and 35; it cannot account for a 
deviation as great as that observed in 
Figure 9. A theoretical analysis (3) also 
indicated that natural convection, caused 
by the temperature and concentration 
gradients in the liquid layer, had a 
negligible effect on the absorption co- 
efficient. 

If the diffusivity ratio, r, is less than 
unity, both the film and the penetration 
theories predict that ¢,, the asymptotic 
value of ¢ at large values of VM , must 
be less that the quantity (1 + q): 


@<1+q (forr < 1) 


It can be seen in Figures 9, 10, and 11 
that the experimental results obtained in 
the pure chlorine-gas runs exceeded the 
limitation of the above inequality, even 
though the value of r is thought to be 
less than unity. It should be emphasized 
that such a deviation from the theories 
cannot be explained in terms of a varying 
reaction rate constant or in terms of 
uncertainties about the reaction rate 
equation. The deviation could be ex- 
plained if r were really considerably 
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greater than unity, but this is very 
unlikely in this system. 

If r is taken as the ratio of the salt 
diffusivity of ferrous chloride to the 
diffusivity of chlorine, a value of 0.65 
results. The effective diffusivity of the 
ferrous ion in the experimental system 
would be expected to be different from 
the salt diffusivity of ferrous chloride, 
however, because the experimental system 
involved ‘“counter-ion” diffusion. With 
the techniques employed by other investi- 
gators (11, 5) and the adoption of the 
film-theory model for an infinitely rapid 
reaction, counter-ion diffusion considera- 
tions lead (3) to the conclusion that the 
effective diffusivity of the ferrous ion in 
the experimental system is only 59% 
as great as the salt diffusivity of ferrous 
chloride, thus indicating that the value 
of r is only 0.38. 

The penetration-theory solution for 
absorption accompanied by a second- 
order reaction is not available for the 
‘ase in which r is different from unity 
and the reaction rate is not infinite, but 
an approximation to the solution can be 
obtained by using Equation (4) with rq 
replaced by @, — 1), where ¢, is obtained 
from the penetration-theory solution for 
an infinitely rapid reaction. Thus, the 
solution becomes 


V/MV/1-@ 


($= 


tanh[/M 
(8) 


where ¢, is obtained from the parametric 
equations 


1/erf (c) 


— erf Vr) 


(oe? 


qVr = 


The dotted curves and the dashed curves 
in Figures 7 through 11 were obtained 
from these equations for values of r 
equal to 0.65 and 0.38, respectively, with 
the use of the values of g shown under 
the titles of the graphs. It can be seen 
that the theoretical curves are not very 
sensitive to the value of 7 in the range 
of variables covered, and the true value 
of r in the experimental system cannot 
be readily deduced by comparing these 
curves with the experimental results. 


REACTION MECHANISM 


One possible reason for the fact that 
the experimental values of @ exceeded 
the values of (1 + q) is that the ¢ values 
were really greater than those calculated. 
The values of q were calculated as 


q => B,/2A; 


a value of 2 being used for the stoichi- 
ometric factor, v, as indicated by the 
over-all reaction expressed in Equation 
(1). It is possible, however, that the 
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Fig. 8. Correlation of results, gq = 10. 


effective value of the stoichiometric factor 
may have been less than 2. If the over-all 
reaction expressed by Equation (1) 
proceeded according to the two-step 
mechanism 


Cl. + Fet++ = Intermediate (9) 
Intermediate + 


Fet*+ = 2 Cl- + 2 Fet++ (10) 
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and if the first step were irreversible and 
the second step were very slow, then the 
first step would be the only reaction 
affecting the rate of chlorine absorption. 
The effect on the absorption rate would 
be that of an irreversible reaction with a 
stoichiometric factor of unity. Of course, 
eventually two ferrous ions would be 
consumed for each chlorine molecule 
reacted, but if the second step were very 
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slow it would not affect the concentration 
profile of the ferrous ions, and the effective 
stoichiometric factor wouid be unity. If, 
on the other hand, the second reaction 
step were very fast compared to the first 
step, two ferrous ions would be consumed 
instantaneously as each chlorine molecule 
reacted, and the effective stoichiometric 
factor would be 2. It is clear that the 
effective value of the stoichiometric factor 
could take on any value from 1 to 2 as 
the rate of the second reaction step 
varied from very slow to very fast, 
relative to the rate of the first reaction 
step. It is possible that, with an inter- 
mediate reaction rate for the second step, 
the effective value of vy might vary with 
concentration level, thus destroying the 
correlation of Figures 7 through 11. This 
would occur only if the kinetic equations 
for the two reaction steps were of different 
order. For example, if the first reaction 
step were second order and the second 
reaction step were first order, the dimen- 
sionless parameter which would depict 
the relative rates of the two reaction 
steps would be 


k./Bok, 
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Thus, a decrease in the concentration level 
would have the same effect as an increase 
in the ratio k2/k,, namely to increase the 
rate of the second reaction step, relative 
to that of the first; thus a higher value of v 
and a lower value of @ would result. For 
such a system, the correlation of Figures 7 
through 11 would not hold because @ 
would not be a unique function of 
B./A;, r, and WM; the group ke/Boki 
would also be a variable, and it would 
vary even if k./k; were constant. Thus, 
in the correlation of Figures 7 through 11, 
the series made at high concentration 
levels would have higher values of @ 
than the series with lower concentration 
levels, even at the same values of B)/A; 
and V/M. This is the kind of deviation 
exhibited by the pure chlorine-gas series 
in Figures 9 through 11. The correlation 
would not be destroyed in the vicinity of 
the pseudo first-order reaction region, 
however, because the value of vy is 
unimportant in that region. 

Thus, it is seen that the reaction 
mechanism of Equations 9 and 10, with 
the first step being second order and the 
second step being first order, would 
explain, at least qualitatively, the devia- 
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tions observed in the experimental results. 
The first reaction step, Equation (9), 
would be expected to be first order in 
ferrous ion concentration and first order 
in chlorine concentration; this is in 
agreement with what was inferred earlier 
from the experimental results. The second 
step would be expected to be second 
order it it proceeded according to Equa- 
tion (10), and so it would probably 
involve several steps if it were first order. 

The most likely form of the ‘Inter- 
mediate” in Equation (9) is a complex 
ion. Since both iron and chlorine have 
strong tendencies toward complex ion 
formation, it does not seem unreasonable 
that the complex ion, Cl.-Fe**, would 
form: 


Cl, + = Cl,-Fe™' (9a) 


This complex ion could then oxidize 
another ferrous ion: 


Cl,-Fe"* + = 2Cl + 


(10a) 
Since the indication is that the second 
step would have a kinetic equation of 
order less than two, this step might 
proceed according to two steps, the 
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first of which is the first-order decom- 
position of the complex ion: 


Cl,-Fe** = Cl + Cl-Fe*** = (11) 


Cl-Fe*** + Fe** = Cl’ + 2Fe*** 
(12) 


Thus, a likely form of the reaction 
mechanism is 


Cl, +'Fe** = Cl,-Fe** (9a) 


= Cl +(Cl-Fe*** (11) 


Cl-Fe*** + Fe** = Cl + 2Fe*** 


(12) 
in which the first step is essentially 
irreversible, the second step is_ slow, 
relative to the first step, and the third 
step is fast, relative to the second step. 
Such a mechanism seems reasonable; it 
would explain the second-order kinetic 
equation found for a trimolecular over-all 
reaction; and it would allow the effective 
stoichiometric factor to decrease with 
increasing concentration, perhaps becom- 
ing as low as unity. 

If the effective value of v is taken as 
unity, all of the g values become twice 
the values presented, and none of the 
experimental values of @ surpass the 
expected values of ¢,. The ‘“dashed- 
dotted” curves in Figures 9 and 10 are 
plots of Equation (4) in which 7 was 
taken as unity and qg was taken as twice 
the value reported for the pure chlorine- 
gas series on the graph, thus correspond- 
ing to a value of v equal to unity. While 
the experimental results for the pure 
chlorine-gas series are still 12 to 15% 
higher than these dashed-dotted curves, 
this smaller discrepancy could have been 
caused by temperature rise. It is quite 
possible, then, that a reaction mechanism 
such as the one expressed by Equations 
(9a), (11), and (12) could be responsible 
for the deviations of the results of the 
pure chlorine-gas series and for these 
results exceeding the expected asymp- 
totic values. 

It should be emphasized that the 
complex ions shown in Equations (9a), 
(11), and (12) have neither been isolated 
nor shown to exist, and the reaction 
mechanism has not been proven to be 
in accordance with these equations. The 
proposed mechanism is presented as a 
plausible one which is in agreement with 
the curious behavior of the absorption 
rate data, but other mechanisms could 
presumably meet this requirement also. 


CONCLUSION 


From the results of this study, it is 
concluded that the film and penetration 
theories and dimensional analysis can 
be used to infer the order of a chemical 
reaction and the reaction rate constant 
from data on the rate of gas absorption 
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accompanied by the chemical reaction. 
It is also concluded that the absorption 
rate data for the chlorine-ferrous chlorine 
system are in good agreement with 
theoretical predictions for absorption 
accompanied by a second-order reaction 
with a rate constant of 188 liters/ 
(g. mole)(sec.), except for the data taken 
with pure chlorine gas. The assumption 
of a three-step reaction mechanism, 
involving the formation of a complex ion 
and the decomposition of the complex 
ion, explains, at least qualitatively, the 
apparent deviations of the pure chlorine 
gas runs. 
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NOTATION 

A = concentration of species A, 
the gas being absorbed in 
general and chlorine in the 
experimental system, g. moles 
/liter. 

B = concentration of species B, 
the nonvolatile solute in gen- 
eral and ferrous chloride in 
the experimental system, g. 
moles/liter. 

D = liquid-phase diffusivity, sq. 
em./sec. 

e = 2.71828... 

g = acceleration due to gravity, 
(em.)/(sec.)? 

h = height of the short wetted- 
wall column, cm. 

ky = reaction rate constant, in 
general and also for the first 
reaction step, liters/(g. mole) 
(sec.) for a second-order re- 
action. 

ke = reaction rate constant for the 
second reaction step. 

ky = liquid-phase absorption co- 
efficient, cm./sec. 

M =k, theo- 
retically. 

= (13.7)? D4Bo/(k,*)2, for ex- 
perimental values, (g. mole) 
(sec.)/(liter). 

m = exponent of B in the reaction 
rate equation. 

n = exponent of A in the reaction 
rate equation. 

q = B,/vA; in general and B,/2A; 
for experimental values. 

r Dp/Dz 

‘hy = absolute temperature, °K. or 

t = time, sec. 

tanh (x) = — e-*)/(ez + e-*) 

y = gas phase mole fraction of 


chlorine, dry basis. 
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Greek Letters 


Tr = liquid flow rate per unit 
perimeter of the column, g./ 
(min.)(em.). 

= liquid viscosity, g./(em.) 
(sec.). 

v = moles of species B consumed 
per mole of species A reacted. 

= 

= 3.14159... 

p = liquid density, g./ce. 

o = parameter in parametric 
equations. 

= k,/k,* 


Subscripts 


A = species A, the gas being ab- 
sorbed in general and chlo- 
rine in the experimental 
system. 

a = asymptotic value at large 
values of / M. 

B = species B, the non-volatile 

solute in general and ferrous 

chloride in the experimental 
system. 

the gas-liquid interface. 

film theory, the bulk liquid. 

penetration theory, the liquid 

at the start of a time of 
exposure. 

experimental, the liquid en- 

tering the short wetted-wall 

column. 

w = the properties of water at 
25°C. 


I 


Superscripts 


= physical absorption. 
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Effect of Liquid Mixing on the 
Performance of Bubble Trays 


ALAN S. FOSS, J. A. GERSTER, and R. L. PIGFORD 


One of the major problems in ‘the 
prediction and correlation of plate 
efficiencies for large trays is lack of 
knowledge of the gradient of liquid 
concentration from the tray inlet to the 
outlet. This gradient is a function of the 
amount of mixing of the liquid that 
occurs in the direction of liquid travel as 
the liquid flows across the tray. Hereto- 
fore, for lack of concrete information 
concerning liquid mixing, one has been 
forced to assume either that the liquid 
on the tray is completely mixed or that 
it is not mixed at all. These two assump- 
tions often lead to serious inaccuracies 
in estimates of plate efficiency. The studies 
of liquid mixing reported in this paper 
were undertaken to establish the nature 
and extent of mixing and to develop 
calculational methods to account for its 
effect on plate efficiency. 

In these studies the degree of liquid 
mixing was determined experimentally 
by a tracer technique of measuring the 
distribution of residence times of the 
liquid. Further, an expression relating 
the plate efficiency to these distribution 
functions has been derived. Plate effi- 
ciencies predicted by this relationship 
were checked by comparison with plate 
efficiencies measured under conditions 
for which the rate of liquid mixing and 
the point efficiency had been established 
quantitatively. A simplified calculation 
procedure is presented which affords a 
rapid means of computing plate efficiency 
under all mixing conditions. 


HISTORICAL BACKGROUND 


The first attempt to account quantita- 
tively for the effect of liquid mixing on 
tray efficiency was made by Kirschbaum 
in 1934 (14, 15). He proposed that the 
tray be divided in the direction of liquid 
flow into several equal-sized, * perfectly 
mixed pools and the liquid be imagined 
to flow from one pool into the next until 
it reached the outlet weir. A tray with 
a single pool corresponded to a perfectly 
mixed tray, and one with an infinite 
number of pools corresponded to an 
entirely unmixed tray (plug flow of 
liquid). Kirschbaum did not indicate, 
however, how to determine the number 
of pools. 

In 1955 Gautreaux and O’Connell (9) 
revived the pool concept of Kirschbaum 
and derived an expression for the Mur- 
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phree vapor efficiency Ey,;y, assuming 
that the equilibrium and operating lines 
were straight over the concentration 
range of a single tray. Their result was 


Euy = (1 Mut) (i) 


n being the number of pools, \ the ratio 
of the slopes of equilibrium and operating 
lines, and Egg the point efficiency. A 
tentative correlation of the number of 
pools vs. tray length was presented. 

A further extension of the pool concept 
has been developed by Marangozis and 
Johnson (21), who included the effect 
of a series of pools of perfectly mixed 
liquid in the vertical direction (direction 
of gas flow) as well as in the horizontal 
direction (direction of liquid flow). 

Another approach to the problem of 
liquid mixing on distillation trays is based 
on the supposition that mixing takes 
place by an eddy-diffusion mechanism. 
In addition to material transport by the 
bulk flow of liquid across the tray, it is 
assumed that material is also transported 
from one position to another at a rate 
proportional to the concentration gradient 
in the direction of the liquid flow. By 
analogy to diffusion theory of the kinetic 
theory of gases, the proportionality factor 
is called an eddy-diffusion coefficient. 
Most of the activity in this field has been 
centered at the Massachusetts Institute 
of Technology. Several students working 
there under Gilliland have measured 
eddy-diffusion coefficients by a steady 
state tracer technique and then have 
utilized the measured values to correlate 
mass transfer results on both bubble-cap 
and sieve trays (2, 3, 27, 30). 

Two recent investigations have em- 
ployed still another mechanism. Oliver 
and Watson (23) and Warzel (28) have 
assumed that a certain fraction of the 
liquid at the exit weir is recircuited to the 
inlet weir, where it is mixed with the in- 
coming liquid. This mechanism is not 
explicitly stated by Oliver and Watson 
but is by Warzel; the final expressions 
resulting from the two studies for the 
Murphree plate efficiency are identical. 
Both showed that the fractional mixing 
parameter increased with an increase in 
gas throughput. The fractional mixing 
parameter was calculated from the 
difference in the experimentally deter- 
mined liquid concentration immediately 
preceding and immediately following the 
inlet weir. 
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APPROACH TO PROBLEM 


The present approach to the problem 
differs from the studies just discussed. 
It is based on the supposition that mixing 
of the flowing liquid causes some of the 
liquid to reside on the tray for periods 
longer and/or shorter than the period of 
residence of some other portion of liquid. 
In other words, mixing of the liquid 
should produce an entire spectrum or 
distribution of liquid residence times 
capable of ranging all the way from zero 
to infinity. In the case of plug flow, all 
portions of the liquid reside on the tray 
for the same length of time, and in the 
case of perfect mixing a large portion of 
the liquid leaves the tray before the 
average liquid residence time has elapsed. 

Actually, the use of the residence-time 
concept is quite old, dating back as far as 
1894, when Stewart (26) determined 
flows in small blood vessels by measuring 
the time necessary for injected salt to 
flow from one point to another. It was 
not until 1953, however, that a unified 
and comprehensive treatment of the 
residence-time concept in continuous-flow 
systems appeared, when Danckwerts pre- 
sented an outstanding paper on the 
subject (4) that detailed the fundamental 
ideas involved, along with applications 
to several types of processes being carried 
out in continuous-flow systems. 

While Danckwerts was the first to 
present a generalized discussion on the 
topic, several previous workers had 
applied its principles in specific applica- 
tions. MacMullin and Weber (20) dis- 
cussed residence-time distributions of a 
series of continuous-flow-stirred-tank re- 
actors. Gas residence times in a small 
fluidized bed were measured by Gilliland 
and Mason (10), and an attempt was 
made to compute from the known distri- 
bution and a known reaction-rate con- 
stant the degree of conversion of a 
reacting gas mixture flowing through the 
bed. More recently Danckwerts, Jenkins, 
and Place (5) injected a pulse of helium 
into the vapor stream entering a large- 
scale fluidized bed and measured the 
helium concentration in the effluent vapor 
to obtain residence-time distributions. 
Andersen and Matthias (/) used the 
distribution of residence times of catalyst 
particles in a fluidized bed to compute 
the steady state catalyst activity. A 
particularly interesting study is that of 
Jardine (12), who determined the resi- 
dence-time distribution of gas bubbles 
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passing through the liquid on a sieve 
tray by a frequency-response technique. 
Other interesting applications and dis- 
cussions of the residence-time concept 
appear in references noted by Danck- 
werts (4) and in other sources (16, 22, 
25, 31). 

Use of the residence-time concept to 
characterize the degree of liquid mixing 
on bubble trays appears to have few, 
if any, limitations in this application. 
The present approach is more realistic 
than the pool concept of Gautreaux and 
O’Connell or the fractional-liquid-mixing 
ideas of Warzel or of Oliver and Watson. 
It is unlikely that a number of well- 
mixed pools would actually exist on a 
bubble tray. The eddy-diffusion concept, 
of course, is merely an extension of the 
molecular-diffusion mechanism and _ is 
somewhat restricted in use; for example, 
it is incapable of describing extreme 
liquid by-passing and probably holds 
only when there are a large number of 
repetitions of the diffusive mechanism. 
The residence-time concept, on the other 
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exp (—\Eoat/7)f(t) dt 
0 


in each stream is affected by mass transfer 
to the gas at a constant local efficiency 
Egg. The precise behavior of the liquid 
concentration of any given stream as it 
flows along the tray may be deduced by 
considering a material balance on a 
differential-volume element of that 
stream. If one assumes that the gas 
passes uniformly up through the liquid 
in plug flow and that the operating and 
equilibrium lines are straight for a 
given tray, one finds that the concentra- 
tion of a given fluid stream at location & 
on the tray may be expressed as follows: 


c(é, t) Cin® 
+ (Cin ew”) exp ogtt/7) 


The mathematical details leading to this 
result are given in reference 7. 

By solving Equation (2) for the liquid 
concentrations at the tray exit (€ = 1) 
and by weighting the concentration of 
each stream according to the residence- 
time distribution, one may compute the 
Murphree efficiencies. The expression for 
the Murphree vapor efficiency is 


(2) 


0 


and the result for the Murphree liquid 
efficiency is 


exp (- AE oct/7)f(d dt 


hand, should be able to describe all 
conditions. 


EFFECT OF RESIDENCE-TIME DISTRIBUTION 
ON PLATE EFFICIENCY 


A bubble tray operating normally with 
cross flow of liquid will be considered, with 
the liquid entering the tray assumed to 
consist of an infinite number of streams 
2»ach of which is destined to reside on the 
tray a certain time. In one such stream 
the quantity of liquid may be denoted by 


L’{(t) dt = |b. moles/hour of liquid des- 
tined to have an age between 
t and (t+ dt) at the moment 
of leaving the tray 


The function /(é) here is the liquid 
residence-time function and in general 
would resemble the distribution function 
sketched in Figure 1. The mean or the 
first moment of this function is the mean 
residence time of the liquid, and the 
total area under the curve represents the 
sum of all fluid streams. 

The concentration of dissolved material 
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[ exp (—AEpgt/7) f(t) dt 
J0 


Both these results reduce to the well- 
known expressions for efficiencies in the 
cases of no mixing (1/9) and complete 
mixing. It will be noticed that the inte- 
grals appearing in Equations (2) and (8) 
are in reality Laplace transformations of 


f(t), 


20 


with p = 


Thus it is possible to use a table of 
transforms to find Hy; and Hy y quickly 
when a functional form of f(¢) is given. 

It is to be noted that the expressions 
for the Murphree plate efficiencies apply 
to all cases of liquid behavior, ranging 
from plug flow, where Fy,y and Ey, are 
the highest, to the case of liquid by- 
passing, where the efficiencies drop below 
the point values and approach zero. 

In order to check these relationships a 
comprehensive experimental program was 
undertaken. In the first set of experiments 
the liquid residence-time distribution 
function was measured, and in the second 
set, measurement was made of the point 
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efficiency under the same _ operating 
conditions employed in the first. Use of 
these two sets of data in either Equation 
(3) or (4) permits a prediction to be 
made of the Murphree efficiency. These 
predicted Murphree efficiencies were 
then compared with experimental Mur- 
phree efficiencies determined in a third 
set of experiments. 


EXPERIMENTS AND APPARATUS 


Choice of Apparatus and Gas-liquid System 


In the present work experiments were 
limited to sieve trays of constant hole 
diameter but varying total hole area and 
to one gas-liquid system. Sieve trays rather 
than bubble-cap trays were selected as the 
gas-liquid contacting device because of 
their simplicity. While bubble-cap trays 
are equally as important as gas-liquid 
contactors, it was felt that in this initial 
study, the fundamentals of the mixing 
process might best be studied where the 
flow of bubbling liquid was uncomplicated 
by the presence of bubble caps. 

The system employed in these experi- 
ments was the desorption of oxygen-rich 
water with air. The tests were carried out 
at about 23°C. and total pressure of 1 atm. 
Since the solubility of oxygen in water is 
extremely low at these conditions, this 
system has only liquid-phase mass transfer 
resistance. To be sure, gas-phase controlling 
systems are equally important commercially, 
but the system chosen is entirely adequate 
for testing the hypothesis and does allow 
simplifications in the apparatus and experi- 
mental techniques. 

In the present work the desire to simulate 
conditions of froth flow and behavior that 
might be expected in large-diameter com- 
mercial columns dictated the choice of a 
large experimental apparatus. It was felt, 
however, that authentic froth behavior 
could be obtained by considering only a 
slice down the center of a large tray between 
the inlet and outlet weirs. The tray then 
would be a rectangular one, and the width 
of the slice selected was 9.5 in. The length 
of liquid travel was the most important 
tray dimension, as the entire study was 
concerned with mixing in the direction of 
liquid flow. Preliminary tests indicated that 
a tray length of 36 in. would be enough to 
ensure tray behavior typical of the center 
of large-scale trays. The liquid flow at the 
periphery of circular trays is not accounted 
for in this apparatus; however on large 
trays this peripheral flow should be only 
a small portion of the total flow. 

Some of the features of the apparatus 
included an outlet weir of variable height 
used to adjust the height of the froth, 
pressure taps connected to the tray floor 
for measurement of the height of clear 
liquid, liquid sampling taps along the tray, 
and provisions for dissolving oxygen into 
the water entering the tray unit. Changes 
in water temperature on the tray due to 
evaporation were eliminated by providing 
for the humidification of the entering air 
with small quantities of live steam. Also 
included was a section of tray to preaerate 
the incoming liquid in order to minimize 
end effects caused by the dumping of 
liquid onto the tray at the liquid inlet. 
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The preaeration section was used only at 
low gas throughputs and was separated 
from the 36-in. test section by a partitioning 
device constructed to allow the free flow 
of froth in the forward direction but to 
prevent back mixing past it. Various sieve 
trays could be installed easily into the 
apparatus, and these were fabricated by 
punching 3/16-in. holes on a triangular 
spacing into brass sheets 1/16 in. thick. 
The accompanying table summarizes the 
important dimensions of the trays used in 
this study. 


Hole Hole spacing, % 
Tray diameter, center-to-center, Free area 
No. in. in. of tray 
1 3/16 7/8 4.16 
4 3/16 5/8 8.0 
2 3/16 17/32 10.6 


Their over-all dimensions were 9.5 by 45 in. 
Further details concerning the tray unit 
may be obtained from reference 7. 


Residence-time Experiments 


The distribution of liquid residence times 
was measured by introducing a small 
amount of tracer material into the incoming 
liquid stream and monitoring the concen- 
tration of this tracer in the tray effluent 
with time. With this technique, it is 
implicitly assumed that a tracer particle 
behaves just as any other element of fluid 
and that the behavior of many elements of 
fluid may be determined by the behavior 
of the tracer material which represents 
these elements. As pointed out by Danck- 
werts (4), these assumptions may not hold 
if molecular diffusion of the tracer material 
is appreciable. In the present application, 
however, this effect would be undetectable 
experimentally. 

If an instantaneous pulse of tracer 
material could be injected into the liquid 
just as it enters the tray, the time history 
of the tracer concentration at the exit weir 
would resemble the residence-time distri- 
bution function of Figure 1, and after the 
size of the input had been appropriately 
accounted for, it would be the actual liquid 
residence-time distribution. It is possible 
to obtain the same information by injecting 
a unit step input instead. Introduction of 
a sharp pulse input requires elaborate 
equipment, whereas rapid change of the 
inlet tracer concentration from one value 
to another is considerably less troublesome 
to achieve. This latter technique was used, 
and the response of the tray to this unit-step 
input gave directly the cumulative residence- 
time distribution. The residence-time distri- 
bution function itself was obtained from 
the cumulative distribution by differentia- 
tion with respect to time, a valid practice as 
the unit-pulse input is the derivative of 
the unit-step input. It must be assumed 
first, however, that the system, that is, the 
flowing froth containing the tracer, is 
linear and that therefore tracer concentra- 
tions must be additive, and this latter 
assumption is entirely reasonable. 

The particular tracer material used was 
a concentrated solution of common salt in 
water. The main liquid supplied to the 
tray was tap water, and air from a blower 
passed upward through the single tray 
employed. Both air and water were at 
23°C. and 1 atm. In order to produce a 
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Fig. 1. Typical residence-time distribution 
function. 


plane source of tracer at the liquid inlet, 
the salt solution was injected into the 
incoming liquid at several points closely 
spaced in both the vertical and transverse 
directions of the liquid cross section. This 
approximation of a plane source by a finite 
number of point sources distributed in a 
plane is satisfactory if the tracer from an 
individual point merges with tracer from 
surrounding points in a time which is short 
compared with the time required for the 
tracer to reach the concentration measuring 
element. Placing the point sources 1% in. 
apart in the present work assured the 
validity of such an approximation. The 
step input of salt tracer was achieved by 
instantaneously stopping the steady flow 
of the salt solution entering this distribut- 
ing device. The rate at which salt solution 
was injected was usually about 1 or 2% 
of the main liquid flow rate. In all the 
experiments the salt concentration of the 
water never exceeded 0.1 wt. %. 

The concentration history of salt in the 
liquid leaving the tray was determined by 
continuous measurement of the electrical 
conductivity of the liquid. A small con- 
ductivity cell which could be positioned at 
any point on the tray was constructed and 
operated so that it detected the instan- 
taneous conductivity of the liquid. This 
cell acted as one arm of a Wheatstone’s 
bridge, and the bridge unbalance at any 
instant was amplified and continuously 
recorded on a strip-chart recorder. Zero 
time was marked automatically on the 
strip chart at the instant the step input of 
salt occurred. Details of construction of 
the conductivity cell and of the device used 
to obtain a plane source of tracer are 
described fully in reference 7. 

The design of an experimental program 
for the determination of the residence-time 
distribution was governed by preliminary 
scouting measurements. These preliminary 
runs led to selection of the following operat- 
ing variables, which appeared to have the 
most important effect on the residence-time 
distribution. 


Gas velocity 2 and 6 ft./see. 
Froth height 4 and 8 in. 
Mean linear 0.2 to 1.1 ft./sec. 
froth velocity (run at three levels 
at each of the fore- 
going conditions) 


The 4%-free-area tray was used for the 
2 ft./sec. gas rate runs and the 11%-free- 
area tray for the 6 ft./see. runs. This 
selection kept the gas velocity through the 
holes between 50 and 60 ft./sec. 
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Preliminary tests also showed that by 
measuring the distribution function at 
various points along the direction of liquid 
travel, one could follow its rate of spreading 
or its variance change with distance. The 
discovery that the variance increased 
linearly with distance immediately sug- 
gested the rate-of-increase-of-variance as a 
measure of the rate of mixing. Consequently 
the experimental program included meas- 
urement of the distribution function at six 
points along the 36-in.-long flow channel 
at each of the conditions tabulated above. 


Plate Efficiency and Concentration 
Profile Experiments 


Measurements of the liquid Murphree 
plate efficiencies and liquid concentration 
profiles were made under the same operating 
conditions as those employed in the resi- 
dence-time experiments. Oxygen desorption 
from water into air was the system em- 
ployed. At low froth velocities the tray 
length was shortened to 18 in. in order that 
oxygen would not be stripped entirely out 
of the liquid by the time it reached the end 
of the tray. Liquid samples taken at the 
liquid inlet and outlet and at various 
positions along the tray were analyzed for 
dissolved oxygen by the Winkler method. 
Experiments of this nature have been 
reported previously by the authors (8). 


Liquid-phase Mass Transfer Coefficient 
Experiments 


In order to predict the Murphree plate 
efficiency by Equation (3), it is necessary 
to know both the residence-time function 
and the point efficiency. For a liquid-phase 
controlling system, such as the oxygen-air- 
water system of this study, the (AEog) 
product in Equation (4) reduces to N, = 
(k,aZ,/L), the number of liquid-phase trans- 
fer units. 

It was decided to measure kya by a steady 
state method with a large pool of completely 
mixed froth. A large pool was desired so 
that the results obtained would truly be 
representative of mass transfer rates on 
large-scale trays. The pool was 6 in. wide 
and 24 in. long, and it had adjustable sides 
for control of the froth height. The sieve 
tray was the base of the pool. Oxygen-rich 
water was continuously fed to the pool, 
and froth spilled over the entire periphery 
of the boxlike pool enclosure. Ideally, in 
order to obtain a pool of uniform concen- 
tration, liquid should be introduced and 
removed at an infinite number of points, 
but this was approximated by introducing 
liquid at six equally spaced points on the 
long center line of the pool and allowing the 
liquid to leave at the pool edges. Liquid 
samples taken at several locations within 
the froth confirmed the constancy of the 
liquid composition throughout the pool. 
Under these conditions one may equate the 
rates of supply and removal of oxygen as 
follows: 


where c is the composition of the liquid on 
the tray (and also leaving the tray), and 
C;n is the composition of the entering liquid. 
The value of kza was computed by use of 
experimentally measured values of oxygen 
concentration and froth height, Z;. 


Page 233 


| if 
l 


,8) | 
2 
| 
15 20 


Fig. 2. Distribution of residence times of aerated water flowing 
across a 36-in.-long sieve tray at low froth velocity conditions. 
Mean residence time, 7, is 15.70 sec. Distribution function is shown 
as function of time, ¢, and fraction of total tray length, ¢ Arrows 


RESIDENCE-TIME—DISTRIBUTION RESULTS 


Residence-time distribution functions 
were determined from the strip-chart 
records by first averaging random con- 
centration fluctuations in the four (some- 
times three) replicate runs made at each 
condition. Averages were made visually 
at equally spaced values of time by 
superposition of the charts. These aver- 
aged strip-chart readings were then used 
to calculate the tray response to the unit- 
step input. The residence-time distribu- 
tion function f(t) was then computed 
from this by differentiation with respect 
to time by use of a 7-point—least-squares 
method (24). 

Some typical distribution functions for 
high and low froth velocities are shown 
in Figures 2 and 3. The gas rate is 6 
ft./sec., and the froth height is 4 in. for 
both runs. The time scale in _ these 
figures has been made dimensionless by 
dividing bv the mean residence time 7. 
The distributions shown have been 
computed as a function of 6 = t/r. 
Complete data for these runs and runs at 
other operating conditions may be 
obtained from reference 7. Note that the 
distributions at the high froth velocity 
are more sharply peaked than those at 
the lower velocity. At the high froth 
velocity no liquid leaves the tray until 
it has resided a time of at least one half 
the nominal residence time. At the low 
froth velocity liquid begins to leave 
somewhat earlier. In both cases only 
about 56% of the liquid has left the tray 
after residing one residence time. At high 
froth velocities only about 2.5% remains 
longer than 1.5 residence times, whereas 
10.5% has ages greater than 1.5 at the 
low froth velocities. From these cursory 
observations, it may be stated only 
qualitatively at this point that the mixing 
rate at the low froth velocity appears 
somewhat higher than the rate at the 
higher velocity. 
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It is interesting to note also the position 
of the peaks relative to the means. A 
distribution that is peaked before the 
mean implies that there is some by- 
passing or short-circuiting of the liquid. 
Also, the distribution functions near the 
liquid inlet indicate some by-passing, but 
as one progresses along the tray, the 
distributions become more symmetrical 
and the peaks more nearly coincide with 
the means. 


THE RATE OF LIQUID MIXING 


One of the most significant findings of 
the present work was the linear increase 
of variance of the distribution function 
as it progressed along the tray. The con- 
stant rate-of-variance increase for a 
given operating condition was chosen as 
the function for characterizing the rate of 
liquid mixing for that condition. The 
variance measures dispersion, and the 
variance used here measures dispersions 
in the time domain rather than the space 
domain. 

The variance o,2(w) of the distribution 
function f(w, t’) about its mean at w is 
defined as 


where t;’ is the mean or first moment of 
f{(w, t’) and is defined as 


= / tv) dt’ (7) 


For a given run the variance of f(w, t’) 
was computed by numerical integration 
of Equation (6) at each of the six points 
on the tray and then plotted vs. its 
mean age t,’. Figure 4 shows typical 
results for a high and low froth velocity. 
More correctly, the variance should have 
been plotted vs. tray position, and this 
would have been done had the six 
distribution functions for each operating 
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25 3.0 


indicate mean liquid age at various positions, ¢. Gas velocity is 
6.03 cu. ft./(sec.)(sq. ft. of bubbling area), liquid rate is 8.45 gal./ 
(min.)(ft. tray width), froth height is 4.1 in., and froth velocity is 
0.180 ft./sec. sieve tray has 10.6% free area. 


condition been determined at precisely 
the same froth velocity. But since posi- 
tioning of the cell at each of the six points 
required interruption of the flows between 
determinations of f(w, t’), the froth 
velocity varied slightly from the nominal 
value each time the flows were reset. By 
plotting in this manner, the effects of 
these small differences in froth velocity 
were absorbed in the variation of t;’ with 
froth velocity. A mean froth velocity was 
later assigned to the run so that the 
variance increase per foot of tray length 
might be determined. 

The presence of nonuniform froth con- 
ditions at the ends of the tray may be 
noted on Figure 4. At high froth velocities 
the variances at the liquid inlet and outlet 
were so abnormal that the values of 
o.2(w) at those points could not be used 
to determine the slope of these lines. 
For this reason, also, there was no concern 
about obtaining negative intercepts since 
end effects could easily account for this. 
The linearity of the variance, then, holds 
only for the center of a large tray, but 
under certain conditions, such as low 
froth velocities, it may well hold for the 
entire tray. 

In order to determine the time rate-of- 
variance increase for each operating 
condition, slopes of variance vs. ti’ 
plotted as in Figure 4 were computed by a 
least-squares procedure. This yielded a 
variance rate in sec.?/sec., and in order 
to obtain the variance change per foot of 
tray length do,?/dw, the slopes of the 
lines of Figure 4 were divided by the 
froth velocity. 

The values of the variance rates thus 
determined covered a wide range, depend- 
ing upon such factors as froth velocity, 
froth height, gas rate, and liquid holdup. 
A convenient method of correlating 
these data has been developed and is 
given in Figure 5. In this figure the 
variance rate per unit of liquid holdup 
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Rk, = (1/Z.) (do,2/dw) has been plotted 
vs. froth momentum ¢@V,. According to 
Figure 5, the variance rate is uniquely 
determined by the liquid holdup and the 
froth momentum; gas rate and froth 
height are influencing factors only in 
the sense that they affect the holdup and 
momentum. 

Froth momentum is believed to be one 
of the fundamental correlating variables 
because it affords some measure of the 
froth’s tendency to remain in uniform 
motion. It is presumed that the higher 
the momentum of the froth flow, the 
more difficult it would be for any external 
force to change the velocity vector of a 
given froth element. The decrease in 
variance rate, then, with increased froth 
momentum is understandable. 

Several authors have previously applied 
the eddy diffusion concept to mixing 
problems in continuous flow systems, and 
it is of interest to note the relation 
between the eddy-diffusion coefficient D 
and the rate of change of variance used 
in this work. Danckwerts (4) has shown 
that the eddy diffusion mechanism leads 
to the following cumulative distribution 
function at a point w on the tray: 


V t’ 

F(w, t’') = 1/2 erfe | 8 

(w, t’) / Eee (8) 
This relation holds only when the diffu- 
sion rate is small compared with the 
mass flow rate; that is, D/(V;w) < 1. 
Using the derivative of Equation (7) to 
obtain the frequency function f(w, ¢’), 
one may then derive the relation between 
the variance and the eddy diffusion 
coefficient. (This derivation is available 
in reference 7.) The result is 


(22) (9) 


The rate of change of variance with 
distance is 
do _ 2D 
dw 
Equation (9) states that the eddy- 
diffusion mechanism predicts a linear 
increase in variance with tray length, and 
this is precisely what has been found 
experimentally. Equation (10) gives 
directly the relation between the variance 
rate and eddy-diffusion coefficient, a 
relation that is surprisingly similar to the 
correlation of the mixing rate already 
presented in Figure 5. Data of Figure 5 
indicate that R, is proportional to the 
froth momentum @V,; raised to the 
—2.8 power. The similarity between this 
fact and the relation of Equation (9) 
should be noted. The empirical relation 
R, = 2.057 X 10-3 @V,)-2° fits the 
data closely. R, has units of (sec.?/ft.)/in., 
V; is in ft./sec., and @ is dimensionless. 
The correlation between the variance 
rate and froth momentum holds, of 
course, only as long as the variance rate is 
constant across the entire tray. For 


(10) 
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Fig. 3. Distribution of residence times of aerated water flowing across a 36 in.-long sieve 

tray at high froth velocity conditions. Mean residence time, 7, is 2.98 sec. Distribution 

function is shown as function of time, ¢, and fraction of total tray length, ¢. Arrows indi- 

cate mean liquid age at various positions, ¢. Gas velocity is 6.02 cu. ft./(sec.)(sq. ft. of 

bubbling area), liquid rate is 43.5 gal./ (min.)(ft. tray width), froth height is 4.0 in., 
and froth velocity is 1.08 ft./sec. Sieve tray has 10.6% free area. 


large-diameter trays one might assume 
without much error that this condition 
exists. In this case, an approximate 
distribution function can be obtained 
with knowledge of the variance rate. Use 
of this correlation, however, requires 
knowledge of the froth properties, and 
fortunately these are becoming more 
readily available. The froth character- 
istics of the trays used in this study have 
already been reported (8), and froth 
properties of several other systems on 
bubble-cap trays are being determined by 
the A.I.Ch.E. research program on plate 
efficiencies. Care should be exercised in 
using froth properties of other systems 
and other trays in the foregoing mixing- 
rate correlation, for there is no direct 
evidence that it will hold for other systems 
and other types of trays. The same general 
considerations should apply, however, to 
all systems and trays. 


RESULTS OF LIQUID-PHASE MASS 
TRANSFER COEFFICIENT STUDIES 


Liquid-phase mass transfer coefficients 
were computed by Equation (5), meas- 
ured oxygen concentrations being used in 
the thoroughly mixed pool previously 
described. The measured concentrations 
of dissolved oxygen at several points in 
the pool were not all precisely the same, 
but the variation was only slight, and an 
average of several determinations was 
used in the calculation of the k,a values. 
Values of the equilibrium concentration 
of dissolved oxygen @,,.* were calculated 
by use of the Henry’s Law constant (11). 

The liquid-phase mass transfer coeffi- 
cient was found to be dependent on the 
two froth properties, froth density and 
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froth height. The rate of liquid supply at 
any given froth height and froth density 
produced only a very slight variation in 
the k,a values, and these appeared to 
be random. The conclusion was that 
there was no effect of liquid rate and that 
k,a values could be correlated entirely as 
a function of froth height and froth 
density. Figure 6 shows the behavior of 
k,a with variation in both froth density 
and froth height. The froth-height param- 
eter is the nominal value about which 
the froth height was controlled during 
the runs. Deviation from these values 
was usually not more than +) in. 
Detailed data are given in reference 7. 

The solid lines on Figure 6 represent a 
least-squares fit of the data. Since froth 
density was allowed to vary as it pleased 
and since froth height could be controlled 
only approximately, use of the least- 
squares technique to correlate the effect 
of the froth properties on k,a seemed to 
be the most efficient way to treat the 
data. Furthermore, since values of k,a 
that obtained during the residence-time 
distribution runs were needed, a least- 
squares relation between k,a, Z;, and @ 
was found to be particularly convenient 
in interpolating the experimental data 
to the given froth conditions. Initial 
examination of she data indicated that 
the factors that should be included in the 
regression model were linear terms in both 
@ and Z;, a @Z, interaction and a quad- 
ratic @ term. Determination of the coeffi- 
cients led to the following result: 


kya = 1,197 — 3,478Z, 
+ 18,900¢ + 16,5402, 
— 43,160¢° 


(11) 
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INTERMEDIATE POINT ON TRAY, SEC. - | 
Fig. 4a. Increase of variance with mean age of liquid | 
flowing across 36 in.-long sieve tray under high froth | 
velocity conditions. Gas velocity is 6.04 cu. ft./(sec.)(sq. ft. 10 =a 
of bubbling area). Liquid rate is 97.8 gal./(min.)(ft. tray | ° 
width), froth height is 8.0 in., and froth velocity is 0.984 Pee ca 
ft./sec. Sieve tray has 10.6% free area. 5 | 
| 
Equation (11) is shown as a series of solid i 


lines on Figure 4. In the equation the 
units of k,a are pound-moles per hour 
per cubic feet of froth (unit mole fraction 
difference), Z; is froth height in feet, and 
¢ is froth density in cubic feet of clear 
liquid per cubic feet of froth. The water 
temperature averaged 21.1°C. The dotted 
lines about each froth-height line are 
95% confidence limits; that is, the 
a priori probability is 0.95 that the least- 
squares-regression line will fall between 
the limits shown. 

While these experiments have yielded 
significant findings concerning the be- 
havior of mass transfer rates, they 
nevertheless represent a minor portion of 
the entire study. Unfortunately, space 
limitations prohibit a full interpretation 
of the results. It is believed, however, 
that the observed maximum of k,a is due 
almost entirely to changes in interfacial 
area with variation in froth density. The 
effect of increased froth height upon k,a 
is also of interest, and it is believed that 
changes in interfacial area with froth 
height also account for these effects. 
Several previous workers have reported 
sieve-tray behavior which supports both 
the trends and the absolute magnitude of 
the present results (6, 8, 13, 17, 18, 29). 


CALCULATION OF PLATE EFFICIENCY 
AND CONCENTRATION PRFILES FROM 
RESIDENCE-TIME DATA 


After determination of both the resi- 
dence-time distribution for a _ given 
operating condition and the mass transfer 
coefficient applicable at that condition, it 
is now possible to compute the actual 
tray efficiency by Equation (4). For the 
case of a liquid-phase controlling system, 
Equation (4) reduces to 
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Fig. 4b. Increase of variance with mean age of liquid flowing across 
36 in.-long sieve tray under low froth velocity conditions. Run 
conditions are same as in Fig. 2. 


(12) 


al 


=1- | e dF(t) 


It should be remembered that in this 
expression NV, = k,a(Z,/L). 

It is also possible to compute the 
oxygen concentration profiles along the 
tray by making use of the distribution 
functions f(é, t’) that were also measured. 
The question arises, however, as to the 
precise definition of the distribution 
function measured at an intermediate 
point on the tray. It is supposed that the 
conductivity cell without discrimination 
samples all fluid “particles” within a 
small slice of froth in which the cell is 
located. Or, alternately, one may state 
that all “particles” of fluid in this small 
slice of froth have equal probabilities of 
entering the cell. However, the number of 
“particles” entering the cell belonging to 
a given time group contained in the slice 
would be proportional to the fraction of 
the slice volume occupied by this group. 
The cell, then, measures a volume- or 
space-average salt concentration. The 
measured distribution function f(&, t’) dt’, 
therefore, may be defined as the fraction 
of the fluid contained in a small slice at & 
that has an age ranging between t’ and 
(t’ + dt’). 

The distribution functions may then 
be used in conjunction with Equation (2) 
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to compute the concentration at any 
point &: 


ap — Cin® 
Cin Cin” 


t’) dt’ (13) 


d 


1 
0 
where 


t’ = age of fluid stream at point & on 
tray = & 

t = age of fluid stream at moment of 
leaving the tray 


As both @ and Z; were measured experi- 
mentally, the value of k,a could be 
estimated by the previously determined 
least-squares equation (11). Integration 
was carried out numerically by use of 
Simpson’s rule. A typical concentration 
profile calculated in this manner is shown 
in Figure 7. For comparison, the concen- 
tration profile of oxygen measured under 
conditions identical to those of the 
residence-time distribution run is also 
plotted here, and the concentration 
profile for no mixing is indicated also. 
For all conditions studied, the calculated 
profiles always fell below the experi- 
mentally determined profiles, an indica- 


tion that the predicted rates of mass. 


transfer were too high. Detailed con- 
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GAS RATE = 2 FT/SEC Fig. 6. Experimental aaa | | 
2,=81N values of liquid-phase 95 % CONFIDENCE LIMITS 
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sorption of oxygen from 3800 
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oi oF Fe Sie © concentration, and to have an intercept A function which appears to fit the 
\ | | of even 1.0 is unrealistic. As liquid mixing measured residence times reasonably well 
sass AW yl at the inlet immediately dilutes the _ is of the form 
| incoming liquid, the concentration at 
Pe | that point is always less than the incom- f(0) = ae (14) 
ing liquid concentration. This fact has tha 
| | \ | been verified experimentally in this work. 
| | tionship of Figure 8 does not hold in the “VY@Y Shows tha 
| e region close to the liquid inlet, apparently b —0/02 
aia | a | because of nonuniform froth conditions at f(@) = bor (15) 
0.03 oz 03 o4 08 that point. No attempt was made, there- 
$V, , FT/SEC. fore, to extrapolate the concentration 
ms ? _ the concentratio where b is defined as 1/o? — 1. This 


Fig. 5. General correlation of liquid mixing 
results, R,, the rate of increase of variance 
with tray length (sec.?/ft.)/in. liquid 
holdup on the tray is correlated with the 
product of ¢, froth density (cu. ft. of liquid 
holdup/sq. ft. of bubbling area/cu. ft. of 
froth/sq. ft. of bubbling area) and V,, froth 
velocity (ft./sec.). Data are shown for two 
values of gas rate and for two values of 
froth height, Z,. 


centration-profile data for all runs are 
available from reference 7. Unfortunately, 
most of the liquid-phase efficiencies 
ranged between 90 and 100%, and 
experimental and calculated values of 
Eyx were too close for a fair comparison. 
For this reason, the experimental and 
calculated profiles afford the best means 
of comparison, particularly when they 
are represented on semilogarithmic co- 
ordinates as in Figure 8. For the case of no 
mixing, it is known that such a plot yields 
a straight line with an intercept at 1.0, 
and for a liquid-phase controlling system, 
a slope equal to —N,. For complete 
mixing the slope is zero. When the liquid 
is only partially mixed, it is not immedi- 
ately evident that the log profile should 
be straight, but if it were, its slope would 
lie somewhere between —N, and zero. 
Figure 8 shows a typical plot of experi- 
mental and calculated profiles. The 
linearity of this semilog plot has been 
found previously in experiments by 
Stone (27). 

Figure 8 shows the zero intercept 
greater than 1.0. It is not possible, of 
course, for liquid on the tray to have a 
concentration greater than the inlet 
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profiles to the liquid entrance. 

The nonuniformity of the froth at the 
inlet is most likely the reason for the 
discrepancy between the calculated and 
experimental profiles. The experimental 
profiles seem to indicate that the first 
few inches of the tray are ineffective. In 
calculating the profiles by Equation (13), 
however, a constant value of k,a was 
used for the entire tray. To compare 
properly the calculated and experimental 
profiles, only the portion of the tray in 
which the k,a value is constant should be 
considered. The zero-distance coordinate 
would begin at some point downstream 
from the inlet and the net result would 
be a shifting to the left of the experi- 
mental profile. 

There still remains the possibility that 
the kya values are slightly in error. This 
might arise had there been a_ small 
amount of nonmixing of liquid in the 
pool experiments. Only a slight variation 
from the fully mixed case will result in 
large discrepancies in the calculated 
values of k,a. 


Approximate Calculation of Plate Efficiency 

Calculation of the plate efficiency by 
Equations (3) and (4) requires detailed 
knowledge of the distribution function, 
and if this information is in tabular or 
graphical form, the calculation becomes 
tedious. Considerable simplification re- 
sults by employing an approximate 
analytical representation of the distribu- 
tion function. Relating the parameters of 
this approximate distribution function to 
the variance rates correlated in Figure 5 
gives a rapid method for estimating plate 
efficiency. 
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function may be substituted into Equa- 
tions (3) and (4) and the integrations 
performed analytically. For the case of 
liquid phase controlling mass transfer 
resistance, 


Eu, (16) 


Ey, may now be calculated from knowl- 
edge of the variance at the tray exit and 
the value of V;. 

A surprising result of this approxima- 
tion is that the derived expression for the 
Murphree efficiency is the same as that 
given by the pool concept. The value of 
1/o? in Equation (16) above corresponds 
to n, the number of pools in Equation (1). 
This correspondence should not be 
taken to mean that the present work 
substantiates the presence of pools. Use 
of an empirical equation different from 
Equation (14) would probably represent 
the experimental distribution functions 
equally as well, but would not lead to a 
final equation identical in form to the 
pool equation. Agreement between the 
form of the final equation with that of 
the pool equation must be considered as 
fortuitous. In this same regard, Mac- 
Mullin in a review of this paper has 
suggested that the measured distribution 
functions be compared with those which 
he derived for a series of n stirred tanks 
(20). The value of n estimated by this 
visual comparison might then be used 
in the equation of Gautreaux and 
O’Connell (9) to calculate the Murphree 
efficiency. 

The relation between Ey; and the 
variance as given by Equation (16) now 
makes prediction of the plate efficiency 
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Fig. 7. Comparison of experimental liquid concentrations on active sieve tray as function 
of distance, ¢, with liquid concentrations predicted by Eq. (13). Dashed line shows predicted 
liquid concentration profile in absence of liquid mixing (19). System is desorption of oxygen 
from oxygen-rich water with air at 21°C. Gas velocity is 6.01 cu. ft./(sec.)(sq. ft. bubbling 
area), liquid velocity is 27.0 gal./(min.)(ft. tray width), froth height is 4.06 in., and froth 


velocity is 0.663 ft./sec. Sieve tray is 36 in. long and has 10.6% free area. 


fairly simple. A sample calculation is 
given below to illustrate the method of 
predicting the plate efficiency from 
knowledge of the column conditions. 


EXAMPLE 


Estimate the Murphree efficiency to be 
obtained on a sieve-tray unit on which 
oxygen is being stripped from oxygen-rich 
water with air under conditions identical 
to those reported in run 22a by Foss and 
Gerster (8). The experimental efficiency 
reported in (8) was 71.0% and the run 
conditions were as follows: 


Liquid rate = 50 gal./(min.)(ft. weir) 
Gas rate = 6.48 cu. ft./(sec.)(sq. ft. 
bubbling area) 


ll 


Froth height 7.4 in. 
Froth density = 0.154 cu. ft. liquid/cu. ft. 


froth 
Water 
temperature = 22.2°C. 
Tray length = 1.5 ft. 


Substitution of the known froth height 
and froth density values into Equation (11) 
gives a value of kpa = 2,511 lb.-moles/ 
(hr.)(cu. ft.). This value applies at a tem- 
perature of 21.1°C., at which the point- 
efficiency measurements were made; it must 
now be corrected to the temperature of 
interest, 22.2°C. The correction factor, 
which is the square root of the ratio of the 
dimensionless Schmidt number at 22.2°C. 
to the Schmidt number at 21.1°C., is only 
0.995, but the method is given as a matter 
of general interest. Thus at 22.2°C., 
kya = 0.995(2511) = 2,497. The value of 
N, then becomes 


| 12 || | 
50 (8.33)(60) 


= 1.663 


The factors in the right-hand bracket con- 
vert the liquid rate to pound-moles/ 
(hour) (square feet of tray area). 

The variance is obtained from Figure 5 
from knowledge of the froth momentum. 
If Q is the clear liquid rate, cu. ft./(sec.) 
(ft. of weir), then the froth velocity Vy; is 
(Q/¢)/Z; ft./sec., and the froth momentum 
$V; is Q/Z; ft./sec. In the present instance, 
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= | (748)(60) |L(74/12) 


0.181 ft./see. 


From Figure 5 the corresponding value of 
R, or (do,2/dw)/Z, is 0.247 (sec.2/ft.)/in., 
and 


BW 
dw 


= [(7.4)(0.154) ](1.5)(0.247) 
= 0.423 sec.” 
The mean liquid residence time is 


t = (Z,W)/Q 


= 1.279 sec. 


and so 


Il 


1/o° = ig,” 
= 1.279°/0.423 = 3.869 


from which the Murphree efficiency may be 
predicted by Equation (16): 


Ey, =1-—(1+ 
1 + 1.663 
0.749 or 74.9% 


The experimental value of 71.0% is again 
somewhat less than the predicted value of 
74.9%. Had the liquid been completely 
mixed, Hy; would have been 62.4%, and 
had it been not mixed at all, Ey¢7, would 
have been 81.0%. 


Estimated Hy; values for the other 
runs of Foss and Gerster (8) indicate that 
this technique does a fairly good job of 
prediction when the gas rate is high and 
liquid rate is low. These conditions usually 
lead to considerable mixing (small values 
of n = 1/o*). In all cases, however, the 
estimate is high. At low gas rates (2-4 
ft./sec.), the predicted Ey,, values do not 
check at all well with measured effi- 
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Fig. 8. Same plot as Fig. 7 but on semi- 
logarithmic coordinates. 


ciencies, the predicted values being again 
too high. These differences might be 
attributed to the approximation tech- 
nique or errors in the k,a values, but it 
is more likely that they result from 
nonuniform conditions in the froth at 
the liquid entrance. There is no way at 
present to estimate the mass transfer 
coefficient in this region, nor are there 
data to indicate the effect on the resi- 
dence-time distribution function. It ap- 
pears that these conditions must be 
taken into account by subtracting an 
‘ineffective’ length from the actual 
distance of liquid travel. Corrections of 
this nature have been employed by 
Stone (27), who found that they may 
amount to as much as 5 in. of tray length. 


SUMMARY 


Liquid flowing across a distillation tray 
seldom, if ever, travels from inlet to 
outlet without mixing in the longitudinal 
direction. Usually the mixing is incom- 
plete and a concentration gradient exists 
in the liquid phase. Mixing of the liquid 
causes some liquid to reside on the tray 
for periods longer and/or shorter than 
the time of residence of other portions of 
liquid. It is found that the plate efficiency 
is greatly altered by the distribution of 
liquid residence times thus produced, and 
the relationship between these two has 
been derived. 

In order to check the derived relations, 
residence-time distributions for several 
operating conditions were determined 
experimentally. By use of these residence- 
time distributions in conjunction with 
measured values of the mass transfer 
coefficient, efficiencies and liquid concen- 
tration profiles were computed and 
compared with actual experimental pro- 
files and efficiencies. The predicted mass 
transfer rates were somewhat high. 
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In addition, the rate of mixing has 
been characterized by the rate of increase 
of variance of the ages of fluid elements 
as they flowed across the tray. This 
measure of the rate of dispersion within 
the froth was found to depend only on 
the bulk momentum of the flowing 
froth and the liquid holdup per unit tray 
area. Gas rate and height of the froth 
had no effect on the rate of mixing 
separate and distinct from their effect 
upon the liquid holdup and froth momen- 
tum. A method has been developed 
whereby this correlation of mixing rates 
may be used to predict rapidly the plate 
efficiency when liquid mixing occurs. 
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NOTATION 

c = mole fraction of volatile com- 
ponent in liquid at a given point 
on tray 


c(é, t) = mole fraction of volatile com- 
ponent in liquid element at 
point € which is to reside on the 
tray for a time between ? and 


(t+ dt) 
Cin = mole fraction of volatile com- 
ponent in liquid entering tray 
c*,, = mole fracticn of volatile com- 


ponent in liquid that would be 
in equilibrium with entering gas 
= mole fraction of volatile com- 
ponent in liquid which would be 
in equilibrium with the average 
composition of the gas leaving 


tray 
D = eddy-diffusion coefficient, sq. ft. 
/sec. 
Ege = Murphree vapor point efficiency 
Yin 
y* — Yin 
Eyy = Murphree vapor plate efficiency 
= Yin 
— Yin 
Eyx = Murphree liquid plate efficiency 


Cin — 

{(t) dt = fraction of the liquid flow which 
has ages between ¢ and (¢ + dé) 
at instant of leaving tray 


F(t) = cumulative residence-time dis- 
tribution function = fo f(x) dz 

G = molar gas rate, lb.-mole/(hr.) 
(sq. ft.) 

= liquid-phase mass transfer co- 


efficient, lb.-mole/(hr.) (cu. ft. 
froth) (unit mole fraction diff- 
erence) 
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L = molar liquid rate, lb.-mole/ 
(hr.) (sq. ft.) 

L’ = molar liquid rate, lb.-mole/hr. 

m = slope of equilibrium line 

n = number of hypothetical com- 
pletely mixed pools or stirred 
tanks 

N, = number of liquid-phase transfer 
units 

Q = clear liquid rate, cu. ft./(sec.) 
(ft. of weir) 

R, = Lae rate of increase of 


Z. dw’ 


variance, Z, in in., a; in sec., w 


in ft. 
t,t’ = time, sec. 
ti, t, = first and second moments re- 


spectively of the distribution 
function f(w, t) 


V, = mean linear froth velocity, ft./ 
sec. 
w = horizontal distancealong aerated 


portion of tray up to point in 
question; measured from liquid 
inlet of test section, ft. 

W = total horizontal distance be- 
tween liquid inlet and outlet of 
test section, ft. 

y = mole fraction of volatile com- 
ponent in gas which has just 
left a given point on the tray 

Yin = mole fraction of volatile com- 
ponent in gas entering tray, 
assumed constant for entire tray 

0] = average mole fraction of vola- 
tile component in mixed gas 
leaving entire tray 

y* = mole fraction of volatile com- 
ponent in gas which would be in 
equilibrium with liquid leaving 


tray 

y* = mole fraction of volatile com- 
ponent in gas in equilibrium 
with liquid at a given point on 
tray 

Ze = height of clear liquid on operat- 
ing tray 

Z, = height of aerated liquid above 


tray floor, ft. 
a, 8, y= constants 


6 = t/r, dimensionless time 
r = (mG/L) 
é = w/W, dimensionless distance 


o.2(w) = variance of ages of fluid ele- 
ments at point w, (sec.)?, com- 
puted as tz — (th)? 


o?(w) = dimensionless variance 
T = mean age of fluid elements leay- 
ing tray, sec. 
= froth density, computed as 


Z./Z;, (cu. ft. clear liquid)/ 
(eu. ft. froth) 


erfc (v)= complementary error function 
2 
e” du 
z 
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Correlation of Local Velocities in ‘Tubes, 


Annuli, and Parallel Plates 


R. R. ROTHFUS, J. E. WALKER, and G. A. WHAN 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


A consistent method is presented for predicting local velocities in smooth tubes, con- 
centric annuli, and parallel plates. Consideration is limited to the steady, isothermal, 
fully turbulent flow of constant-density fluids. Experimental data show the proposed 
correlation to be independent of Reynolds number and radius ratio. Intermediate quantities, 
calculated from friction data, permit local velocities to be determined over a wide range 


of operating conditions. 


A number of experimental investiga- 
tions have dealt with the distribution 
of mean local velocities in fully turbulent, 
isothermal flow through smooth tubes, 
but far fewer velocity data are available 
for flow in conduits .of noncircular cross- 
section. Some recent publications have 
indicated that velocity profiles in con- 
centric annuli and between parallel flat 
plates can be correlated with those in 
tubes by means of geometrical trans- 
formations. Although each case has been 
handled separately with more or less 
success, no more general approach has 
been forthcoming. 

It is the purpose of this paper to present 
a consistent method of correlating mean 
local velocities in tubes, annuli, and 
parallel plates. Consideration is limited 
to steady, isothermal, fully turbulent 
flow of fluids having constant density. 
The recommended correlations are con- 
sistent with theoretical relationships 
developed for fully viscous, or laminar, 
flow, no attempt being made to deal with 
the region of laminar-turbulent transition. 
New velocity data have been obtained 
for flow between parallel plates and in 
one concentric annulus to aid in verifying 
the proposed correlations. 


STATUS OF THE LITERATURE 


Rothfus and Monrad (8) have shown 
that the Reynolds number effect on the 
u*, y* correlation of local velocities in 
smooth tubes can be removed empirically, 
for practical purposes, by modification of 
the correlating parameters. They suggest 
the use of the dimensionless coordinates 


V 
Ut = (“) (1) 
V ‘p Um! p 
and 
yt (=) (2) 


It has been observed that U+ is an 
essentially unique function of Y+ over 
most of the stream in fully turbulent flow. 


G. A. Whan is at present at the University of 
New Mexico, Albuquerque, New Mexico. 
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Very close to the wall, the empiricism 
must break down since viscous behavior 
is approximated in that region. The 
modified u*, y+ parameters, however, 
make it possible to reduce turbulent 
velocity profiles in smooth tubes to a 
single functional relationship which is 
independent of Reynolds number to a 
satisfactory extent. Thus a starting point 
has been established from which to pro- 
ceed in studying flow through noncircular 
ducts. 

Rothfus and Monrad have noted that 
fully viscous velocity profiles in tubes and 
parallel plates are coincident whenever 
the radius of the tube equals the half- 
clearance between the plates, the skin 
frictions are made equal, and the same 
fluid flows in both conduits. Assuming 
coincident velocity profiles in fully tur- 
bulent flow under the same restraints, 
the authors predicted that 


and 
} i (4) 


If the Reynolds number for parallel 
plates is defined on the basis of a hydraulic 
radius over the whole stream in the 
usual manner, 


4bVr 


Vv 


Nee (5) 


The Reynolds number for 
ordinarily defined as 


tubes is 


Nre,> = —— (6) 


Since the maximum local velocity is the 
same for both types of ducts and ry) = 8, 
then it must follow that 


/ Um) 
( V F 
if the local velocities are truly coincident 


as assumed. In like manner, since the skin 
frictions and fluid densities are equal, 


fe (Vim) 
fr ( V /Um) 


N 9 Nrer (7) 


(8) 
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Thus it should be possible to predict ratios 
of average to maximum velocity from 
friction data or, conversely, friction 
factors from velocity ratios. 

The data of Sage and coworkers (1, 6, 7) 
were shown to be in excellent agreement 
with Equations (3) and (4). The values 
of (V/u,), obtained from tube data 
(5, 10, 11) at the Reynolds number de- 
fined in Equation (6) altered the ordinary 
ut, y* correlation for parallel plates in 
such fashion as to yield a correlation on 
Ut+, Y+ coordinates which was _ inde- 
pendent of Reynolds number and coinci- 
dent with the unique curve for smooth 
tubes. Friction factors computed by 
means of Equation (8) were in satis- 
factory agreement with experimental 
friction data. The latter data deviated 
somewhat from the values predicted by 
means of the usual hydraulic radius 
concept. It is the opinion of the writers, 
however, that the deviation was probably 
less than the experimental uncertainty. 
Since infinitely broad parallel plates must 
be approximated experimentally by using 
a rectangular duct of large aspect ratio, 
it is almost impossible to correct for the 
effect of the side walls on the friction and 
over-all flow pattern. 

Several years ago, Rothfus, Monrad, 
and Senecal (9) obtained measurements 
of fluid friction and velocity distribution 
in two smooth, concentric annuli. They 
observed that the radius of maximum 
local fluid velocity r,, attained the same 
value in fully turbulent flow as that pre- 
dicted from theory for fully viscous flow; 
namely 


(9) 


They also observed that the Fanning 
friction factor at the outer boundary of 
an annulus, defined by the equation 


T2Jo = fe pV,” (10) 
P 2 

could be empirically correlated over the 
fully turbulent range in a manner inde- 
pendent of the radius ratio 7;/r2. It was 
found that if the hydraulic radius concept 
were applied to the portion of the fluid 
lying between the radius of maximum 
velocity and the outer wall of the annular 
space, the friction factor f, could be 
obtained with excellent accuracy from 
the smooth-tube correlation at the Reyn- 
olds number 
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The distribution of shearing stress in an 
annulus is not linear in the distance r 
from the center of the configuration, nor 
is the viscous velocity distribution para- 
bolic in that distance. Through study of 
the theoretical velocity profile for wholly 
viscous motion (4), Rothfus, Monrad, and 
Senecal defined a distance parameter in 
which the velocity was parabolic. They 
also showed that a corresponding shearing 
stress could be defined which was linear 
in the modified distance and which 
equaled the actual skin friction at the 
cuter wall of the annular space. 

The new distance parameters per- 
mitted viscous-flow patterns in an annulus 
to be compared with those in a smooth 
tube of radius (7? — 7,,2)/re, the “equiv- 
alent”? tube indicated in Equation (11). 
It was shown that the annular flow cor- 
responded: to the flow in the outer portion 
of the equivalent tube, from the stand- 
point of velocity distribution. On the 
assumption that a similar coincidence 
of local velocities occurred in fully 
turbulent flow, a modified ut, y* corre- 
lation was developed for annuli. Experi- 
mental velocity data indicated that 
annular velocity profiles were in rough 
agreement with the ordinary u*, y* cor- 
relation for tubes, and the effect of 
Reynolds number on the correlation 
appeared to be somewhat greater in 
annuli than in tubes over the lower 
turbulent range. This was later observed 
to be true for parallel plates as well, but 
no attempt was made to resolve the 
question in the case of annuli. 

The velocity correlation for annular 
conduits has some disturbing features 
when compared with the parallel-plate 
correlation previously described. Although 
the local velocities in the annulus are 
coincident with those in the equivalent 
tube, the maximum velocity in the 
annulus does not occur at the center of 
the equivalent tube. Thus there is no 
simple connection between the Reynolds 
numbers in the annulus and tube such as 
shown in Equation (7). Furthermore, a 
pseudo shearing stress, rather than the 
actual one, is made linear in the modified 
distance variable; otherwise, the corre- 
lating method for annuli is similar to 
that for parallel plates in that it requires 
restraints on the tube radius, the skin 
friction, and the properties of the fluid. 

Tubes and parallel plates are effec- 
tively the limiting cases of annuli as the 
radius ratio progresses from zero to unity. 
It is, therefore, reasonable to assume that 
a general method of correlating annular 
velocity profiles might be developed which 
would include tubes and parallel plates. 
The foregoing discussion suggests that 
there is a factor in the behavior of 
turbulent fluids which has not been 
accounted for in previous studies of local 
velocities. 
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DEVELOPMENT OF VELOCITY CORRELATIONS 


The distribution of shearing stress in 
an annulus can be shown, through a 
simple force balance, to be 


_ Apgo = ra.) 
TYJo — or (12) 


regardless of the type of flow. It is 
interesting to note that a hydraulic 
radius Ry can be defined for the fluid 
contained between the radius of zero 
shear r,, and the arbitrary radius r. If 
the hydraulic radius is defined as the 
cross-sectional area of the fluid divided 
by the perimeter of external shear, then 


Ri (13) 


TYJo = 
The shearing stress is therefore linear in 
the hydraulic radius. The same is true, of 
course, for tubes and parallel plates. Since 
Equations (12) and (13) can be written 
with r = re, the radius of the outer wall, 
it follows that 


79. _ — tn) Ru 


= = (14) 
T2Jo rf, Ta) Ru, 
The distribution of eddy viscosity, 
é, across the annular section is related to 
the local shearing stress through the 
definitive equation 


du, 


TJo = —(u + (15) 


where u, is the mean local fluid velocity 
at the point where the shearing stress is 
measured. Combination of Equations 
(13), (14), and (15) yields 


Ru.T29o = dr (16) 


If the eddy viscosity proves to be a 
function of the local fluid velocity, Equa- 
tion (16) can be integrated from the 
outer wall to an arbitrary point in the 
fluid. Thus 


atia 


2 2 Is 
(1. — 2r,,” In a) (17) 

It is convenient to work in terms of the 
average value of the total viscosity taken 
with respect to the local fluid velocity. If 
the average is designated by the super- 
script 0, then 


(u + = 


0 


Ua 


(u + €.) du, (18) 


In addition, the right-hand side of 
Equation (17) can be represented by the 
symbol ®) where the subscript indicates 
that only the fluid outside the radius of 
maximum local velocity is being con- 
sidered. Thus by definition, 


A.1.Ch.E. Journal 


2 


oR, @ — 2r,,” In ) (19) 


Equations (17), (18), and (19) can be 
combined to yield the basic relationship 
in the form 


0 

+ Ue Py (20) 

By means of a similar development, it 
van be shown that the last equation 
applies equally well to the fluid lying 
inside the radius of maximum velocity 
provided that the latter retains its 
viscous-flow value indicated in Equation 
(9). Knudsen and Katz (3) as well as 
Rothfus, Monrad, and Senecal have 
shown experimentally that Equation (9) 
is valid for fully turbulent as well as 
fully viscous flow. 

If Equation (20) is evaluated at the 
radius of maximum local fluid velocity 
Tm, then 


2(u + Uma 


Do T2Jo (21) 
The maximum value of ®, designated as 
®),, is obtained from Equation (19) with 
r = r,,. The value of ®p,, varies from 1.00 
for parallel plates to 2.00 for tubes. The 
magnitude of ®,, is a unique function of 
the radius ratio 7;/r: as shown in Table 1. 
It is permissible to write Equation (21) 
for that particular annulus whose radius 
ratio is zero, namely the tube. If the 
radius of the tube is Ro, then 


R, = (22) 


since the hydraulic radius Ry, is simply 
R,/2. Therefore 


At this point it is necessary to make a 
basic postulation about the behavior of 
the fluid in fully turbulent flow which 
transcends the geometry of the conduit. 
A tube and an annulus will be considered 
for which Ry = ®,,Ryz, and (Togo) = T2Go 
with the same fluid flowing in both 
conduits under fully turbulent conditions. 
These are precisely the same restraints 
imposed by Rothfus and Monrad on the 
sase of flow between parallel plates. It 
will be assumed that the eddy viscosity 
is the same function of the local fluid 
velocity in both conduits. On the average, 
therefore, under the stated restraints, 
Equations (21) and (23) predict that 


(a + Uma = €)m Ump (24) 


and if the assumption regarding eddy 
viscosity is correct, 


Une (25) 


For flow in a tube of radius Ro, Equa- 
tion (19) reduces to the form 
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Fig. 1. Correlation of annular velocities inside the radius of maximum fluid velocity. 


where F is the radial distance from the 
center of the stream to the point at which 
the local velocity is measured. If Equa- 
tion (20) is applied to a tube and an 
annulus under the restraints previously 
described and if this assumption about the 
eddy viscosity is valid, 


(27) 


provided that the distances R and r are 
related in a particular way. It is apparent 
from Equations (20) and (26) that the 
relationship must be 


.. 
(22) (2) (28) 


It is customary to express the position 
of a point within a tube in terms of its 
distance Y from the wall. Thus, since 
Y = R, — R by definition and Ry = 
®,,,y,, Equation (28) can be rewritten 
in the form 


Ug = Uy 


Thus if a tube and annulus are operated 
with the same fluid and with the stated 
restraints on the linear dimensions and 
skin frictions, the local velocity at 
distance r from the center of the annulus 
should be equal to the velocity in the 
tube at distance Y from the tube wall. 
Since the local velocities, linear dis- 
tances, and friction velocities for tubes 
and all other annuli, including parallel 
plates, have been made equal by the 
procedure described above, it follows that 


y+ Ty V 

U, = U, = — (“) 30 
V 72Go/p Um! p 

and 
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EXPERIMENTAL VELOCITY MEASUREMENTS 


Mean local fluid velocities were meas- 
ured in a smooth, concentric annulus and 
in a smooth, rectangular duct of large 
aspect ratio. The outer boundary of the 
annulus was a Lucite tube with an inner 
diameter of 0.750 in. The core was a 
smooth copper tube with an _ outer 
diameter of 0.248 in. The radius ratio 
was, therefore, 0.331. The rectangular 
duct, formed from smooth brass plates, 
was 14 in. wide with a clearance of 0.700 
in. between its broad surfaces. Adequate 
calming lengths were provided in each 
case to ensure a fully developed velocity 
profile at the point of measurement. 

The test fluid was water at room tem- 
perature. The liquid was recirculated 
through heat exchangers to maintain 
isothermal, steady flow. Local velocities 
were measured by means of calibrated 
impact tubes formed from hypodermic 
needle tubing. The impact pressures 


by virtue of the definitive Equations (1) 
and (2). The unique U*+, Y* correlation 
for smooth tubes can, therefore, be 
expected to represent velocity distribu- 
tions in annuli and parallel plates. 

The Reynolds number in the equivalent 
tube, defined in the manner of Equation 
(6), must be 


Nee,» . 


Vp 
“ (32) 


Vv 
The Reynolds number for the annulus 


can be defined through Equation (11), 
that is, 


= 4R x. V 
(11a) 
v 
Therefore, since the maximum local 


velocities in the tube and annulus are 
equal, as shown in Equation (25), 


(V/tm)p 
Reo ( V/ Um)a 


In like fashion, since the skin frictions 
and fluid densities are equal, 


= 


( 


It is apparent that since ®p,, is unity 
for flow between parallel plates and 
fe = fr by definition, Equations (33) and 
(34) are exactly equivalent to Equations 
(7) and (8). The proposed method of 
correlating local velocities in annuli is 
consistent in every way with the parallel- 
plate method suggested by Rothfus and 
Monrad. The assumption regarding eddy 
viscosities can_be verified for the case of 
annuli by means only of experimental 
velocity data. 


Pom N 


N Rep = 9 4 (33) 


(34) 
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v( V/ta)s (1) 


were indicated on vertical U-tube man- 
ometers. In order to obtain the necessary 
degree of multiplication in the manometer 
readings, monochlorobenzene and mono- 
fluorobenzene were used as the manometer 
fluids. Since the specific gravities of 
monochlorobenzene and monofluoroben- 
zene at 20°C. are only 1.1084 and 1.0267, 
respectively referred to water at 20°C., 
the desired amplification could be ob- 
tained without resorting to the use of 
micromanometers. Special precautions 
were observed in the design and operation 
of the manometers to prevent contamina- 
tion of the liquid-liquid interfaces. 

Friction data as well as velocity meas- 
urements were obtained over the viscous, 
transition, and lower turbulent ranges of 
flow. Since transition behavior is a 
separate subject worthy of individual 
treatment, only the data obtained in the 
fully turbulent-flow regime are reported 
herein. It should be recognized, however, 
that the lower limit of full turbulence on 
the Reynolds-number scale has been 
established through velocity measure- 
ments. 


RESULTS AND DISCUSSION 


The experimental velocity data are 
presented in Figures 1, 2, and 3 on 
modified u*+, y+ coordinates. In each case 
comparison is made with the best line for 
smooth tubes based on the velocity data 
of Nikuradse (5). Diessler (2), Rothfus, 
Monrad, and Senecal (9), and Senecal 
and Rothfus (10). The data for the 
annulus have been supplemented by the 
experimental results of Rothfus, Monrad, 
and Senecal in order to extend the radius 
ratio range. 
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Fig. 2. Correlation of annular velocities outside the radius of maximum fluid velocity. 
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Fig. 3. Correlation of velocities for parallel plates. 


TasBie 1. Errect or Rapius Ratio 
ON THE PARAMETER ®p,, 


ri/T2 Pom 

0.00 (tubes) 2.000 
0.10 1.475 
0.20 1.386 
0.40 1.257 
0.60 1.134 
0.80 1.062 
1.00 (parallel plates) 1.000 


It is apparent that excellent agreement 
with the smooth-tube data is obtained 
through the proposed method of corre- 
lation. The tube relationship can be used 
with equal precision to predict velocity 
profiles in annuli and parallel plates. In 
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the case of parallel plates, the data of 
Sage and coworkers (1, 6, 7) verify the 
results of the present work but are too 
numerous to include in Figure 3. The 
excellent agreement between these data 
and the smooth-tube curve has already 
been shown by Rothfus and Monrad (8). 

Figure 4 is included to aid the reader in 
visualizing the form of fully turbulent 
velocity distributions in the experimental 
annulus. It is apparent that the point of 
maximum local velocity lies closer to the 
core than to the outer wall. The actual 
value of the radius of maximum velocity 
is in almost exact coincidence with the 
viscous-flow value predicted in Equation 
(9). The mutual agreement of Figures 1 
and 2 also confirms this observation since 
Equation (20) can be applied on both 
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sides of the maximum point only when 
Equation (9) is obeyed. 

In order to calculate local velocities in 
the proposed manner, values of (V/u,)>, 
must be obtained for use in Equations 
(30) and (81). Since the velocity ratio 
is readily available as a function of the 
Reynolds number in the equivalent tube, 
the problem is one of evaluating the latter 
quantity. Ordinarily, the Reynolds num- 
ber for the annulus in question is known 
or can be estimated tentatively. If the 
velocity ratio (V/um). is known at 
the Reynolds number Ne., and the 
velocity ratio (V/u,,), can be obtained 
from Equation (33) by means of trial 
and error. 

Unfortunately, too few data on annuli 
are available to permit prediction of 
(V/um)q at various radius ratios and 
Reynolds numbers from experimental in- 
formation. On the other hand, the authors 
have measured fluid friction in various 
annuli and between parallel plates. As a 
result, the friction factor f. at the outer 
wall is available over a wide range of 
radius ratios in the lower turbulent range 
of flow. By a fortuitous circumstance, this 
proves to be sufficient information from 
which to calculate (V/u,,), without much 
difficulty. 

It is found that the friction factors for 
all annuli, including tubes and parallel 
plates, are the same function of the 
Reynolds number N,, in the fully tur- 
bulent range. This fact, first observed by 
Rothfus, Monrad, and Senecal, is illus- 
trated in Figure 5 by the data of the 
present authors. Since the friction factors 
are unique functions of the Reynolds 
number, the ratio (V/uUmn)a/(V/Um)» de- 
pends on Ne,, and Nr., only, by virtue 
of Equation (34). Thus Equation (33) 
can be written in the general form 


= WNre.; Pom) (35) 


The necessary trial-and-error calcula- 
tions have been performed and the solu- 
tion of the last equation is shown graph- 
ically in Figure 6. Once the annular 
dimensions and operating conditions are 
fixed, the ratio of average to maximum 
velocity (V/u,,), can be obtained directly 
from the graph at the appropriate value 
of Np, and &,,. The Reynolds number 
Nr, for the equivalent tube and the 
velocity ratio (V/u,)> at that Reynolds 
number can then be obtained from Equa- 
tion (33) and Figure 6 by trial and error. 
The friction velocity (t2go/p)!/? is obtain- 
able by means of Equation (10) and 
Figure 5. The velocity distribution in 
the annulus can, therefore, be determined 
from the smooth-tube curve of U* 
against Y+ shown in Figure 1, 2, or 3. 

It should be noted that coincidence of 
local velocities under the stated restraints 
does not necessarily result in a criterion 
for the stability of the turbulent regime 
in various types of ducts. The U*, Y* 
correlation for smooth tubes is independ- 


Page 243 


as- 
nd 
rge 
he 
er 
ter 
tio 
lar 
es, 
00 
ate 
ch 
ity | 
m- 
d 
1in 
ies 
ed 
1i¢ | 
res | 
n- 
ry 
| 
er 
of 
n- 
7, 
b- 
of 
ns 
on. 
1s, 
of | 
a 
al 
ad 
n 
e- 
re 
on 
se 
or 
ta 
S, 
al 
he 
he 
d, 
us 
58 


ent of Reynolds number in only the fully 
turbulent range above 3,000. When 
applied to annuli and parallel plates, the 
correlation cannot, therefore, be unique 
at Reynolds numbers below the value 
corresponding to a Reynolds number of 
3,000 in the equivalent tube. The Reyn- 
olds number Ne., marking the lower 
limit of the correlation must consequently 
depend on the radius ratio in accordance 
with Equation (33). On the other hand, 
the friction data indicate that full 
turbulence in the noncireular ducts is 
maintained until somewhat lower Reyn- 
olds numbers are reached. No attempt 
has been made to evolve a criterion for 
the critical Reynolds number. 

In summary, a consistent and effective 
method is now available for calculating 
local velocities in tubes, concentric annuli, 
and parallel flat plates. Friction data 
provide a basis for determining inter- 
mediate quantities necessary to the 
calculation of velocities. Although the 
number of supporting data is limited, 
there is ample reason to conclude that 
the recommended correlation can be used 
in the fully turbulent flow regimeYover 
the entire range of radius ratios. 


NOTATION L = length of conduit, ft. 
b  =half clearance between parallel Nae = Reynolds number, dimensionless 
plates, ft. Nee, = Reynolds number defined in 
f = Fanning friction factor, dimen- Equation (11), dimensionless 
sionless Ap = pressure drop due to friction, 
go = conversion factor = 32.2 (lb.- lb.-force/sq. ft. 
mass) (ft.)/(lb.-force) (sec.?) = radial distance from center of 
= 
“ | 1-000 (PARALLEL PLATES) 
20 04987 
© 03312 
01653 
#0125) 
00667 
wai 
Sr 
3.64 6 8 10 20 40 60 80 100 200 
Reynolds Number * 107 


Fig. 5. Correlation of fanning friction Factors at the outer surface of annuli. 


configuration to a point in the 
fluid stream, ft.; 7 = radius of 
tube, ft.; 7: and rz = inner and 


60 
| | | | outer radii of an annulus, 
5.6 respectively, ft. 
Tm = radius of maximum local fluid 
velocity, ft. 
R = radial distance from center of 
equivalent tube, ft.; Ro = radius 
—| of equivalent tube, ft. 
Ry = hydraulic radius for the fluid be- 
tween r,, and 7, ft.; Ry, = 
hydraulic radius for the fluid 
between r,, and 72, ft. 
aa) u = mean local fluid velocity, ft./see. 
3 Um = Maximum value of mean local 
fluid velocity, ft./see. 
= 9-0-0-0—o—~o ut = velocity parameter = 
ON 
U*+ = modified velocity parameter de- 
OO fined in Equation (1), dimen- 
8 Nre2 = 8616 sionless 
\\ J = bulk average linear velocity of 
O O Nreo = 6852 \\ by nt 
— 4st i y distance from wall to a point in 
9 ene Re2 A \ y = friction distance parameter = 
YV ToGo p/v, dimensionless 
= 4273 \\ = distance from wall of equivalent 
\\ tube, ft. 
\ \\ Y*+ = modified friction distance param- 
\\Wf eter defined in Equation (2), 
dimensionless 
\ Greek Letters 
| | | | | | | | € viscosity, 1b.-mass/(see.) 
= viscosity of fluid, lb.-mass (sec.) 
Distance Ratio (ft.) 
ei v = kinematic viscosity of fluid, 
Fig. 4. Velocity profiles in the annulus of radius ratio = 0.3312. sq. ft./sec. 
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Fig. 6. Ratio of average to maximum velocity in tubes and non circular conduits. 


p = density of fluid, lb.-mass/cu. ft. ®), = maximum value of geo- 
= local shearing stress in fluid, lb.- metrical function, dimensionless 
foree/sq. ft.; 7» = skin friction y = function in Equation (35), di- 
at wall of conduit, 1lb.-force/ mensionless 
sq. ft.; 72 = skin friction at outer — subscripts 
wall of annulus, lb.-force/sq. ft. — parallel flat plates 
Py = geometrical function defined in p = pipes or tubes 
Equation (19), dimensionless; a = annuli 


m = association with the point of 
maximum fluid velocity 


Superscript 
0 = average taken with respect to 
the mean local fluid velocity 
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Liquid-liquid Extraction Accompanied 


by Chemical Reaction 


From time to time, A.I.Ch.E. Journal is going to present translations of certain technical 
articles written by our Japanese colleagues in their own language. These translations are 
to be made by Kenzi Etani, who received his B.S. in chemical engineering in 1953 at the 
Tokyo Institute of Technology and his M.S. in 1955 at M.I.T. He is associated with Stone 
& Webster and is an associate member of American Institute of Chemical Engineers. 
He is also a member of the Society of Chemical Engineers, Japan, and the Japan Oil 
Chemists’ Society. His offer to help break down the language barrier is acknowledged. 

The following article (two will follow in the September and December issues, respec- 
tively) was published in Chemical Engineering (Japan), volume 21, pages 75-79 (1957). 

Abstracts, notation, literature cited, tables, and figure captions not published here 
appear in English in the original paper. No figures will be reproduced in these translations. 


Liquid-liquid extraction accompanied EXPERIMENTAL PROCESS 
by chemical reaction was studied with 
the use of the following solutes in water 
and benzene with known interfacial area: 


Apparatus used in this experiment is 
shown in Figure 1. Two known concen- 


Upper layer Lower layer 


Solvent Solute Solvent Solute Transferred material 

benzene iodine water sodium hyposulfite iodine 

benzene iodine water sodium hyposulfite + NaI iodine 

benzene — benzoie acid water KOH or NaOH benzoic acid 
monochloro-acetic monochloro-acetic 

benzene acid water KOH or NaOH acid 

benzene — butyrie acid water KOH or NaOH butyric acid 


Vol. 4, No. 2 A.1.Ch.E. Journal 


K. FUJINAWA and T. MARUYAMA 


Gunma University, Japan 


tration liquids were introduced into the 
apparatus, then stirred by two mixers, 
with no break occurring in the surface 
between the two liquid layers. The 
stirring speeds of benzene and water 
were 71 and 78.5 rev./min. respectively, 
with rotation in the same direction. 
Benzene was sampled intermittently from 
the container to determine concentration 
change. The solute concentration in water 
was calculated by material balance. 


Extraction of I. in Benzene by Sodium 
Hyposulfite Solution 


The relation between the rate of 
extraction and sodium hyposulfite con- 


‘centration at three I: concentrations 


in benzene is shown in Figure 3. All 
white points in this figure indicate experi- 
mental data (black points will be men- 
tioned later.) At a low concentration of 
sodium hyposulfite, the rate of extraction 
increases linearly with the increase of 
(Continued on page 6J) 
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CONMUNICATIONS TO THE EDITOR 


A Note on Kinetics Data 
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FIG, 2. SPECIFIC REACTION 
RATE AS A FUNCTION 
OF TEMPERATURE. 


ANDREW PUSHENG TING 


Chemical Construction Corporation, New York, New York 


IN A REACTOR. 


TEMPERATURE 


FIG.I, 


The paper entitled ‘Equivalent Iso- 
thermal Temperatures for Nonisothermal 
Reactors,” written by Mr. Malloy and 
Dr. Seelig, offers a convenient and 
excellent method of comparing kinetics 
data from reactors with widely different 
temperature profiles. In their method 
of presentation, the conversion rate is 
expressed in terms of catalyst volume, 
which is very convenient because of its 
simplicity. Nevertheless the conversion 
rate can also be expressed in terms of 
residence time. In the case of pure 
Knudsen flow, the pressure effect on 
conversion rate is automatically taken 
care of by the use of residence time, 
which is directly proportional to the total 
pressure. If the reaction is partially 
controlled by diffusion, the pressure effect 
on diffusivity can be taken care of by 
the introduction of a pressure factor. In 
general, diffusivity is inversely propor- 


tional to the square root of total pressure. 
Therefore in many cases the introduction 
of a factor of P°-5 will make a rate equa- 
tion based on residence time good for 
any pressure. Otherwise, the total pres- 
sure term P may have to be assigned 
with an exponent lower (or higher) than 
0.5 as the case may be. Once kinetics 
data are obtained for two or more 
pressures, this correlation with a single 
equation will enable one to interpolate 
or extrapolate with considerable confi- 
dence and convenience. Of course, the 
specific reaction rate k expressed in 
terms of catalyst volume can also be 
correlated as a function of pressure. But 
this would need an extra equation or a 
plot of k vs. P. In this respect it would 
not be so convenient as the k expressed 
in terms of residence time. 

The residence time of a gas in a differ- 
ential catalyst bed not only is proportional 
to the fractional distance through the bed, 
as mentioned in their paper, but also 
proportional to the total pressure and 
inversely proportional to the absolute 
temperature and the total molal flow 
rate in that differential bed: i.e., 
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plant, your liquid-solid separation problems, but they 
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to enable you to use them in your own plant. 


THE 
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kP ds 
NT 


where C is a constant characteristic of a 
particular reactor, N the total molal 
flow rate, P the total pressure, and T 
the absolute temperature. 

Usually the pressure drop through a 
reactor can be neglected in_ kinetics 
studies, and the total pressure becomes 
a constant. When comparison of reactors 
is made at the same total pressure, the P 
term can be dropped, and Equation (4) 
in their original paper has to be changed 
to 


k 'kds 
(4) Lower ® 


Case 1. AN = 0. When there is no 
change in total molal flow rate, such as 
isomerization or carbon monoxide oxida- 
tion, 


H,O + CO = H, + CO, 


the variable N becomes a constant and 
can be dropped from Equation (4): 


(r).. 


Since T is a function of s, as illustrated 
in Figure 1, and k/T a function of 7, as 
in Figure 2, k/T is plotted against s as 
in Figure 3. Since k = Ae~4”/*", and the 
constants A and AE have been deter- 
mined, 


Aen ars 

Hence (k/T),,, is a function of T,,, only. 
From (k/T),,, determined by Gauss’s 
method from Figure 3, a correct equiv- 
alent isothermal temperature is obtained 
from Figure 2 for this case. 

Case 2. AN # 0. When there is a 
change in the total molal flow rate, such 
as the reaction of gas cracking or steam- 
methane reforming, 


H,0 + CH, = 3H, + CO 


the total molal flow rate changes with 
the distance through the bed. The plot 
should be made as shown in Figure 4. 

Since N is a function of s and 7, and 
since T is a function of s, N is a function 
of s only (Figure 5). 

The total molal flow rate often changes 
little owing to the presence of a large 
excess of a reactant or inert gases or to a 
low conversion. 

For practical purposes, 


(k Navg(k /NT 


avg 


where (k/NT),,, is determined from 
Figure 4+ and N,,, from Figure 5. As in 


case 1, k/T is a function of T. Thus an 
equivalent isothermal temperature is 
obtained from Figure 2 in the same 
manner as in ease 1. 

The same treatment applies to the 
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determination of radial equivalent iso- 
thermal temperature. However, since 
temperature gradients are approximately 
linear with respect to radii and usually 
not high in magnitude compared with 


usually 
does not change much along the radius, 
averages with respect to r/R as proposed 
by the authors are practically as good as 
averages with respect to r/RNT 


longitudinal gradients, and 


Reply 


JOHN B. MALLOY and HERMAN S. SEELIG 
Standard Oil Company (Indiana), Whiting, Indiana 


Dr. A. P. Ti ing has called our attention 
to an error in our paper ‘Equivalent 
Isothermal Temperatures for Noniso- 
thermal Reactors” which appeared in 
the December, 1955 issue of the Journal. 
The error can be corrected if the second 
sentence under Equivalent Isothermal 
Temperature on page 528 is replaced by 
the following: 

“Applying this equation to a con- 
tinuous-flow reactor, one obtains for a 
differential section of the reactor: 


dn,/d0 = aN, = Pr; °° dC (1a) 
where 
dn,/d@ = reaction rate, moles of A/hr. 


dN, = change in molal flow rate of 
A, moles/hr. 

rate constant, rate per unit of 
O(pa, Pe, per unit of 
satalyst 


k 


dC = amount of catalyst in the diff- 
erential section 


Separation of variables gives 


k dc 


where 


8 = fractional distance through the 
catalyst bed.” 


The error changes only Equation (2); it 
does not affect the rest of the paper in 
any way. 

Weare grateful to Dr. Ting for bringing 
this error to our attention. 


(Continued from page 245) 


sodium hyposulfite concentration up to 
some critical value (Case A). Beyond this 
value the rate becomes constant as 
indicated in the horizontal lines in Figure 
3 (Case B). The rate of extraction is not 
affected by the sodium hyposulfite con- 
centration, but by I. concentration in the 
benzene. As in the case of gas absorption, 
e.g., CO» in air and KOH solution, the 
extraction mechanism is explained in 
Figure 4. Cz can be called the I, concen- 
tration in benzene, and Cz; the interfacial 
concentration. In Case A the interfacial 
concentration of sodium hyposulfite C,,; 
in equilibrium with I, is expressed as 
follows: 


= mE 


where m is the distribution coefficient 
(4, 1, 8). The I: molecule diffuses through 
the interface of sodium hyposulfite. The 
molecule meets and reacts with 8.0;-~, 
thence it becomes I~ and diffuses into 
the sodium hyposulfite solution. The 
relation between the bulk concentration 
of sodium hyposulfite q and the rate of 
extraction N is given as follows: 
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+ 1k, 


mp 
+ (1) 


where 


f = 


Equation (1) indicates the slope in 
Figure 3. 

When the concentration of sodium 
hyposulfite is high, i.e., Case B, 8.0;-~ 
exists at the interface, reaction takes 
place rapidly at the interface, thus 
Ce; = 0. The rate of extraction is 
expressed as follows: 

N = K3,Cpz = constant (2) 
Equation (2) corresponds to the hori- 
zontal line in Figure 3. 

In order to ascertain the above-men- 
tioned assumptions, experiments using 
Nal in water were made. The distribution 
coefficient m was increased considerably 
by adding [- to water, as shown in Figure 

(Continued on page 7J) 
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(Continued from page 247) 


2. Other physical characteristics of this 
system are expected to remain as in 
previous experiments. In Case A at zero 
sodium hyposulfite concentration, the 
rate of extraction would be given at a 
higher point and the slope would decrease. 
In Case B no influence would be expected, 
as changing m does not affect the rate. 
Experimental results are shown as black 
points in Figure 3; the theory, therefore, 
can be explained by experimentation. 


Extraction of Organic Acids in 
Benzene by Caustic Alkali 

Comparison of the extraction rates was 
made with KOH and NaOH to deter- 
mine whether these caustic alkali affect 
the rate in the system of organic acid 
in benzene and KOH or NaOH in water. 
KOH and NaOH react differently in 
gas absorption of CO, and caustic alkali 
solution (4, 6). As one of the experi- 
mental results using benzoic acid, Figure 
5 shows that there is no difference. Ac- 
cordingly, the following experiments 
using NaOH were made. Figure 6 shows 
the results obtained with benzoic acid, 
butyric acid, and monochloro-acetic acid. 
Since acetic acid has a large distribution 
coefficient m, the first bracket in Equation 
(1) decreases, and 1/Kyw in the second 
bracket is neglected, thus Equation (1) 
approaches Equation (2). According to 
experimental results, however, the rate 
of extraction is increased at low concen- 
tration (see Figure 6) but this cannot be 
explained. 


Relation between Diffusivities D and Film 
Coefficients of Mass Transfer kz 


Figure 7 shows the relation of N vs. Cz. 
From Equation (2), K, can be determined 
by measuring N, a determination reveal- 
ing that Kg, is not affected by Cz and is 
of constant value. xg, following Colburn 
(2), is expressed as D/kg. The effective 
thickness of benzene film zg can be 
caleulated by D from Wilke’s method (7), 
and kg from Equation (2) and Figure 7. 
The calculated xg is constant as shown 
in Table 1. 


1. Relation between kz and Temperature 

With increasing temperature kz is 
increased, as shown in Table 2, such 
increase probably due to the fact that 
D is increased and xz is decreased. 


2. Relation between kz and Stirring Speed 

As shown in Table 3, faster stirring 
has little effect on kg. When the water is 
stirred faster, benzene increases accord- 
ingly, thus kg would be increased. (In 
Table 3, —50 indicates opposite rotating 
direction.) 


3. Relation between ky and Stirring 
Speed of Benzene 


Results show that kg increases con- 
siderably as shown in Table 4. 
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electric heat 


Hevi-Duty 


“G-07-PT” 


FURNACE 


temperatures to 2600° F. 


This furnace is designed for 
high-temperature work where 
accurate control and uniform- 
ity are important. Controls, 
which provide 48 temperature 
gradients, and an indicating 
pyrometer are located in the 
pyramid base. For greatest uni- 
formity in the heating chamber, 
three heating elements are in- 
stalled over and three are 
beneath the refractory muffle. 


Write for Bulletin 957 for full details. 


Chamber 
Type Watt: i 
yp W. L Price 
G-07-PT 3500 4" a 2%" $585.00 


*Operating voltage either 115 or 230 A.C. only. 


“Multiple Unit” 
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Temperatures to 750° F. 
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to industrial standards. Long 
life heating units radiate di- 
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suring fast heat up and an even 
heat over the entire top surface. 


Three switch heat control offers 
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BOOKS 


Nuclear Chemical Engineering. (Part of the Mc- 
Graw-Hill Series in Nuclear Engineering) Man- 
son Benedict, Professor, Nuclear Engineering, 
M.L.T., and Thomas H. Pigford, Associate Pro- 
fessor, Nuclear Engineering, M.I.T. McGraw Hill 
Book Company, Inc., New York (1957). 594 
pages. $9.50. 


At last a book devoted to the chemical 
aspects of nuclear chemical engineering has 
been published. With the ever-growing 
interest of chemical engineering students in 
the atomic energy field such a text was 
overdue. Professors Benedict and Pigford 
compiled a considerable amount of currently 
available information which should be 
helpful to the chemical engineering graduate 
entering the rapidly expanding nuclear 
energy field. The material covered in this 
book is an essential supplement to a sound 
chemical engineering background, if one 
is to assume a productive role in nuclear 
engineering as rapidly as possible. 

However, the book is somewhat limited 
in scope. Some important chemical engi- 
neering aspects of nuclear reactors, such as 
heat transfer and fluid flow, are not dis- 
cussed at all. In conjunction with C: F. 
Bonilla’s ‘‘Nuclear Engineering,’ which is 
also part of the current McGraw Hill Series 
in Nuclear Engineering, the two books pro- 
vide a fairly comprehensive review of the 
chemical engineering aspects of the nuclear 
energy field. 

Two major subjects are covered in detail: 
first, the processing of reactor fuels, and 
second, isotope separation of materials 
normally associated with reactors. Five 
chapters are devoted to fuel handling and 
fuel cycles. The second major topic, 
isotope separation, is discussed in four 
chapters. This section of the book is 
highly comprehensive, and it is an invalu- 
able source of information not only to the 
student, but also to all concerned with 
nuclear engineering. 

In addition, there is one chapter (Chapter 
V) devoted to a discussion of the chemical, 
physical, and nuclear properties of zir- 
conium, hafnium, thorium, and beryllium, 
all of which have become integral parts 
of current power reactors. 

The weakest part of the book is the first 
two chapters which rather hastily, and 
without much continuity, introduce the 
problems of nuclear chemical engineering 
and present the physics of nuclear reactions. 
These subjects are essential fundamentals 
of what is to come later in the text, and 
thus, the reader is well advised to become 
familiar with these fundamentals from a 
nuclear physics text. 

All in all the book is well written, the 
text is fluent and not involved with difficult 
vocabulary, and the mathematics does not 
go beyond the elementary differential 
equation level. All chapters are generously 
furnished with references, tables, graphs, 
and flow sheets illustrating the various 
principles. The book is comparatively new, 
and up to date; however, with the rapidly 
progressing nuclear technology frequent 
revisions and/or supplements will be 
required to keep it up with the times. 


I. ZWIEBEL 
Yale University 


June, 1958 
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